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Abstract

Purpose ï The purpose of the study was to investigate the thermo-reactive behaviour of the MnOï
Al system and to develop a scalable reaction vessel capable of sustaining the thermal conditions
required for complete aluminothermic reduction of manganese oxide and effective metalïslag sep-
aration, while enabling circular utilisation of the resulting slag.

Methodology ï This quasi-experimental study combined three complementary approaches. Three
laboratory-scale reaction trials were conducted in different vessel configurations with a fixed re-
actant charge, and thermophysical properties of the vessel material and slag were characterised
by DSC and LFA. A finite-element model in COMSOL Multiphysics, coupling Heat Transfer in
Solids and Fluids under the Boussinesq approximation, was validated against the experimental
temperatureïtime profiles and applied to a scaled-up vessel size. An analytical circularity model
linked vessel geometry to a slag-derived material balance.

Findings ï The thermal response of the MnOïAl reaction depended strongly on vessel configuration
rather than on reactant chemistry alone. Peak inner temperatures ranged from 1849 �C in the thin-
walled quartz vessel to above 2315 �C in the custom alumina vessel, with the time above the 1500 �C
separation threshold ranging from 22 to 38 s. The scale-up simulation predicted a separation window
of approximately 23 min above 1500 �C at the 100 kg scale, and the circularity model showed that
a self-sustaining slag-to-vessel loop is governed primarily by vessel geometry and fractional vessel
loss per run.

Implications ï The study extends the engineering understanding of metallothermic reactor design
by integrating thermo-reactive, geometric, and material-circularity perspectives, and shows how
surface-to-volume ratio governs the trade-off between peak temperature and separation duration
in aluminothermic systems. The findings provide structured guidance for the design of reaction
vessels in aluminothermic manganese production, offering a foundation that can be used to balance
thermal stability, operational safety and slag reuse when scaling such processes toward low-carbon
manganese production.

Limitations ï Only one trial was performed per vessel configuration, so statistical uncertainty
could not be quantified. Thermocouple range and instrumentation issues limited validation of
the FEM-predicted gradients and DSC/LFA data covered only restricted temperature ranges, high-
temperature properties were taken from Thermo-Calc. The FEM model captures the cooling phase
with a prescribed initial condition and the circularity model relied on an assumed fractional loss
parameter. Pilot- and production-scale validation remain pending.

Keywords ï Aluminothermic reduction, manganese, MnO-Al system, vessel design, thermal sta-
bility, finite-element simulation, slag reuse, circularity, low-carbon metallurgy.
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1 Introduction

In December 2015, the United Nations (UN) agreed on a long-term goal of restricting the increase in
global average temperature. In total, 160 states participated with the aim of limiting the temperature
increase to less than 2 �C, known as the Paris Agreement. One key contributor to the increasing
global temperature is carbon dioxide (CO2). The largest contributors, accounting for approximately
68% of global CO2 emissions, are the USA, India, Russia, Japan, Germany, South Korea, Iran, Saudi
Arabia, Indonesia and China [1].

Carbon dioxide contributes to global warming through a physical process known as the greenhouse
effect, which traps heat in Earthôs atmosphere. When sunlight reaches Earth, the surface absorbs
the sunôs energy and re-emits it as infrared radiation. Under normal conditions, most of this heat
would escape back into space. However, CO2 and other greenhouse gas molecules absorb part
of this infrared radiation due to their molecular structure, which allows interaction with infrared
wavelengths. After absorption, the energy is re-emitted in all directions, including back towards
Earthôs surface. This mechanism acts like a thermal blanket around the planet, slowing heat loss
and increasing the temperature of the Earthôs surface and lower atmosphere [2].

1.1 Metals in modern society

Metals are essential to modern society and are used in nearly all products relied upon in everyday
life. They are fundamental components of buildings, roads, vehicles, machinery and electronic
devices. Due to their strength, durability and ability to conduct electricity and heat, metals play a
critical role in construction, transportation and energy systems [3].

In daily life, metals are present in products such as smartphones, household appliances, vehicles,
medical equipment and packaging. Steel is commonly used to ensure strength and safety in build-
ings and infrastructure, aluminium (Al) is preferred where low weight is required and copper is
extensively used for electrical wiring and electronics [3]. Without these metals, modern technolog-
ical development and societal comfort would be difficult to achieve.

Metals are also crucial for emerging technologies and the transition towards a more sustainable soci-
ety. Renewable energy systems, including wind turbines, solar panels and electric vehicles, depend
heavily on metals for both structural and functional purposes. As society continues to electrify and
digitalise, the demand for metals is expected to increase further [4].

Ensuring a reliable and sustainable supply of metals is therefore vital for economic growth, techno-
logical advancement and long-term societal well-being [4].
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Manganese is primarily used in steel and iron production (approximately 85-90%) to improve
strength, toughness and wear resistance. It is also used in batteries, including alkaline batteries
(such as AA batteries) and lithium-ion batteries used in electric vehicles and portable electronics
[5].

1.2 Metal extraction and processing

Mineral deposits and metals are found in the Earthôs crust and are located using geological models
and knowledge of past tectonic, magmatic and climatic processes. Once identified, these miner-
als are extracted through mining. After extraction, the metals are refined using different methods
depending on their chemical and physical properties [6].

1.2.1 Pyrometallurgy

Pyrometallurgy is a metallurgical process used to extract and refine metals through the application
of high temperatures. It is commonly referred to as a dry process, as it does not involve aqueous
solutions. Instead, materials are processed in solid, molten, or gaseous states. High temperatures
enable melting, separation of metal from slag and chemical reactions that are otherwise thermody-
namically unfavourable.

Before extraction, ores are prepared to optimise their composition and physical properties. Smelting
is then performed in furnaces, where metal compounds are chemically reduced to produce crude met-
als or intermediate products such as matte or speiss. Impurities and gangue materials are removed
and collected as slag.

The resulting crude metal is further refined to remove remaining impurities by exploiting differences
in melting point, vapour pressure, or chemical affinity for elements such as oxygen, sulphur, or
chlorine [7]. Common metals produced using pyrometallurgy include iron, copper, lead, nickel and
zinc.

1.2.2 Hydrometallurgy

Hydrometallurgy is a metal extraction method based on aqueous chemical processes. Metals are
first dissolved from ores into water-based solutions and subsequently recovered. Unlike high-
temperature methods, hydrometallurgy relies on chemical and electrochemical reactions in liquids.

The process begins with leaching, where metals are dissolved using water and reagents such as
dilute sulphuric acid. The solution is then separated from solid residues and purified. Metal recov-
ery is achieved through chemical precipitation or electrolysis, yielding either pure metal or metal
compounds.
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Hydrometallurgy has been used since the sixteenth century but became widely developed in the
twentieth century, particularly for gold extraction from low-grade ores. Advances in techniques
such as solvent extraction and ion exchange have expanded its industrial application. Today, hy-
drometallurgy is widely used to produce metals such as gold, silver, copper and zinc [8].

1.2.3 Electrometallurgy

Electrometallurgy is a method used to produce and refine metals through the application of electrical
energy. Unlike pyrometallurgy and hydrometallurgy, electrometallurgy is based on electrochemical
reactions driven by an electric current.

In electrometallurgical processes, metals are present in an electrolyte, either as dissolved ions in
aqueous solutions or in molten salts. The process occurs in an electrolytic cell containing an anode
and a cathode. When an electric current is applied, metal ions migrate towards the cathode, where
they gain electrons and are deposited as solid metal. Oxidation reactions occur at the anode.

Electrometallurgy includes two main processes: electrowinning and electrorefining. Electrowin-
ning is used to recover metals from solutions or molten salts, while electrorefining is used to purify
crude metals. Metals such as copper, zinc and nickel are commonly processed in aqueous elec-
trolytes, whereas highly reactive metals such as Al and magnesium must be extracted from molten
salts [9].

1.3 Environmental impacts of metal production

Metal production is associated with significant environmental impacts, primarily due to high en-
ergy demand, the use of chemical reductants and the generation of emissions and waste streams.
Although pyrometallurgical, hydrometallurgical and electrometallurgical processes differ in oper-
ating principles, all primary metal production routes contribute to greenhouse gas emissions and
resource inefficiencies to varying degrees.

Pyrometallurgical processes generally have a high environmental impact due to their energy-intensive
nature and reliance on carbon-based fuels. The use of coal, coke and natural gas results in signif-
icant CO2 emissions and other pollutants [10], [11]. For example, blast furnace ironmaking emits
approximately 1.85 tonnes of CO2 per tonne of crude iron produced [12].

1.3.1 Manganese production and challenges

Today, manganese (Mn) is primarily produced for use in ferrous metallurgy, where it is added to
iron and steel as alloys such as ferromanganese and silicomanganese. These alloys function both
as refining agents and alloying elements. Since manganese naturally occurs as oxides and carbon
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�0�H�W�K�R�G�R�O�R�J�\

�'�H�V�F�U�L�E�H�V �W�K�H �V�W�X�G�\�¶�V �P�H�W�K�R�G�R�O�R�J�\�� �F�R�Y�H�U�L�Q�J �W�K�H �U�H�V�H�D�U�F�K �G�H�V�L�J�Q�� �W�K�H
�H�[�S�H�U�L�P�H�Q�W�D�O �S�U�R�F�H�G�X�U�H �I�R�U �W�K�H �W�K�U�H�H �U�H�D�F�W�L�R�Q �W�U�L�D�O�V�� �W�K�H �W�K�H�U�P�R�S�K�\�V��
�L�F�D�O �F�K�D�U�D�F�W�H�U�L�V�D�W�L�R�Q �E�\ �'�6�& �D�Q�G �/�)�$�� �W�K�H �&�2�0�6�2�/ �)�(�0 �D�Q�G �W�K�H
�D�Q�D�O�\�W�L�F�D�O �F�L�U�F�X�O�D�U�L�W�\ �P�R�G�H�O�� �9�D�O�L�G�L�W�\�� �U�H�O�L�D�E�L�O�L�W�\ �D�Q�G �T�X�D�O�L�W�\ �F�R�Q�V�L�G��
�H�U�D�W�L�R�Q�V �D�U�H �D�O�V�R �D�G�G�U�H�V�V�H�G��

�&�K�D�S�W�H�U ��
�5�H�V�X�O�W�V

�3�U�H�V�H�Q�W�V �W�K�H �H�P�S�L�U�L�F�D�O �I�L�Q�G�L�Q�J�V�� �L�Q�F�O�X�G�L�Q�J �W�K�H �W�H�P�S�H�U�D�W�X�U�H���W�L�P�H �S�U�R��
�I�L�O�H�V �I�U�R�P �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �W�U�L�D�O�V�� �W�K�H �P�H�D�V�X�U�H�G �W�K�H�U�P�R�S�K�\�V�L�F�D�O �S�U�R�S��
�H�U�W�L�H�V�� �W�K�H �)�(�0 �V�L�P�X�O�D�W�L�R�Q �R�X�W�S�X�W�V �D�Q�G �V�F�D�O�H���X�S �D�Q�D�O�\�V�L�V �D�Q�G �W�K�H �U�H��
�V�X�O�W�V �R�I �W�K�H �F�L�U�F�X�O�D�U�L�W�\ �P�R�G�H�O�O�L�Q�J��

�&�K�D�S�W�H�U ��
�'�L�V�F�X�V�V�L�R�Q

�$�Q�D�O�\�V�H�V �W�K�H �H�P�S�L�U�L�F�D�O �I�L�Q�G�L�Q�J�V �L�Q �U�H�O�D�W�L�R�Q �W�R �W�K�H �U�H�V�H�D�U�F�K �T�X�H�V�W�L�R�Q�V��
�D�G�G�U�H�V�V�L�Q�J �W�K�H �W�K�H�U�P�R���U�H�D�F�W�L�Y�H �O�L�P�L�W�D�W�L�R�Q�V �R�I �W�K�H �0�Q�2���$�O �V�\�V�W�H�P�� �W�K�H
�L�P�S�O�L�F�D�W�L�R�Q�V �I�R�U �Y�H�V�V�H�O �G�H�V�L�J�Q �D�Q�G �W�K�H�U�P�D�O �V�W�D�E�L�O�L�W�\�� �S�U�D�F�W�L�F�D�O �S�U�R�F�H�V�V
�F�R�Q�V�L�G�H�U�D�W�L�R�Q�V �D�Q�G �P�H�W�K�R�G�R�O�R�J�L�F�D�O �U�H�I�O�H�F�W�L�R�Q�V��

�&�K�D�S�W�H�U ��
�&�R�Q�F�O�X�V�L�R�Q

�6�X�P�P�D�U�L�V�H�V �W�K�H �V�W�X�G�\�¶�V �N�H�\ �I�L�Q�G�L�Q�J�V �E�\ �S�U�R�Y�L�G�L�Q�J �D�Q�V�Z�H�U�V �W�R �W�K�H �U�H��
�V�H�D�U�F�K �T�X�H�V�W�L�R�Q�V �D�Q�G �R�X�W�O�L�Q�H�V �G�L�U�H�F�W�L�R�Q�V �I�R�U �I�X�W�X�U�H �U�H�V�H�D�U�F�K��
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�� �7�K�H�R�U�H�W�L�F�D�O �)�U�D�P�H�Z�R�U�N

�7�K�L�V �F�K�D�S�W�H�U �S�U�H�V�H�Q�W�V �W�K�H �W�K�H�R�U�H�W�L�F�D�O �I�U�D�P�H�Z�R�U�N �X�Q�G�H�U�S�L�Q�Q�L�Q�J �W�K�H �D�Q�D�O�\�V�L�V �F�R�Q�G�X�F�W�H�G �L�Q �W�K�L�V �W�K�H�V�L�V��
�7�K�H �W�R�S�L�F�V �F�R�Y�H�U�H�G �S�U�R�J�U�H�V�V �I�U�R�P �W�K�H�U�P�R�G�\�Q�D�P�L�F �I�H�D�V�L�E�L�O�L�W�\ �D�Q�G �U�H�D�F�W�L�R�Q �N�L�Q�H�W�L�F�V�� �W�K�U�R�X�J�K �W�K�H�U�P�D�O
�P�R�G�H�O�O�L�Q�J �D�Q�G �K�H�D�W �W�U�D�Q�V�I�H�U �W�R �Y�H�V�V�H�O �L�Q�W�H�J�U�L�W�\ �D�Q�G �P�D�W�H�U�L�D�O �F�L�U�F�X�O�D�U�L�W�\��

������ �7�K�H�U�P�R�G�\�Q�D�P�L�F�V �R�I �0�H�W�D�O�O�R�W�K�H�U�P�L�F �5�H�G�X�F�W�L�R�Q

�7�K�H �I�H�D�V�L�E�L�O�L�W�\ �R�I �P�H�W�D�O�O�R�W�K�H�U�P�L�F �U�H�G�X�F�W�L�R�Q �L�V �I�X�Q�G�D�P�H�Q�W�D�O�O�\ �J�R�Y�H�U�Q�H�G �E�\ �W�K�H�U�P�R�G�\�Q�D�P�L�F �S�U�L�Q�F�L�S�O�H�V��
�%�H�I�R�U�H �N�L�Q�H�W�L�F �O�L�P�L�W�D�W�L�R�Q�V�� �K�H�D�W �O�R�V�V�H�V�� �R�U �U�H�D�F�W�R�U �G�H�V�L�J�Q �F�R�Q�V�L�G�H�U�D�W�L�R�Q�V �F�D�Q �E�H �D�G�G�U�H�V�V�H�G�� �L�W �P�X�V�W
�I�L�U�V�W �E�H �H�V�W�D�E�O�L�V�K�H�G �Z�K�H�W�K�H�U �W�K�H �U�H�G�X�F�W�L�R�Q �U�H�D�F�W�L�R�Q �L�V �W�K�H�U�P�R�G�\�Q�D�P�L�F�D�O�O�\ �S�R�V�V�L�E�O�H �D�Q�G �Z�K�H�W�K�H�U �L�W �F�D�Q
�U�H�O�H�D�V�H �V�X�I�I�L�F�L�H�Q�W �H�Q�H�U�J�\ �W�R �U�H�D�F�K �W�K�H �W�H�P�S�H�U�D�W�X�U�H�V �U�H�T�X�L�U�H�G �I�R�U �P�H�O�W�L�Q�J �D�Q�G �S�K�D�V�H �V�H�S�D�U�D�W�L�R�Q��

�7�K�L�V �V�H�F�W�L�R�Q �W�K�H�U�H�I�R�U�H �H�V�W�D�E�O�L�V�K�H�V �W�K�H �W�K�H�U�P�R�G�\�Q�D�P�L�F �I�U�D�P�H�Z�R�U�N �R�I �P�H�W�D�O�O�R�W�K�H�U�P�L�F �U�H�G�X�F�W�L�R�Q�� �Z�L�W�K
�V�S�H�F�L�I�L�F �I�R�F�X�V �R�Q �W�K�H �0�Q�2���$�O �V�\�V�W�H�P��

���������� �)�X�Q�G�D�P�H�Q�W�D�O �7�K�H�U�P�R�G�\�Q�D�P�L�F �3�U�L�Q�F�L�S�O�H�V

�0�H�W�D�O�O�R�W�K�H�U�P�L�F �S�U�R�F�H�V�V�H�V �D�U�H �J�H�Q�H�U�D�O�O�\ �H�[�S�U�H�V�V�H�G �D�V��

AX + B ! A + BX ����������

�Z�K�H�U�HX �U�H�S�U�H�V�H�Q�W�V �R�[�\�J�H�Q�� �F�K�O�R�U�L�Q�H�� �R�U �I�O�X�R�U�L�Q�H �D�Q�GA �D�Q�GB �D�U�H �P�H�W�D�O�V �Z�L�W�K �G�L�I�I�H�U�H�Q�W �F�K�H�P�L�F�D�O
�D�I�I�L�Q�L�W�L�H�V �I�R�UX �>�����@�� �$ �F�K�D�U�D�F�W�H�U�L�V�W�L�F �I�H�D�W�X�U�H �R�I �P�H�W�D�O�O�R�W�K�H�U�P�L�F �U�H�D�F�W�L�R�Q�V �L�V �W�K�H�L�U �K�L�J�K�O�\ �H�[�R�W�K�H�U�P�L�F
�Q�D�W�X�U�H�� �2�Q�F�H �L�Q�L�W�L�D�W�H�G�� �P�D�Q�\ �V�X�F�K �U�H�D�F�W�L�R�Q�V �D�U�H �F�D�S�D�E�O�H �R�I �J�H�Q�H�U�D�W�L�Q�J �Y�H�U�\ �K�L�J�K �O�R�F�D�O �W�H�P�S�H�U�D�W�X�U�H�V
�Z�L�W�K�R�X�W �H�[�W�H�U�Q�D�O �H�Q�H�U�J�\ �L�Q�S�X�W�� �S�U�R�Y�L�G�H�G �K�H�D�W �O�R�V�V�H�V �D�U�H �V�X�I�I�L�F�L�H�Q�W�O�\ �O�L�P�L�W�H�G �>�����@��

�7�K�H �W�K�H�U�P�R�G�\�Q�D�P�L�F �G�U�L�Y�L�Q�J �I�R�U�F�H �R�I �P�H�W�D�O�O�R�W�K�H�U�P�L�F �U�H�G�X�F�W�L�R�Q �L�V �H�Y�D�O�X�D�W�H�G �W�K�U�R�X�J�K �W�K�H �*�L�E�E�V �I�U�H�H
�H�Q�H�U�J�\ �F�K�D�Q�J�H �R�I �U�H�D�F�W�L�R�Q��

� G = � H � T� S ����������

�Z�K�H�U�H� H �L�V �W�K�H �H�Q�W�K�D�O�S�\ �F�K�D�Q�J�H��� S �L�V �W�K�H �H�Q�W�U�R�S�\ �F�K�D�Q�J�H �D�Q�GT �L�V �W�K�H �D�E�V�R�O�X�W�H �W�H�P�S�H�U�D�W�X�U�H��

�$ �U�H�D�F�W�L�R�Q �S�U�R�F�H�H�G�V �V�S�R�Q�W�D�Q�H�R�X�V�O�\ �L�Q �W�K�H �I�R�U�Z�D�U�G �G�L�U�H�F�W�L�R�Q �Z�K�H�Q� G < 0�� �Z�K�L�O�H �F�K�H�P�L�F�D�O �H�T�X�L�O�L�E��
�U�L�X�P �L�V �U�H�D�F�K�H�G �Z�K�H�Q� G = 0�� �)�R�U �U�H�D�F�W�L�Q�J �V�\�V�W�H�P�V �W�K�D�W �D�U�H �Q�R�W �L�Q �W�K�H�L�U �V�W�D�Q�G�D�U�G �V�W�D�W�H�� �W�K�H �*�L�E�E�V
�I�U�H�H �H�Q�H�U�J�\ �L�V �U�H�O�D�W�H�G �W�R �W�K�H �U�H�D�F�W�L�R�Q �T�X�R�W�L�H�Q�WQ �E�\��
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� G = � G� + RT �O�QQ ����������

�$�W �H�T�X�L�O�L�E�U�L�X�P��Q = K �D�Q�G �W�K�H�U�H�I�R�U�H��

� G� = � RT �O�QK ����������

�/�D�U�J�H �H�T�X�L�O�L�E�U�L�X�P �F�R�Q�V�W�D�Q�W�V �F�R�U�U�H�V�S�R�Q�G �W�R �V�W�U�R�Q�J�O�\ �Q�H�J�D�W�L�Y�H� G� �� �L�Q�G�L�F�D�W�L�Q�J �S�U�R�G�X�F�W �I�D�Y�R�X�U�H�G �U�H��
�D�F�W�L�R�Q�V��

�,�Q �P�H�W�D�O�O�X�U�J�L�F�D�O �U�H�G�X�F�W�L�R�Q �V�\�V�W�H�P�V�� �W�K�L�V �I�U�D�P�H�Z�R�U�N �L�V �X�V�H�I�X�O �E�H�F�D�X�V�H �R�[�L�G�H �V�W�D�E�L�O�L�W�\ �D�Q�G �R�[�\�J�H�Q
�W�U�D�Q�V�I�H�U �W�H�Q�G�H�Q�F�L�H�V �F�D�Q �E�H �D�Q�D�O�\�V�H�G �L�Q �W�H�U�P�V �R�I �U�H�O�D�W�L�Y�H �*�L�E�E�V �I�U�H�H �H�Q�H�U�J�L�H�V �R�I �R�[�L�G�D�W�L�R�Q �U�H�D�F�W�L�R�Q�V
�>�����@�� �>�����@��
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�$ �S�U�D�F�W�L�F�D�O �J�U�D�S�K�L�F�D�O �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �R�[�L�G�H �V�W�D�E�L�O�L�W�\ �L�V �S�U�R�Y�L�G�H�G �E�\ �W�K�H �(�O�O�L�Q�J�K�D�P �G�L�D�J�U�D�P�� �Z�K�L�F�K
�S�O�R�W�V �W�K�H �V�W�D�Q�G�D�U�G �*�L�E�E�V �I�U�H�H �H�Q�H�U�J�\ �F�K�D�Q�J�H �I�R�U �R�[�L�G�D�W�L�R�Q �U�H�D�F�W�L�R�Q�V �D�V �D �I�X�Q�F�W�L�R�Q �R�I �W�H�P�S�H�U�D�W�X�U�H��
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�$ �U�H�G�X�F�W�D�Q�W �L�V �W�K�H�U�P�R�G�\�Q�D�P�L�F�D�O�O�\ �F�D�S�D�E�O�H �R�I �U�H�G�X�F�L�Q�J �D �P�H�W�D�O �R�[�L�G�H �Z�K�H�Q �L�W�V �R�[�L�G�D�W�L�R�Q �O�L�Q�H �O�L�H�V �E�H��
�O�R�Z �W�K�D�W �R�I �W�K�H �R�[�L�G�H �D�W �W�K�H �R�S�H�U�D�W�L�Q�J �W�H�P�S�H�U�D�W�X�U�H�� �7�K�L�V �S�U�L�Q�F�L�S�O�H �I�R�U�P�V �W�K�H �E�D�V�L�V �R�I �P�H�W�D�O�O�R�W�K�H�U�P�L�F
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�D �K�L�J�K�O�\ �V�W�D�E�O�H �R�[�L�G�H ���$�O2�23���� �U�H�V�X�O�W�L�Q�J �L�Q �D �O�D�U�J�H �Q�H�J�D�W�L�Y�H �*�L�E�E�V �I�U�H�H �H�Q�H�U�J�\ �R�I �R�[�L�G�D�W�L�R�Q�� �7�K�L�V
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�W�K�U�R�X�J�K �W�K�H �P�D�W�H�U�L�D�O �>�����@��

�,�I �W�K�H �S�R�Z�G�H�U�V �D�U�H �S�R�R�U�O�\ �P�L�[�H�G�� �V�R�P�H �U�H�J�L�R�Q�V �P�D�\ �F�R�Q�W�D�L�Q �P�R�V�W�O�\ �R�[�L�G�H �Z�K�L�O�H �R�W�K�H�U�V �F�R�Q�W�D�L�Q
�P�R�V�W�O�\ �$�O�� �6�X�F�K �L�Q�K�R�P�R�J�H�Q�H�R�X�V �P�L�[�W�X�U�H�V �U�H�G�X�F�H �W�K�H �Q�X�P�E�H�U �R�I �U�H�D�F�W�L�Y�H �L�Q�W�H�U�I�D�F�H�V �D�Q�G �P�D�\ �V�O�R�Z
�G�R�Z�Q �W�K�H �R�Y�H�U�D�O�O �U�H�D�F�W�L�R�Q �U�D�W�H �>�����@��

����



�2�[�L�G�H �)�L�O�P �D�Q�G �5�H�D�F�W�L�R�Q �,�Q�L�W�L�D�W�L�R�Q

�)�R�U �D�O�X�P�L�Q�R�W�K�H�U�P�L�F �U�H�D�F�W�L�R�Q�V �W�R �V�W�D�U�W�� �R�[�L�G�H �S�D�U�W�L�F�O�H�V �P�X�V�W �F�R�P�H �L�Q�W�R �G�L�U�H�F�W �F�R�Q�W�D�F�W �Z�L�W�K �$�O �S�D�U�W�L�F�O�H�V��
�+�R�Z�H�Y�H�U�� �$�O �S�R�Z�G�H�U �S�D�U�W�L�F�O�H�V �D�U�H �Q�R�U�P�D�O�O�\ �F�R�Y�H�U�H�G �E�\ �D �W�K�L�Q �O�D�\�H�U �R�I �$�O �R�[�L�G�H �W�K�D�W �I�R�U�P�V �Q�D�W�X�U�D�O�O�\
�Z�K�H�Q �$�O �L�V �H�[�S�R�V�H�G �W�R �D�L�U�� �7�K�L�V �R�[�L�G�H �I�L�O�P �D�F�W�V �D�V �D �S�U�R�W�H�F�W�L�Y�H �E�D�U�U�L�H�U �D�Q�G �S�U�H�Y�H�Q�W�V �G�L�U�H�F�W �F�R�Q�W�D�F�W
�E�H�W�Z�H�H�Q �W�K�H �P�H�W�D�O�O�L�F �$�O �D�Q�G �W�K�H �R�[�L�G�H �U�H�D�F�W�D�Q�W�� �$�V �D �U�H�V�X�O�W�� �W�K�H �D�O�X�P�L�Q�R�W�K�H�U�P�L�F �U�H�D�F�W�L�R�Q �F�D�Q�Q�R�W
�L�Q�L�W�L�D�W�H �X�Q�W�L�O �W�K�L�V �R�[�L�G�H �O�D�\�H�U �L�V �G�L�V�U�X�S�W�H�G �>�����@��

�7�K�H �$�O �F�R�U�H �D�Q�G �W�K�H �V�X�U�U�R�X�Q�G�L�Q�J �R�[�L�G�H �I�L�O�P �H�[�S�D�Q�G �Z�K�H�Q �K�H�D�W�H�G�� �%�H�F�D�X�V�H �$�O �K�D�V �D �K�L�J�K�H�U �W�K�H�U�P�D�O
�H�[�S�D�Q�V�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W �W�K�D�Q �$�O �R�[�L�G�H�� �W�K�H �R�[�L�G�H �O�D�\�H�U �F�D�Q �F�U�D�F�N �Z�K�H�Q �D �F�U�L�W�L�F�D�O �W�H�P�S�H�U�D�W�X�U�H �L�V �U�H�D�F�K�H�G��
�2�Q�F�H �W�K�H �R�[�L�G�H �I�L�O�P �E�U�H�D�N�V�� �P�R�O�W�H�Q �$�O �F�D�Q �F�R�P�H �L�Q�W�R �F�R�Q�W�D�F�W �Z�L�W�K �W�K�H �R�[�L�G�H �S�D�U�W�L�F�O�H�V�� �D�O�O�R�Z�L�Q�J �W�K�H
�U�H�G�X�F�W�L�R�Q �U�H�D�F�W�L�R�Q �W�R �V�W�D�U�W�� �7�K�H �W�H�P�S�H�U�D�W�X�U�H �D�W �Z�K�L�F�K �W�K�L�V �R�F�F�X�U�V �G�H�S�H�Q�G�V �R�Q �I�D�F�W�R�U�V �V�X�F�K �D�V �S�D�U�W�L�F�O�H
�V�L�]�H �D�Q�G �W�K�H �W�K�L�F�N�Q�H�V�V �R�I �W�K�H �R�[�L�G�H �O�D�\�H�U �>�����@��

�0�H�F�K�D�Q�L�F�D�O �D�F�W�L�Y�D�W�L�R�Q �P�H�W�K�R�G�V �V�X�F�K �D�V �E�D�O�O �P�L�O�O�L�Q�J �F�D�Q �I�X�U�W�K�H�U �L�P�S�U�R�Y�H �W�K�H �U�H�D�F�W�L�Y�L�W�\ �R�I �D�O�X�P�L�Q�R�W�K�H�U��
�P�L�F �V�\�V�W�H�P�V�� �'�X�U�L�Q�J �E�D�O�O �P�L�O�O�L�Q�J�� �U�H�S�H�D�W�H�G �L�P�S�D�F�W�V �E�H�W�Z�H�H�Q �W�K�H �P�L�O�O�L�Q�J �P�H�G�L�D �D�Q�G �W�K�H �S�R�Z�G�H�U �S�D�U�W�L��
�F�O�H�V �F�D�Q �E�U�H�D�N �R�[�L�G�H �I�L�O�P�V �D�Q�G �S�U�R�P�R�W�H �P�R�U�H �L�Q�W�L�P�D�W�H �P�L�[�L�Q�J �E�H�W�Z�H�H�Q �$�O �D�Q�G �R�[�L�G�H �S�D�U�W�L�F�O�H�V�� �7�K�L�V
�L�Q�F�U�H�D�V�H�V �W�K�H �Q�X�P�E�H�U �R�I �U�H�D�F�W�L�Y�H �L�Q�W�H�U�I�D�F�H�V �D�Q�G �F�D�Q �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �U�H�G�X�F�H �E�R�W�K �W�K�H �L�J�Q�L�W�L�R�Q �W�H�P�S�H�U�D��
�W�X�U�H �D�Q�G �W�K�H �D�F�W�L�Y�D�W�L�R�Q �H�Q�H�U�J�\ �U�H�T�X�L�U�H�G �I�R�U �W�K�H �U�H�D�F�W�L�R�Q �W�R �R�F�F�X�U �>�����@��

���������� �7�H�P�S�H�U�D�W�X�U�H �'�H�S�H�Q�G�H�Q�F�H �D�Q�G �+�H�D�W �*�H�Q�H�U�D�W�L�R�Q

�5�H�D�F�W�L�R�Q �U�D�W�H�V �L�Q �P�H�W�D�O�O�R�W�K�H�U�P�L�F �V�\�V�W�H�P�V �D�U�H �K�L�J�K�O�\ �W�H�P�S�H�U�D�W�X�U�H �G�H�S�H�Q�G�H�Q�W�� �7�K�H �W�H�P�S�H�U�D�W�X�U�H �G�H��
�S�H�Q�G�H�Q�F�H �R�I �W�K�H �U�H�D�F�W�L�R�Q �U�D�W�H �F�R�Q�V�W�D�Q�Wk �L�V �R�I�W�H�Q �G�H�V�F�U�L�E�H�G �E�\ �W�K�H �$�U�U�K�H�Q�L�X�V �H�T�X�D�W�L�R�Q��

k = Ae� E a
RT ����������

�Z�K�H�U�HEa �L�V �W�K�H �D�F�W�L�Y�D�W�L�R�Q �H�Q�H�U�J�\��R �L�V �W�K�H �X�Q�L�Y�H�U�V�D�O �J�D�V �F�R�Q�V�W�D�Q�W �D�Q�GT �L�V �W�K�H �D�E�V�R�O�X�W�H �W�H�P�S�H�U�D�W�X�U�H
�>�����@��

�7�K�L�V �U�H�O�D�W�L�R�Q�V�K�L�S �V�K�R�Z�V �W�K�D�W �H�Y�H�Q �V�P�D�O�O �L�Q�F�U�H�D�V�H�V �L�Q �W�H�P�S�H�U�D�W�X�U�H �F�D�Q �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �L�Q�F�U�H�D�V�H �W�K�H �U�H��
�D�F�W�L�R�Q �U�D�W�H�� �,�Q �K�L�J�K�O�\ �H�[�R�W�K�H�U�P�L�F �V�\�V�W�H�P�V�� �W�K�L�V �O�H�D�G�V �W�R �D �I�H�H�G�E�D�F�N �P�H�F�K�D�Q�L�V�P��

�+�L�J�K�H�U �W�H�P�S�H�U�D�W�X�U�H! �+�L�J�K�H�U �U�H�D�F�W�L�R�Q �U�D�W�H! �,�Q�F�U�H�D�V�H�G �K�H�D�W �J�H�Q�H�U�D�W�L�R�Q! �)�X�U�W�K�H�U �W�H�P�S�H�U�D�W�X�U�H
�L�Q�F�U�H�D�V�H

�7�K�H �U�D�W�H �R�I �L�Q�W�H�U�Q�D�O �K�H�D�W �J�H�Q�H�U�D�W�L�R�Q �L�Q �D �U�H�D�F�W�L�Y�H �V�\�V�W�H�P �F�D�Q �E�H �H�[�S�U�H�V�V�H�G �D�V��

_Q�J�H�Q= ( � � H �U�[�Q) rV ����������

����



�Z�K�H�U�H� H �U�[�Q�L�V �W�K�H �U�H�D�F�W�L�R�Q �H�Q�W�K�D�O�S�\��r �L�V �W�K�H �U�H�D�F�W�L�R�Q �U�D�W�H �S�H�U �X�Q�L�W �Y�R�O�X�P�H �D�Q�GV �L�V �W�K�H �U�H�D�F�W�L�Q�J
�Y�R�O�X�P�H �>�����@��

�6�L�Q�F�H �W�K�H �U�H�D�F�W�L�R�Q �U�D�W�H �G�H�S�H�Q�G�V �R�Q �W�H�P�S�H�U�D�W�X�U�H�� �W�K�H �K�H�D�W �U�H�O�H�D�V�H�G �L�V �F�O�R�V�H�O�\ �O�L�Q�N�H�G �W�R �K�R�Z �W�K�H �V�\�V�W�H�P
�E�H�K�D�Y�H�V �W�K�H�U�P�D�O�O�\�� �,�I �P�R�U�H �K�H�D�W �L�V �S�U�R�G�X�F�H�G �W�K�D�Q �F�D�Q �E�H �U�H�P�R�Y�H�G�� �W�K�H �V�\�V�W�H�P �F�D�Q �R�Y�H�U�K�H�D�W �D�Q�G �O�H�D�G
�W�R �W�K�H�U�P�D�O �U�X�Q�D�Z�D�\�� �2�Q �W�K�H �R�W�K�H�U �K�D�Q�G�� �L�I �W�R�R �P�X�F�K �K�H�D�W �L�V �O�R�V�W�� �W�K�H �W�H�P�S�H�U�D�W�X�U�H �P�D�\ �G�U�R�S�� �Z�K�L�F�K
�F�D�Q �F�D�X�V�H �L�Q�F�R�P�S�O�H�W�H �U�H�G�X�F�W�L�R�Q �R�U �H�Y�H�Q �V�W�R�S �W�K�H �U�H�D�F�W�L�R�Q �I�U�R�P �F�R�Q�W�L�Q�X�L�Q�J��

�7�K�L�V �L�Q�W�H�U�D�F�W�L�R�Q �E�H�W�Z�H�H�Q �U�H�D�F�W�L�R�Q �V�S�H�H�G �D�Q�G �K�H�D�W �U�H�O�H�D�V�H �L�V �N�H�\ �W�R �X�Q�G�H�U�V�W�D�Q�G�L�Q�J �W�K�H �W�K�H�U�P�R���U�H�D�F�W�L�Y�H
�O�L�P�L�W�V �R�I �W�K�H �0�Q�2���$�O �V�\�V�W�H�P��

������ �7�K�H�U�P�D�O �0�R�G�H�O

�$�O�W�K�R�X�J�K �W�K�H�U�P�R�G�\�Q�D�P�L�F �D�Q�D�O�\�V�L�V �H�V�W�D�E�O�L�V�K�H�V �W�K�H �W�K�H�R�U�H�W�L�F�D�O �H�Q�H�U�J�\ �D�Y�D�L�O�D�E�O�H �I�U�R�P �W�K�H �0�Q�2���$�O
�U�H�D�F�W�L�R�Q �D�V �V�K�R�Z�Q �L�Q �6�H�F�W�L�R�Q�������D�Q�G �N�L�Q�H�W�L�F �D�Q�D�O�\�V�L�V �G�H�V�F�U�L�E�H�V �W�K�H �U�D�W�H �R�I �L�Q�W�H�U�Q�D�O �K�H�D�W �J�H�Q�H�U�D�W�L�R�Q
�D�V �V�K�R�Z�Q �L�Q �6�H�F�W�L�R�Q�������� �U�H�D�O �P�H�W�D�O�O�R�W�K�H�U�P�L�F �V�\�V�W�H�P�V �D�U�H �Q�R�Q���D�G�L�D�E�D�W�L�F�� �+�H�D�W �L�V �O�R�V�W �W�R �W�K�H �V�X�U�U�R�X�Q�G��
�L�Q�J�V �D�Q�G �W�K�H �D�F�W�X�D�O �W�H�P�S�H�U�D�W�X�U�H �F�K�D�Q�J�H �L�V �W�K�H�U�H�I�R�U�H �K�D�S�S�H�Q�L�Q�J �E�H�F�D�X�V�H �R�I �W�K�H �E�D�O�D�Q�F�H �E�H�W�Z�H�H�Q �K�H�D�W
�J�H�Q�H�U�D�W�L�R�Q �D�Q�G �K�H�D�W �U�H�P�R�Y�D�O��

�7�R �D�Q�D�O�\�V�H �Z�K�H�W�K�H�U �W�K�H �U�H�D�F�W�L�R�Q �F�D�Q �V�X�V�W�D�L�Q �W�K�H �W�H�P�S�H�U�D�W�X�U�H�V �U�H�T�X�L�U�H�G �I�R�U �F�R�P�S�O�H�W�H �U�H�G�X�F�W�L�R�Q �D�Q�G
�H�I�I�H�F�W�L�Y�H �P�H�W�D�O���V�O�D�J �V�H�S�D�U�D�W�L�R�Q�� �D �F�R�X�S�O�H�G �H�Q�H�U�J�\ �E�D�O�D�Q�F�H �D�Q�G �K�H�D�W �W�U�D�Q�V�I�H�U �P�R�G�H�O �L�V �U�H�T�X�L�U�H�G��

���������� �*�H�Q�H�U�D�O �(�Q�H�U�J�\ �%�D�O�D�Q�F�H �I�R�U �D �5�H�D�F�W�L�Y�H �6�\�V�W�H�P

�,�Q �Q�R�Q���L�V�R�W�K�H�U�P�D�O �U�H�D�F�W�R�U �D�Q�D�O�\�V�L�V�� �W�H�P�S�H�U�D�W�X�U�H �L�V �W�U�H�D�W�H�G �D�V �D �Y�D�U�L�D�E�O�H �U�D�W�K�H�U �W�K�D�Q �D�V�V�X�P�H�G �F�R�Q��
�V�W�D�Q�W�� �0�R�V�W �F�K�H�P�L�F�D�O �U�H�D�F�W�L�R�Q�V �H�L�W�K�H�U �U�H�O�H�D�V�H �K�H�D�W ���H�[�R�W�K�H�U�P�L�F�� �R�U �D�E�V�R�U�E �K�H�D�W ���H�Q�G�R�W�K�H�U�P�L�F�� �D�Q�G
�W�K�H �V�\�V�W�H�P �W�H�P�S�H�U�D�W�X�U�H �W�K�H�U�H�I�R�U�H �H�Y�R�O�Y�H�V �G�X�U�L�Q�J �R�S�H�U�D�W�L�R�Q �>�����@��

�7�K�H �J�H�Q�H�U�D�O �H�Q�H�U�J�\ �E�D�O�D�Q�F�H �I�R�U �D�Q �R�S�H�Q �U�H�D�F�W�L�Q�J �V�\�V�W�H�P �L�V �G�H�U�L�Y�H�G �I�U�R�P �W�K�H �)�L�U�V�W �/�D�Z �R�I �7�K�H�U�P�R��
�G�\�Q�D�P�L�F�V��

dE�V�\�V

dt
= _Q � _W +

X
F�L�QH �L�Q�

X
F�R�X�WH �R�X�W ������������

�Z�K�H�U�H��

�‡ _Q �L�V �W�K�H �U�D�W�H �R�I �K�H�D�W �W�U�D�Q�V�I�H�U �L�Q�W�R �W�K�H �V�\�V�W�H�P

�‡ _W �L�V �W�K�H �U�D�W�H �R�I �V�K�D�I�W �Z�R�U�N

�‡F �G�H�Q�R�W�H�V �P�R�O�D�U �I�O�R�Z �U�D�W�H�V

�‡H �G�H�Q�R�W�H�V �P�R�O�D�U �H�Q�W�K�D�O�S�\

����



�>�����@

�,�Q �F�R�Q�W�L�Q�X�R�X�V �V�\�V�W�H�P�V �R�S�H�U�D�W�L�Q�J �D�W �V�W�H�D�G�\ �V�W�D�W�H��

dE�V�\�V

dt
= 0 ������������

�+�R�Z�H�Y�H�U�� �D�O�X�P�L�Q�R�W�K�H�U�P�L�F �0�Q�2���$�O �U�H�G�X�F�W�L�R�Q �L�Q �D �U�H�D�F�W�L�R�Q �Y�H�V�V�H�O �L�V �P�R�U�H �D�S�S�U�R�S�U�L�D�W�H�O�\ �G�H�V�F�U�L�E�H�G
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C�W�R�W

R�F�R�Q�Y;�L�Q�W=
1

h�L�Q�WA
�1�D�W�X�U�D�O �F�R�Q�Y�H�F�W�L�R�Q

�L�Q�V�L�G�H �Y�H�V�V�H�O

R�F�R�Q�G=
L

kA
�&�R�Q�G�X�F�W�L�R�Q

�W�K�U�R�X�J�K �Y�H�V�V�H�O �Z�D�O�O
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R�F�R�Q�Y=
1
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�O�H�V�V �G�H�Q�V�H�� �$�V �D �U�H�V�X�O�W�� �W�K�H �Z�D�U�P�H�U �D�L�U �U�L�V�H�V �Z�K�L�O�H �F�R�R�O�H�U �D�L�U �I�U�R�P �W�K�H �V�X�U�U�R�X�Q�G�L�Q�J�V �P�R�Y�H�V �L�Q �W�R
�U�H�S�O�D�F�H �L�W�� �7�K�L�V �F�U�H�D�W�H�V �D �E�X�R�\�D�Q�F�\���G�U�L�Y�H�Q �I�O�R�Z �D�U�R�X�Q�G �W�K�H �U�H�D�F�W�R�U �D�Q�G �F�R�Q�W�U�L�E�X�W�H�V �W�R �K�H�D�W �O�R�V�V�H�V
�I�U�R�P �W�K�H �V�\�V�W�H�P �>�����@��

�$�V �Z�L�W�K �W�K�H �L�Q�W�H�U�Q�D�O �F�R�Q�Y�H�F�W�L�R�Q �W�U�H�D�W�H�G �D�E�R�Y�H�� �W�K�H �V�W�U�H�Q�J�W�K �R�I �W�K�L�V �H�[�W�H�U�Q�D�O �Q�D�W�X�U�D�O �F�R�Q�Y�H�F�W�L�R�Q �L�V
�J�R�Y�H�U�Q�H�G �E�\ �W�K�H �*�U�D�V�K�R�I �D�Q�G �5�D�\�O�H�L�J�K �Q�X�P�E�H�U�V�� �K�H�U�H �H�Y�D�O�X�D�W�H�G �X�V�L�Q�J �W�K�H �G�L�I�I�H�U�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H
�V�X�U�I�D�F�H �W�H�P�S�H�U�D�W�X�U�HTs �D�Q�G �W�K�H �D�P�E�L�H�Q�W �W�H�P�S�H�U�D�W�X�U�HT1 �� �7�K�H �F�R�Q�Y�H�F�W�L�Y�H �K�H�D�W �W�U�D�Q�V�I�H�U �F�R�H�I�I�L�F�L�H�Q�W
h �L�V �R�E�W�D�L�Q�H�G �I�U�R�P �W�K�H �1�X�V�V�H�O�W �Q�X�P�E�H�U��h = Nu k/ L �� �Z�K�H�U�HNu �L�V �G�H�W�H�U�P�L�Q�H�G �I�U�R�P �H�P�S�L�U�L�F�D�O
�F�R�U�U�H�O�D�W�L�R�Q�V �D�V �D �I�X�Q�F�W�L�R�Q �R�I �W�K�H �5�D�\�O�H�L�J�K �Q�X�P�E�H�U �I�R�U �W�K�H �U�H�O�H�Y�D�Q�W �J�H�R�P�H�W�U�\ �>�����@�� �>�����@��

�7�K�H �F�R�Q�Y�H�F�W�L�Y�H �K�H�D�W �O�R�V�V �I�U�R�P �W�K�H �V�X�U�I�D�F�H �F�D�Q �W�K�H�Q �E�H �Z�U�L�W�W�H�Q �D�V

_Q�F�R�Q�Y= hA(Ts � T1 ) ������������

�Z�L�W�K �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�K�H�U�P�D�O �U�H�V�L�V�W�D�Q�F�H

R�F�R�Q�Y=
1

hA
������������

�7�K�L�V �H�[�S�U�H�V�V�L�R�Q �L�V �X�V�H�G �L�Q �W�K�H �W�K�H�U�P�D�O �P�R�G�H�O �R�I �W�K�H �S�U�H�V�H�Q�W �Z�R�U�N �W�R �U�H�S�U�H�V�H�Q�W �F�R�Q�Y�H�F�W�L�Y�H �K�H�D�W �O�R�V�V�H�V
�I�U�R�P �W�K�H �F�U�X�F�L�E�O�H �V�X�U�I�D�F�H �W�R �W�K�H �V�X�U�U�R�X�Q�G�L�Q�J �D�L�U��

�7�K�H�U�P�D�O �5�D�G�L�D�W�L�R�Q

�7�K�H�U�P�D�O �U�D�G�L�D�W�L�R�Q �L�V �D �W�\�S�H �R�I �K�H�D�W �W�U�D�Q�V�I�H�U �W�K�D�W �K�D�S�S�H�Q�V �W�K�U�R�X�J�K �W�K�H �H�P�L�V�V�L�R�Q �R�I �H�O�H�F�W�U�R�P�D�J�Q�H�W�L�F
�Z�D�Y�H�V �P�D�N�L�Q�J �L�W �K�D�U�G �W�R �Y�L�V�X�D�O�L�V�H�� �5�D�G�L�D�W�L�R�Q �G�R�H�V �Q�R�W �Q�H�H�G �D �P�D�W�H�U�L�D�O �R�U �D �P�H�G�L�X�P �D�Q�G �L�W �F�R�X�O�G

����



�D�O�V�R �R�F�F�X�U �L�Q �Y�D�F�X�X�P �X�Q�O�L�N�H �F�R�Q�G�X�F�W�L�R�Q �D�Q�G �F�R�Q�Y�H�F�W�L�R�Q �>�����@�� �>�����@�� �$�W �K�L�J�K�H�U �W�H�P�S�H�U�D�W�X�U�H�V�� �U�D�G�L�D��
�W�L�Y�H �K�H�D�W �W�U�D�Q�V�I�H�U �S�O�D�\�V �D �E�L�J �U�R�O�H �L�Q �W�R�W�D�O �K�H�D�W �O�R�V�V�� �:�D�Q�J �H�W �D�O�� �>�����@ �P�H�Q�W�L�R�Q�V �W�K�D�W �V�X�U�U�R�X�Q�G�L�Q�J
�J�D�V�H�V �D�U�H �W�U�D�Q�V�S�D�U�H�Q�W �W�R �W�K�H�U�P�D�O �U�D�G�L�D�W�L�R�Q�� �Z�K�L�O�H �V�R�O�L�G �D�Q�G �P�R�O�W�H�Q �P�H�W�D�O�V �E�H�K�D�Y�H �D�V �R�S�D�T�X�H �U�D�G�L�D�W��
�L�Q�J �V�X�U�I�D�F�H�V�� �5�D�G�L�D�W�L�Y�H �K�H�D�W �H�[�F�K�D�Q�J�H �L�V �W�K�H�U�H�I�R�U�H �G�R�P�L�Q�D�W�H�G �E�\ �V�X�U�I�D�F�H �S�U�R�S�H�U�W�L�H�V �D�Q�G �J�H�R�P�H�W�U�\��
�5�D�G�L�D�W�L�Y�H �O�R�V�V�H�V �L�Q�F�U�H�D�V�H �U�D�S�L�G�O�\ �Z�L�W�K �W�H�P�S�H�U�D�W�X�U�H�� �P�H�D�Q�L�Q�J �W�K�D�W �V�X�U�I�D�F�H �H�P�L�V�V�L�Y�L�W�\ �D�Q�G �H�[�S�R�V�H�G
�V�X�U�I�D�F�H �D�U�H�D �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �L�Q�I�O�X�H�Q�F�H �W�K�H�U�P�D�O �H�I�I�L�F�L�H�Q�F�\�� �5�D�G�L�D�W�L�R�Q �L�V �W�U�H�D�W�H�G �D�V �D �V�X�U�I�D�F�H���W�R���V�X�U�I�D�F�H
�S�U�R�F�H�V�V�� �P�H�D�Q�L�Q�J �W�K�D�W �J�H�R�P�H�W�U�L�F �F�R�Q�I�L�J�X�U�D�W�L�R�Q �G�L�U�H�F�W�O�\ �D�I�I�H�F�W�V �K�H�D�W �O�R�V�V �U�D�W�H�V �>�����@��

�7�K�H �H�P�L�W�W�H�G �U�D�G�L�D�W�L�Y�H �K�H�D�W �I�O�X�[ �I�U�R�P �D �U�H�D�O �V�X�U�I�D�F�H �I�R�O�O�R�Z�V �W�K�H �6�W�H�I�D�Q�±�%�R�O�W�]�P�D�Q�Q �O�D�Z�� �P�R�G�L�I�L�H�G �E�\
�W�K�H �V�X�U�I�D�F�H �H�P�L�V�V�L�Y�L�W�\" �W�R �D�F�F�R�X�Q�W �I�R�U �G�H�Y�L�D�W�L�R�Q�V �I�U�R�P �L�G�H�D�O �E�O�D�F�N�E�R�G�\ �E�H�K�D�Y�L�R�X�U��

q = "�T 4 ������������

�Z�K�H�U�H� = 5:6704� 10� 8 �: �P � �� �. � �� �L�V �W�K�H �6�W�H�I�D�Q�±�%�R�O�W�]�P�D�Q�Q �F�R�Q�V�W�D�Q�W��T �L�V �W�K�H �D�E�V�R�O�X�W�H �V�X�U�I�D�F�H
�W�H�P�S�H�U�D�W�X�U�H �D�Q�G" �L�V �W�K�H �V�X�U�I�D�F�H �H�P�L�V�V�L�Y�L�W�\�� �W�D�N�L�Q�J �Y�D�O�X�H�V �E�H�W�Z�H�H�Q �� �D�Q�G �� �>�����@�� �>�����@��

�,�Q �H�Q�J�L�Q�H�H�U�L�Q�J �D�S�S�O�L�F�D�W�L�R�Q�V�� �U�D�G�L�D�W�L�Y�H �K�H�D�W �W�U�D�Q�V�I�H�U �L�V �R�I�W�H�Q �H�[�S�U�H�V�V�H�G �L�Q �D �O�L�Q�H�D�U�L�V�H�G �I�R�U�P �D�Q�D�O�R�J�R�X�V
�W�R �1�H�Z�W�R�Q�¶�V �O�D�Z �R�I �F�R�R�O�L�Q�J��

_Q�U�D�G= hr A (Ts � T1 ) ������������

�Z�K�H�U�H �W�K�H �U�D�G�L�D�W�L�Y�H �K�H�D�W �W�U�D�Q�V�I�H�U �F�R�H�I�I�L�F�L�H�Q�W �L�V �J�L�Y�H�Q �E�\

hr = "� (Ts + T1 )(T2
s + T2

1 ) ������������

R�U�D�G=
1

hr A
: ������������

�7�K�L�V �I�R�U�P�X�O�D�W�L�R�Q �D�O�O�R�Z�V �U�D�G�L�D�W�L�R�Q �W�R �E�H �W�U�H�D�W�H�G �L�Q �D �I�R�U�P �D�Q�D�O�R�J�R�X�V �W�R �F�R�Q�Y�H�F�W�L�R�Q�� �Z�K�L�F�K �L�V �S�D�U�W�L�F�X��
�O�D�U�O�\ �X�V�H�I�X�O �Z�K�H�Q �H�V�W�L�P�D�W�L�Q�J �F�R�P�E�L�Q�H�G �K�H�D�W �O�R�V�V�H�V �I�U�R�P �K�L�J�K���W�H�P�S�H�U�D�W�X�U�H �V�\�V�W�H�P�V �>�����@��

���������� �&�R�X�S�O�H�G �7�K�H�U�P�D�O �5�H�V�L�V�W�D�Q�F�H �0�R�G�H�O

�&�R�Q�G�X�F�W�L�R�Q �W�K�U�R�X�J�K �W�K�H �Y�H�V�V�H�O �Z�D�O�O �D�F�W�V �L�Q �V�H�U�L�H�V �Z�L�W�K �H�[�W�H�U�Q�D�O �K�H�D�W �O�R�V�V�H�V�� �Z�K�L�O�H �F�R�Q�Y�H�F�W�L�R�Q �D�Q�G
�U�D�G�L�D�W�L�R�Q �I�U�R�P �W�K�H �R�X�W�H�U �V�X�U�I�D�F�H �D�F�W �L�Q �S�D�U�D�O�O�H�O��

�7�K�H �F�R�P�E�L�Q�H�G �H�[�W�H�U�Q�D�O �U�H�V�L�V�W�D�Q�F�H �L�V �>�����@��

R�R�X�W=
�

1
R�F�R�Q�Y

+
1

R�U�D�G

� � 1

������������

����



�7�K�H �W�R�W�D�O �W�K�H�U�P�D�O �U�H�V�L�V�W�D�Q�F�H �E�H�F�R�P�H�V��

R�W�R�W= R�F�R�Q�G+ R�R�X�W ������������

�7�K�H �W�R�W�D�O �K�H�D�W �O�R�V�V �I�U�R�P �W�K�H �U�H�D�F�W�L�R�Q �F�R�U�H �L�V �W�K�H�Q��

_Q�O�R�V�V=
T�F�R�U�H� T1

R�W�R�W
������������

�6�X�E�V�W�L�W�X�W�L�Q�J �L�Q�W�R �W�K�H �W�U�D�Q�V�L�H�Q�W �H�Q�H�U�J�\ �E�D�O�D�Q�F�H��

C�W�R�W
dT
dt

= _Q�J�H�Q�
T�F�R�U�H� T1

R�W�R�W
������������

���������� �*�H�R�P�H�W�U�L�F �V�F�D�O�L�Q�J �D�Q�G �W�K�H�U�P�D�O �V�W�D�E�L�O�L�W�\

�(�T�X�D�W�L�R�Q�V ������������ ������������ �D�Q�G ������������ �V�K�R�Z �W�K�D�W �K�H�D�W �J�H�Q�H�U�D�W�L�R�Q �D�Q�G �K�H�D�W �O�R�V�V�H�V �V�F�D�O�H �G�L�I�I�H�U�H�Q�W�O�\ �Z�L�W�K�L�Q
�W�K�H �U�H�D�F�W�R�U �V�\�V�W�H�P�� �,�Q�W�H�U�Q�D�O �K�H�D�W �J�H�Q�H�U�D�W�L�R�Q �G�H�S�H�Q�G�V �R�Q �W�K�H �U�H�D�F�W�L�Q�J �Y�R�O�X�P�H �W�K�U�R�X�J�K �(�T�X�D�W�L�R�Q ������������
�Z�K�H�U�H�D�V �F�R�Q�Y�H�F�W�L�Y�H �D�Q�G �U�D�G�L�D�W�L�Y�H �K�H�D�W �O�R�V�V�H�V �R�F�F�X�U �W�K�U�R�X�J�K �W�K�H �U�H�D�F�W�R�U �E�R�X�Q�G�D�U�L�H�V �D�Q�G �W�K�H�U�H�I�R�U�H
�G�H�S�H�Q�G �R�Q �W�K�H �H�[�S�R�V�H�G �V�X�U�I�D�F�H �D�U�H�D�� �D�V �V�K�R�Z�Q �L�Q �(�T�X�D�W�L�R�Q�V ������������ �D�Q�G ������������ �>�����@�� �>�����@��

�%�H�F�D�X�V�H �K�H�D�W �J�H�Q�H�U�D�W�L�R�Q �V�F�D�O�H�V �Z�L�W�K �U�H�D�F�W�L�Q�J �Y�R�O�X�P�H �Z�K�L�O�H �K�H�D�W �O�R�V�V�H�V �V�F�D�O�H �Z�L�W�K �V�X�U�I�D�F�H �D�U�H�D�� �W�K�H
�W�K�H�U�P�D�O �E�H�K�D�Y�L�R�X�U �R�I �W�K�H �V�\�V�W�H�P �G�H�S�H�Q�G�V �V�W�U�R�Q�J�O�\ �R�Q �W�K�H �U�H�O�D�W�L�R�Q �E�H�W�Z�H�H�Q �Y�R�O�X�P�H �D�Q�G �D�U�H�D�� �6�P�D�O�O
�V�\�V�W�H�P�V �K�D�Y�H �U�H�O�D�W�L�Y�H�O�\ �O�D�U�J�H �V�X�U�I�D�F�H �D�U�H�D�V �U�H�O�D�W�L�Y�H �W�R �W�K�H�L�U �U�H�D�F�W�L�Q�J �Y�R�O�X�P�H �D�Q�G �W�K�H�U�H�I�R�U�H �H�[�S�H�U�L�H�Q�F�H
�S�U�R�S�R�U�W�L�R�Q�D�O�O�\ �O�D�U�J�H�U �K�H�D�W �O�R�V�V�H�V�� �/�D�U�J�H�U �V�\�V�W�H�P�V�� �L�Q �F�R�Q�W�U�D�V�W�� �J�H�Q�H�U�D�W�H �P�R�U�H �K�H�D�W �U�H�O�D�W�L�Y�H �W�R �W�K�H�L�U
�V�X�U�I�D�F�H �D�U�H�D �D�Q�G �P�D�\ �W�K�H�U�H�I�R�U�H �U�H�W�D�L�Q �K�H�D�W �P�R�U�H �H�I�I�H�F�W�L�Y�H�O�\ �>�����@�� �>�����@��

�7�K�L�V �L�Q�W�H�U�S�U�H�W�D�W�L�R�Q �L�V �D�O�V�R �F�R�Q�V�L�V�W�H�Q�W �Z�L�W�K �W�K�H �R�Y�H�U�D�O�O �H�Q�H�U�J�\ �E�D�O�D�Q�F�H �L�Q �(�T�X�D�W�L�R�Q �������������� �Z�K�H�U�H �W�K�H
�W�H�P�S�H�U�D�W�X�U�H �H�Y�R�O�X�W�L�R�Q �G�H�S�H�Q�G�V �R�Q �W�K�H �F�R�P�S�H�W�L�W�L�R�Q �E�H�W�Z�H�H�Q �L�Q�W�H�U�Q�D�O �K�H�D�W �J�H�Q�H�U�D�W�L�R�Q �D�Q�G �H�[�W�H�U�Q�D�O
�K�H�D�W �O�R�V�V�H�V �>�����@�� �)�U�R�P �D �U�H�D�F�W�R�U �G�H�V�L�J�Q �S�H�U�V�S�H�F�W�L�Y�H�� �W�K�L�V �P�H�D�Q�V �W�K�D�W �Y�H�V�V�H�O �J�H�R�P�H�W�U�\ �L�Q�I�O�X�H�Q�F�H�V
�Z�K�H�W�K�H�U �W�K�H �0�Q�2���$�O �U�H�D�F�W�L�R�Q �F�D�Q �V�X�V�W�D�L�Q �W�K�H �W�H�P�S�H�U�D�W�X�U�H�V �U�H�T�X�L�U�H�G �I�R�U �F�R�P�S�O�H�W�H �U�H�G�X�F�W�L�R�Q �D�Q�G
�H�I�I�H�F�W�L�Y�H �P�H�W�D�O�±�V�O�D�J �V�H�S�D�U�D�W�L�R�Q �X�Q�G�H�U �U�H�D�O�L�V�W�L�F �R�S�H�U�D�W�L�Q�J �F�R�Q�G�L�W�L�R�Q�V��
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�'�X�U�L�Q�J �I�D�V�W �W�H�P�S�H�U�D�W�X�U�H �F�K�D�Q�J�H�V�� �W�K�H �U�H�V�X�O�W�L�Q�J �W�K�H�U�P�D�O �V�W�U�H�V�V �G�L�V�W�U�L�E�X�W�L�R�Q �G�H�S�H�Q�G�V �R�Q �Z�K�H�W�K�H�U �W�K�H
�P�D�W�H�U�L�D�O �L�V �V�X�E�M�H�F�W�H�G �W�R �U�D�S�L�G �F�R�R�O�L�Q�J �R�U �K�H�D�W�L�Q�J�� �,�Q �K�R�W �V�K�R�F�N �F�R�Q�G�L�W�L�R�Q�V�� �W�H�Q�V�L�O�H �V�W�U�H�V�V�H�V �P�D�\
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 W OF �L�V �W�K�H �Z�R�U�N �R�I �I�U�D�F�W�X�U�H �>�����@�� �(�[�S�H�U�L�P�H�Q�W�D�O �U�H�V�X�O�W�V �L�Q�G�L�F�D�W�H �W�K�D�WRst �F�R�U�U�H�O�D�W�H�V �P�R�U�H
�F�O�R�V�H�O�\ �Z�L�W�K �R�E�V�H�U�Y�H�G �W�K�H�U�P�D�O �V�K�R�F�N �S�H�U�I�R�U�P�D�Q�F�H �L�Q �S�R�U�R�X�V �U�H�I�U�D�F�W�R�U�\ �P�D�W�H�U�L�D�O�V �W�K�D�Q �F�U�D�F�N���L�Q�L�W�L�D�W�L�R�Q
�S�D�U�D�P�H�W�H�U�V �D�O�R�Q�H �>�����@��

�7�K�H�V�H �I�L�Q�G�L�Q�J�V �G�H�P�R�Q�V�W�U�D�W�H �W�K�D�W �7�6�5 �F�D�Q�Q�R�W �E�H �H�Y�D�O�X�D�W�H�G �V�R�O�H�O�\ �I�U�R�P �H�O�D�V�W�L�F �W�K�H�U�P�R���P�H�F�K�D�Q�L�F�D�O
�S�U�R�S�H�U�W�L�H�V�� �P�L�F�U�R�V�W�U�X�F�W�X�U�H�� �S�R�U�R�V�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q �D�Q�G �I�U�D�F�W�X�U�H �H�Q�H�U�J�\ �D�E�V�R�U�S�W�L�R�Q �F�D�S�D�F�L�W�\ �D�O�V�R �S�O�D�\
�G�H�F�L�V�L�Y�H �U�R�O�H�V �L�Q �W�K�H�U�P�D�O �V�K�R�F�N �S�H�U�I�R�U�P�D�Q�F�H �>�����@�� �>�����@��

�%�X�L�O�G�L�Q�J �R�Q �W�K�L�V�� �R�Q�H �S�U�D�F�W�L�F�D�O �Z�D�\ �W�R �L�P�S�U�R�Y�H �W�K�H�U�P�D�O �V�K�R�F�N �U�H�V�L�V�W�D�Q�F�H �L�V �W�R �W�D�L�O�R�U �W�K�H �S�R�U�R�V�L�W�\ �R�I
�W�K�H �U�H�I�U�D�F�W�R�U�\ �P�D�W�H�U�L�D�O�� �3�R�U�H�V �P�D�N�H �W�K�H �P�D�W�H�U�L�D�O �O�H�V�V �V�W�L�I�I �D�Q�G �O�R�Z�H�U �L�W�V �W�K�H�U�P�D�O �F�R�Q�G�X�F�W�L�Y�L�W�\�� �Z�K�L�F�K
�P�H�D�Q�V �O�H�V�V �V�W�U�H�V�V �E�X�L�O�G�V �X�S �Z�K�H�Q �W�K�H �W�H�P�S�H�U�D�W�X�U�H �F�K�D�Q�J�H�V �T�X�L�F�N�O�\�� �3�R�U�H�V �F�D�Q �D�O�V�R �V�W�R�S �R�U �U�H�G�L�U�H�F�W
�F�U�D�F�N�V�� �V�R �W�K�H �P�D�W�H�U�L�D�O �I�D�L�O�V �P�R�U�H �V�O�R�Z�O�\ �L�Q�V�W�H�D�G �R�I �E�U�H�D�N�L�Q�J �V�X�G�G�H�Q�O�\�� �7�K�H �G�R�Z�Q�V�L�G�H �L�V �W�K�D�W �P�R�U�H
�S�R�U�H�V �D�O�V�R �P�D�N�H �W�K�H �P�D�W�H�U�L�D�O �Z�H�D�N�H�U �R�Y�H�U�D�O�O�� �)�R�U �W�K�L�V �U�H�D�V�R�Q�� �W�K�H �E�H�V�W �W�K�H�U�P�D�O �V�K�R�F�N �S�H�U�I�R�U�P�D�Q�F�H
�L�V �U�H�D�F�K�H�G �Q�R�W �M�X�V�W �E�\ �D�G�G�L�Q�J �S�R�U�H�V�� �E�X�W �E�\ �F�D�U�H�I�X�O�O�\ �F�K�R�R�V�L�Q�J �K�R�Z �P�X�F�K �S�R�U�R�V�L�W�\ �W�R �X�V�H �D�Q�G �Z�K�H�U�H
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�E�D�O�D�Q�F�H �E�H�W�Z�H�H�Q �L�Q�W�H�U�Q�D�O �K�H�D�W �F�R�Q�G�X�F�W�L�R�Q �D�Q�G �K�H�D�W �W�U�D�Q�V�I�H�U �D�W �W�K�H �V�X�U�I�D�F�H�� �7�K�L�V �U�H�O�D�W�L�R�Q�V�K�L�S �L�V �F�R�P��
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�L�V �W�K�H �W�K�H�U�P�D�O �F�R�Q�G�X�F�W�L�Y�L�W�\ �R�I �W�K�H �P�D�W�H�U�L�D�O�� �7�K�H �%�L�R�W �Q�X�P�E�H�U �W�K�H�U�H�I�R�U�H �U�H�S�U�H�V�H�Q�W�V �W�K�H �U�D�W�L�R �E�H�W�Z�H�H�Q
�H�[�W�H�U�Q�D�O �K�H�D�W �W�U�D�Q�V�I�H�U �D�Q�G �L�Q�W�H�U�Q�D�O �K�H�D�W �F�R�Q�G�X�F�W�L�R�Q �>�����@��

�:�K�H�Q �D �E�R�G�\ �L�V �V�X�G�G�H�Q�O�\ �H�[�S�R�V�H�G �W�R �D�Q �H�Q�Y�L�U�R�Q�P�H�Q�W �Z�L�W�K �D �G�L�I�I�H�U�H�Q�W �W�H�P�S�H�U�D�W�X�U�H�� �K�H�D�W �W�U�D�Q�V�I�H�U �D�W
�W�K�H �V�X�U�I�D�F�H �F�D�X�V�H�V �W�K�H �W�H�P�S�H�U�D�W�X�U�H �L�Q�V�L�G�H �W�K�H �P�D�W�H�U�L�D�O �W�R �F�K�D�Q�J�H �R�Y�H�U �W�L�P�H�� �7�K�L�V �F�U�H�D�W�H�V �W�H�P�S�H�U�D��
�W�X�U�H �J�U�D�G�L�H�Q�W�V �Z�L�W�K�L�Q �W�K�H �P�D�W�H�U�L�D�O�� �7�K�H�V�H �J�U�D�G�L�H�Q�W�V �O�H�D�G �W�R �W�K�H�U�P�R�H�O�D�V�W�L�F �V�W�U�H�V�V�H�V �W�K�D�W �G�H�Y�H�O�R�S �D�V
�K�H�D�W �J�U�D�G�X�D�O�O�\ �V�S�U�H�D�G�V �W�K�U�R�X�J�K �W�K�H �E�R�G�\�� �$�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q�V �I�R�U �D �S�O�D�W�H �H�[�S�R�V�H�G �W�R �F�R�Q�Y�H�F�W�L�Y�H
�K�H�D�W �W�U�D�Q�V�I�H�U �V�K�R�Z �W�K�D�W �E�R�W�K �W�K�H �W�H�P�S�H�U�D�W�X�U�H �G�L�V�W�U�L�E�X�W�L�R�Q �D�Q�G �W�K�H �U�H�V�X�O�W�L�Q�J �W�K�H�U�P�D�O �V�W�U�H�V�V�H�V �G�H�S�H�Q�G
�V�W�U�R�Q�J�O�\ �R�Q �W�K�H �%�L�R�W �Q�X�P�E�H�U �>�����@��

�)�R�U �W�K�H �S�U�H�V�H�Q�W �V�\�V�W�H�P�� �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F �O�H�Q�J�W�KH �L�V �D�S�S�U�R�[�L�P�D�W�H�G �D�V �W�K�H �W�K�L�F�N�Q�H�V�V �R�I �W�K�H �U�H�I�U�D�F�W�R�U�\
�Z�D�O�O �W�K�U�R�X�J�K �Z�K�L�F�K �K�H�D�W �L�V �F�R�Q�G�X�F�W�H�G��

�7�K�H�U�H�I�R�U�H�� �W�K�H �W�K�H�U�P�D�O �U�H�V�S�R�Q�V�H �R�I �W�K�H �P�D�W�H�U�L�D�O �F�D�Q�Q�R�W �E�H �G�H�W�H�U�P�L�Q�H�G �R�Q�O�\ �I�U�R�P �L�W�V �P�D�W�H�U�L�D�O �S�U�R�S��
�H�U�W�L�H�V�� �7�K�H �%�L�R�W �Q�X�P�E�H�U�� �Z�K�L�F�K �G�H�S�H�Q�G�V �R�Q �W�K�H �K�H�D�W �W�U�D�Q�V�I�H�U �F�R�H�I�I�L�F�L�H�Q�W�� �W�K�H �W�K�H�U�P�D�O �F�R�Q�G�X�F�W�L�Y�L�W�\
�D�Q�G �W�K�H �V�L�]�H �R�I �W�K�H �F�R�P�S�R�Q�H�Q�W�� �S�O�D�\�V �D�Q �L�P�S�R�U�W�D�Q�W �U�R�O�H �L�Q �G�H�W�H�U�P�L�Q�L�Q�J �W�K�H �P�D�J�Q�L�W�X�G�H �R�I �W�K�H �W�K�H�U�P�D�O
�V�W�U�H�V�V�H�V �W�K�D�W �G�H�Y�H�O�R�S �>�����@��
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�:�K�H�Q �D �U�H�I�U�D�F�W�R�U�\ �L�V �H�[�S�R�V�H�G �W�R �D �O�L�T�X�L�G �S�K�D�V�H �D�W �H�O�H�Y�D�W�H�G �W�H�P�S�H�U�D�W�X�U�H�� �P�D�W�H�U�L�D�O �I�U�R�P �W�K�H �L�Q�Q�H�U
�Z�D�O�O �G�L�V�V�R�O�Y�H�V �L�Q�W�R �W�K�H �P�H�O�W�� �,�I �W�K�H �G�L�V�V�R�O�X�W�L�R�Q �S�U�R�G�X�F�W �L�V �V�R�O�X�E�O�H �L�Q �W�K�H �O�L�T�X�L�G �V�O�D�J�� �D�F�W�L�Y�H �F�R�U�U�R�V�L�R�Q
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�D�O�O �V�W�R�L�F�K�L�R�P�H�W�U�L�F �F�D�O�F�X�O�D�W�L�R�Q�V �D�U�H �O�L�V�W�H�G �L�Q �7�D�E�O�H������ �D�Q�G �W�K�H �G�H�Q�V�L�W�\ �Y�D�O�X�H�V �X�V�H�G �I�R�U �Y�R�O�X�P�H�W�U�L�F
�F�D�O�F�X�O�D�W�L�R�Q�V �D�U�H �O�L�V�W�H�G �L�Q �7�D�E�O�H��������

�7�D�E�O�H �������� �0�R�O�D�U �P�D�V�V�H�V �X�V�H�G �L�Q �V�W�R�L�F�K�L�R�P�H�W�U�L�F �F�D�O�F�X�O�D�W�L�R�Q�V��

�(�O�H�P�H�Q�W �)�R�U�P�X�O�D �0�R�O�D�U �P�D�V�V ���J �P�R�O� 1��

�$�O�X�P�L�Q�L�X�P �$�O ����������

�0�D�Q�J�D�Q�H�V�H �0�Q ����������

�2�[�\�J�H�Q �2 ����������

�9�D�O�X�H�V �W�D�N�H�Q �I�U�R�P �+�D�\�Q�H�V �>�����@��

�7�K�H �W�R�W�D�O �$�O �U�H�T�X�L�U�H�P�H�Q�W �Z�D�V �F�D�O�F�X�O�D�W�H�G �I�U�R�P �W�K�H �F�R�P�E�L�Q�H�G �P�R�O�D�U �R�[�\�J�H�Q �F�R�Q�W�H�Q�W �R�I �E�R�W�K �R�[�L�G�H
�V�S�H�F�L�H�V�� �H�Q�V�X�U�L�Q�J �D �I�X�O�O�\ �V�W�R�L�F�K�L�R�P�H�W�U�L�F �F�K�D�U�J�H�� �0�D�V�V �F�R�Q�V�H�U�Y�D�W�L�R�Q �Z�D�V �Y�H�U�L�I�L�H�G �E�\ �F�R�P�S�D�U�L�Q�J �W�R�W�D�O
�L�Q�S�X�W �P�D�V�V �D�J�D�L�Q�V�W �W�R�W�D�O �S�U�R�G�X�F�W �P�D�V�V�� �9�R�O�X�P�H�W�U�L�F �F�D�O�F�X�O�D�W�L�R�Q�V �Z�H�U�H �S�H�U�I�R�U�P�H�G �X�V�L�Q�J �W�K�H �V�R�O�L�G�� �D�Q�G
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V�S�D�F�N�H�G=
V�G�H�Q�V�H

�
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�$ �F�H�Q�W�U�D�O �F�R�Q�V�W�U�D�L�Q�W �R�I �W�K�H �F�D�O�F�X�O�D�W�L�R�Q �L�V �W�K�D�W �W�K�H �F�K�D�U�J�H �P�X�V�W �Q�R�W �H�[�F�H�H�G �W�K�H �F�D�Y�L�W�\ �Y�R�O�X�P�H �D�W �D�Q�\
�V�W�D�J�H �R�I �W�K�H �S�U�R�F�H�V�V�� �7�K�U�H�H �Y�R�O�X�P�H�W�U�L�F �V�W�D�W�H�V �Z�H�U�H �W�K�H�U�H�I�R�U�H �H�Y�D�O�X�D�W�H�G �I�R�U �H�D�F�K �F�K�D�U�J�H �F�R�Q�I�L�J�X�U�D�W�L�R�Q��
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a �$�S�S�U�R�[�L�P�D�W�H �Y�D�O�X�H��

�W�K�H �L�Q�L�W�L�D�O �S�R�Z�G�H�U �P�L�[�W�X�U�H �E�H�I�R�U�H �L�J�Q�L�W�L�R�Q�� �W�K�H �P�R�O�W�H�Q �S�U�R�G�X�F�W�V �D�W �S�H�D�N �U�H�D�F�W�L�R�Q �W�H�P�S�H�U�D�W�X�U�H �D�Q�G �W�K�H
�V�R�O�L�G�L�I�L�H�G �S�U�R�G�X�F�W�V �D�I�W�H�U �F�R�R�O�L�Q�J�� �7�K�L�V �W�K�U�H�H���V�W�D�W�H �F�R�P�S�D�U�L�V�R�Q �D�O�O�R�Z�H�G �Y�H�U�L�I�L�F�D�W�L�R�Q �W�K�D�W �W�K�H �F�K�D�U�J�H
�Z�R�X�O�G �F�R�Y�H�U �W�K�H �Y�H�V�V�H�O �E�D�V�H �X�Q�L�I�R�U�P�O�\�� �W�K�D�W �W�K�H �P�R�O�W�H�Q �Y�R�O�X�P�H �Z�R�X�O�G �U�H�P�D�L�Q �Z�L�W�K�L�Q �W�K�H �Y�H�V�V�H�O
�G�X�U�L�Q�J �U�H�D�F�W�L�R�Q �D�Q�G �W�K�D�W �V�R�O�L�G�L�I�L�H�G �S�U�R�G�X�F�W�V �Z�R�X�O�G �E�H �U�H�F�R�Y�H�U�D�E�O�H �Z�L�W�K�R�X�W �R�Y�H�U�I�O�R�Z��

�7�K�H �L�Q�L�W�L�D�O �S�R�Z�G�H�U �Y�R�O�X�P�H �Z�D�V �H�V�W�L�P�D�W�H�G �X�V�L�Q�J �W�K�H �V�R�O�L�G���V�W�D�W�H �E�X�O�N �G�H�Q�V�L�W�L�H�V �O�L�V�W�H�G �L�Q �7�D�E�O�H�������� �Z�L�W�K
�D �S�D�F�N�L�Q�J �I�D�F�W�R�U� �D�S�S�O�L�H�G �W�R �D�F�F�R�X�Q�W �I�R�U �W�K�H �L�Q�W�H�U���S�D�U�W�L�F�O�H �Y�R�L�G�V �W�K�D�W �D�U�H �L�Q�H�Y�L�W�D�E�O�H �L�Q �U�H�D�O �S�R�Z�G�H�U
�P�L�[�W�X�U�H�V�� �D�V �G�H�I�L�Q�H�G �L�Q �(�T�X�D�W�L�R�Q��������
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�$ �S�D�F�N�L�Q�J �I�D�F�W�R�U �R�I� = 0:60 �Z�D�V �X�V�H�G �L�Q �D�O�O �F�D�O�F�X�O�D�W�L�R�Q�V�� �U�H�S�U�H�V�H�Q�W�L�Q�J �U�H�D�O�L�V�W�L�F �O�R�R�V�H���W�R���P�R�G�H�U�D�W�H
�S�D�F�N�L�Q�J �R�I �I�L�Q�H �R�[�L�G�H �D�Q�G �P�H�W�D�O �S�R�Z�G�H�U�V�� �7�K�H �V�D�P�H �Y�D�O�X�H �L�V �X�V�H�G �L�Q �W�K�H �F�L�U�F�X�O�D�U�L�W�\ �P�R�G�H�O �G�H�V�F�U�L�E�H�G
�L�Q �6�H�F�W�L�R�Q�����������W�R �P�D�L�Q�W�D�L�Q �F�R�Q�V�L�V�W�H�Q�F�\ �E�H�W�Z�H�H�Q �W�K�H �W�Z�R �D�Q�D�O�\�V�H�V��

�7�K�H �Y�R�O�X�P�H�V �R�I �W�K�H �P�R�O�W�H�Q �D�Q�G �V�R�O�L�G�L�I�L�H�G �S�U�R�G�X�F�W�V �Z�H�U�H �F�D�O�F�X�O�D�W�H�G �G�L�U�H�F�W�O�\ �I�U�R�P �W�K�H�L�U �P�D�V�V�H�V �D�Q�G
�F�R�U�U�H�V�S�R�Q�G�L�Q�J �S�K�D�V�H �G�H�Q�V�L�W�L�H�V�� �D�V �J�L�Y�H�Q �E�\ �(�T�X�D�W�L�R�Q�V�������D�Q�G��������

V�O�L�T=
m�0�Q

� �0�Q���O
+

m�$�O2 �23

� �$�O2 �23 ;l
����������

V�V�R�O=
m�0�Q

� �0�Q���V
+

m�$�O2 �23

� �$�O2 �23 ;s
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�)�R�U �H�D�F�K �I�L�O�O �V�W�D�W�H�� �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �I�L�O�O �O�H�Y�H�O �Z�D�V �F�D�O�F�X�O�D�W�H�G �D�V �W�K�H �U�D�W�L�R �R�I �W�K�H �V�W�D�W�H �Y�R�O�X�P�H �W�R
�W�K�H �D�Y�D�L�O�D�E�O�H �F�D�Y�L�W�\ �Y�R�O�X�P�H�� �8�Q�G�H�U �W�K�H �D�V�V�X�P�S�W�L�R�Q �R�I �F�R�P�S�O�H�W�H �J�U�D�Y�L�W�D�W�L�R�Q�D�O �S�K�D�V�H �V�H�S�D�U�D�W�L�R�Q�� �W�K�H
�L�Q�G�L�Y�L�G�X�D�O �O�D�\�H�U �K�H�L�J�K�W�V �R�I �W�K�H �P�H�W�D�O�O�L�F �P�D�Q�J�D�Q�H�V�H �S�K�D�V�H �D�Q�G �W�K�H �$�O2�23 �V�O�D�J �S�K�D�V�H �Z�H�U�H �F�D�O�F�X�O�D�W�H�G
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�I�U�R�P �W�K�H �F�U�R�V�V���V�H�F�W�L�R�Q�D�O �D�U�H�D �R�I �W�K�H �F�D�Y�L�W�\ �X�V�L�Q�J �(�T�X�D�W�L�R�Q��������

h =
V

A �F�\�O�L�Q�G�H�U
����������

�Z�K�H�U�HA �F�\�O�L�Q�G�H�U�L�V �W�K�H �F�U�R�V�V���V�H�F�W�L�R�Q�D�O �D�U�H�D �R�I �W�K�H �Y�H�V�V�H�O �F�D�Y�L�W�\ �D�Q�GV �L�V �W�K�H �Y�R�O�X�P�H �R�I �W�K�H �S�K�D�V�H �X�Q�G�H�U
�F�R�Q�V�L�G�H�U�D�W�L�R�Q�� �7�K�H �O�D�\�H�U �K�H�L�J�K�W�V �G�H�U�L�Y�H�G �I�U�R�P �(�T�X�D�W�L�R�Q�������Z�H�U�H �X�V�H�G �W�R �Y�H�U�L�I�\ �E�D�V�H �F�R�Y�H�U�D�J�H �L�Q
�W�K�H �O�D�E�R�U�D�W�R�U�\���V�F�D�O�H �H�[�S�H�U�L�P�H�Q�W�V��

���������� �&�L�U�F�X�O�D�U�L�W�\ �0�R�G�H�O�O�L�Q�J

�7�R �H�Y�D�O�X�D�W�H �W�K�H �S�R�W�H�Q�W�L�D�O �I�R�U �P�D�W�H�U�L�D�O �F�L�U�F�X�O�D�U�L�W�\ �L�Q �W�K�H �D�O�X�P�L�Q�R�W�K�H�U�P�L�F �U�H�G�X�F�W�L�R�Q �S�U�R�F�H�V�V�� �D �F�R�P�S�X��
�W�D�W�L�R�Q�D�O �P�R�G�H�O �Z�D�V �G�H�Y�H�O�R�S�H�G �L�Q �3�\�W�K�R�Q �W�R �G�H�W�H�U�P�L�Q�H �F�K�D�U�J�H �P�D�V�V�H�V�� �D�V�V�H�V�V �Y�R�O�X�P�H�W�U�L�F �I�H�D�V�L�E�L�O�L�W�\
�D�Q�G �T�X�D�Q�W�L�I�\ �W�K�H �G�H�J�U�H�H �W�R �Z�K�L�F�K �W�K�H �$�O2�23 �V�O�D�J �S�U�R�G�X�F�H�G �L�Q �H�D�F�K �U�X�Q �F�R�X�O�G �F�R�P�S�H�Q�V�D�W�H �I�R�U �Y�H�V�V�H�O
�Z�H�D�U�� �7�K�H �U�H�D�F�W�L�R�Q �F�R�Q�V�L�G�H�U�H�G �L�V��

3�0�Q�2+ 2 �$�O�! 3�0�Q+ �$�O2�23 ����������

�$�V �G�L�V�F�X�V�V�H�G �L�Q �6�H�F�W�L�R�Q������������ �W�K�H �L�Q�Q�H�U�P�R�V�W �O�D�\�H�U �R�I �W�K�H �Y�H�V�V�H�O �Z�D�O�O �L�Q �G�L�U�H�F�W �F�R�Q�W�D�F�W �Z�L�W�K �W�K�H �P�H�O�W
�L�V �V�X�E�M�H�F�W �W�R �G�L�V�V�R�O�X�W�L�R�Q �D�Q�G �F�D�Q�Q�R�W �E�H �U�H�F�R�Y�H�U�H�G �D�I�W�H�U �H�D�F�K �U�X�Q�� �7�K�H �U�H�P�D�L�Q�L�Q�J �X�Q�D�I�I�H�F�W�H�G �P�D�W�H�U�L�D�O
�U�H�W�D�L�Q�V �L�W�V �R�U�L�J�L�Q�D�O �F�R�P�S�R�V�L�W�L�R�Q �D�Q�G �F�D�Q �E�H �P�H�F�K�D�Q�L�F�D�O�O�\ �F�U�X�V�K�H�G �D�Q�G �U�H�F�\�F�O�H�G �D�V �U�D�Z �S�R�Z�G�H�U �I�R�U
�I�D�E�U�L�F�D�W�L�R�Q �R�I �D �Q�H�Z �Y�H�V�V�H�O�� �7�R �D�F�F�R�X�Q�W �I�R�U �W�K�L�V �Z�D�O�O �F�R�Q�V�X�P�S�W�L�R�Q�� �D �I�U�D�F�W�L�R�Q�D�O �P�D�W�H�U�L�D�O �O�R�V�V` �S�H�U �U�X�Q
�L�V �L�Q�W�U�R�G�X�F�H�G �L�Q �W�K�H �P�R�G�H�O�� �$�V �Q�R �H�[�S�H�U�L�P�H�Q�W�D�O �G�D�W�D �R�Q �W�K�H �H�U�R�V�L�R�Q �U�D�W�H �I�R�U �W�K�L�V �V�S�H�F�L�I�L�F �V�\�V�W�H�P �Z�H�U�H
�D�Y�D�L�O�D�E�O�H �D�W �W�K�H �W�L�P�H �R�I �P�R�G�H�O�O�L�Q�J�� �D �Y�D�O�X�H �E�H�W�Z�H�H�Q` = 0:10� 0:30 �Z�D�V �D�V�V�X�P�H�G�� �F�R�U�U�H�V�S�R�Q�G�L�Q�J
�W�R �D �O�R�V�V �R�I ���������� �� �R�I �W�K�H �Y�H�V�V�H�O �P�D�V�V �S�H�U �H�[�S�H�U�L�P�H�Q�W�D�O �U�X�Q�� �7�K�L�V �D�V�V�X�P�S�W�L�R�Q �L�V �D�F�N�Q�R�Z�O�H�G�J�H�G �D�V
�D �V�L�P�S�O�L�I�L�F�D�W�L�R�Q �D�Q�G �W�K�H �V�H�Q�V�L�W�L�Y�L�W�\ �R�I �W�K�H �P�R�G�H�O �W�R �W�K�L�V �S�D�U�D�P�H�W�H�U �F�D�Q �E�H �H�Y�D�O�X�D�W�H�G �E�\ �D�G�M�X�V�W�L�Q�J`
�R�Q�F�H �H�[�S�H�U�L�P�H�Q�W�D�O �R�E�V�H�U�Y�D�W�L�R�Q�V �E�H�F�R�P�H �D�Y�D�L�O�D�E�O�H��

�6�W�R�L�F�K�L�R�P�H�W�U�L�F �&�D�O�F�X�O�D�W�L�R�Q

�7�K�H �F�D�O�F�X�O�D�W�L�R�Q �L�V �G�U�L�Y�H�Q �E�\ �D �V�L�Q�J�O�H �X�V�H�U���G�H�I�L�Q�H�G �L�Q�S�X�W�� �W�K�H �P�D�V�V �R�I �0�Q�2��m�0�Q�2�� �'�L�Y�L�G�L�Q�J �H�T�X�D��
�W�L�R�Q ���������� �E�\ �W�K�U�H�H �Z�L�O�O �V�K�R�Z �W�K�H �S�H�U���P�R�O�H���R�I���0�Q�2 �V�W�R�L�F�K�L�R�P�H�W�U�\�� �I�U�R�P �Z�K�L�F�K �D�O�O �R�W�K�H�U �V�S�H�F�L�H�V �D�U�H
�G�H�U�L�Y�H�G��

n�0�Q�2=
m�0�Q�2

M �0�Q�2
; n�$�O= 2

3 n�0�Q�2; n�0�Q= n�0�Q�2; n�$�O2 �23 = 1
3 n�0�Q�2 ����������

�0�X�O�W�L�S�O�\�L�Q�J �H�D�F�K �P�R�O�H �D�P�R�X�Q�W �E�\ �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �P�R�O�D�U �P�D�V�V �J�L�Y�H�V �W�K�H �U�H�T�X�L�U�H�G �$�O �F�K�D�U�J�H �D�Q�G
�W�K�H �H�[�S�H�F�W�H�G �S�U�R�G�X�F�W �P�D�V�V�H�V �R�I �P�D�Q�J�D�Q�H�V�H �P�H�W�D�O �D�Q�G �$�O2�23 �V�O�D�J�� �0�D�V�V �F�R�Q�V�H�U�Y�D�W�L�R�Q �Z�D�V �Y�H�U�L�I�L�H�G
�E�\ �F�R�Q�I�L�U�P�L�Q�J �W�K�D�W �W�K�H �W�R�W�D�O �L�Q�S�X�W �P�D�V�V(m�0�Q�2+ m�$�O) �H�T�X�D�O�V �W�K�H �W�R�W�D�O �R�X�W�S�X�W �P�D�V�V(m�0�Q+ m�$�O2 �23 )��

����



�9�H�V�V�H�O �*�H�R�P�H�W�U�\ �D�Q�G �&�D�Y�L�W�\ �9�R�O�X�P�H

�7�K�H �Y�H�V�V�H�O �L�V �P�R�G�H�O�O�H�G �D�V �D �K�R�O�O�R�Z �F�\�O�L�Q�G�H�U �Z�L�W�K �D �V�R�O�L�G �E�D�V�H�� �F�K�D�U�D�F�W�H�U�L�V�H�G �E�\ �I�R�X�U �J�H�R�P�H�W�U�L�F
�S�D�U�D�P�H�W�H�U�V�� �R�X�W�H�U �G�L�D�P�H�W�H�UD �R�X�W�� �Z�D�O�O �W�K�L�F�N�Q�H�V�Vtw �� �E�R�W�W�R�P �W�K�L�F�N�Q�H�V�Vtb �D�Q�G �W�R�W�D�O �K�H�L�J�K�WH �� �7�K�H
�L�Q�Q�H�U �G�L�D�P�H�W�H�U �D�Q�G �I�U�H�H �F�D�Y�L�W�\ �K�H�L�J�K�W �D�U�H �J�L�Y�H�Q �E�\��

D �L�Q= D �R�X�W� 2tw ; H �F�D�Y= H � tb ����������

�7�K�H �D�Y�D�L�O�D�E�O�H �F�D�Y�L�W�\ �Y�R�O�X�P�H�� �Z�K�L�F�K �F�R�Q�V�W�U�D�L�Q�V �W�K�H �P�D�[�L�P�X�P �F�K�D�U�J�H�� �L�V��

V�F�D�Y= �
�

D �L�Q

2

� 2

H �F�D�Y ����������

�7�K�H �P�D�V�V �R�I �$�O2�23 �F�R�Q�V�W�L�W�X�W�L�Q�J �W�K�H �Y�H�V�V�H�O �E�R�G�\ �² �Z�D�O�O�V �D�Q�G �E�D�V�H �F�R�P�E�L�Q�H�G �² �L�V��

m�F�U�X�F�L�E�O�H= � �$�O2 �23 ;s

(

�

"�
D �R�X�W

2

� 2

�
�

D �L�Q

2

� 2
#

H + �
�

D �L�Q

2

� 2

tb

)
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�7�K�U�H�H���6�W�D�J�H �9�R�O�X�P�H �$�Q�D�O�\�V�L�V

�$�V �L�Q �W�K�H �F�K�D�U�J�H �D�Q�G �J�H�R�P�H�W�U�\ �F�D�O�F�X�O�D�W�L�R�Q ���6�H�F�W�L�R�Q�������������� �W�K�U�H�H �Y�R�O�X�P�H�W�U�L�F �V�W�D�W�H�V �Z�H�U�H �H�Y�D�O�X�D�W�H�G
�I�R�U �H�D�F�K �F�K�D�U�J�H �F�R�Q�I�L�J�X�U�D�W�L�R�Q�� �W�K�H �S�D�F�N�H�G �S�R�Z�G�H�UV�S�R�Z�G�H�U�E�H�I�R�U�H �L�J�Q�L�W�L�R�Q�� �W�K�H �P�R�O�W�H�Q �S�U�R�G�X�F�W�VV�O�L�T�D�W
�S�H�D�N �W�H�P�S�H�U�D�W�X�U�H �D�Q�G �W�K�H �V�R�O�L�G�L�I�L�H�G �S�U�R�G�X�F�W�VV�V�R�O�D�I�W�H�U �F�R�R�O�L�Q�J�� �X�V�L�Q�J �(�T�X�D�W�L�R�Q�V ������������ ���������� �D�Q�G ������������
�7�K�H �F�U�L�W�L�F�D�O �Y�R�O�X�P�H �L�V �G�H�I�L�Q�H�G �D�VV�P�D�[= �P�D�[(V�S�R�Z�G�H�U; V�O�L�T; V�V�R�O) �D�Q�G �W�K�H �F�K�D�U�J�H �L�V �F�R�Q�V�L�G�H�U�H�G �J�H�R��
�P�H�W�U�L�F�D�O�O�\ �I�H�D�V�L�E�O�H �R�Q�O�\ �Z�K�H�QV�P�D�[� V�F�D�Y��

�1�X�P�H�U�L�F�D�O �5�R�R�W���)�L�Q�G�L�Q�J �Z�L�W�K �%�U�H�Q�W�¶�V �0�H�W�K�R�G

�7�Z�R �F�U�L�W�L�F�D�O �F�K�D�U�J�H �O�L�P�L�W�V �Z�H�U�H �G�H�W�H�U�P�L�Q�H�G �Q�X�P�H�U�L�F�D�O�O�\ �X�V�L�Q�J �%�U�H�Q�W�¶�V �P�H�W�K�R�G �>�����@�� �L�P�S�O�H�P�H�Q�W�H�G �D�V
�b�+�B�T�v�X�Q�T�i�B�K�B�x�2�X�#�`�2�M�i�[�L�Q �3�\�W�K�R�Q�� �Z�K�L�F�K �O�R�F�D�W�H�V �D �U�R�R�Wf (m) = 0 �Z�L�W�K�L�Q �D �E�U�D�F�N�H�W�H�G �L�Q�W�H�U�Y�D�O��

�7�K�H �X�S�S�H�U �E�R�X�Q�Gm�P�D�[
�0�Q�2�Z�D�V �I�R�X�Q�G �E�\ �V�R�O�Y�L�Q�J��

f 1(m) = V�F�D�Y� V�P�D�[(m) = 0 ������������

�Z�K�L�F�K �L�G�H�Q�W�L�I�L�H�V �W�K�H �H�[�D�F�W �F�K�D�U�J�H �P�D�V�V �D�W �Z�K�L�F�K �W�K�H �F�U�L�W�L�F�D�O �Y�R�O�X�P�H �H�T�X�D�O�V �W�K�H �F�D�Y�L�W�\ �Y�R�O�X�P�H�� �7�K�H
�O�R�Z�H�U �E�R�X�Q�Gm�P�L�Q

�0�Q�2�Z�D�V �I�R�X�Q�G �E�\ �V�R�O�Y�L�Q�J��

f 2(m) = m�$�O2 �23 (m) � ` � m�F�U�X�F�L�E�O�H= 0 ������������
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�Z�K�L�F�K �L�G�H�Q�W�L�I�L�H�V �W�K�H �P�L�Q�L�P�X�P �F�K�D�U�J�H �D�W �Z�K�L�F�K �W�K�H �V�O�D�J �R�X�W�S�X�W �H�[�D�F�W�O�\ �F�R�Y�H�U�V �W�K�H �D�V�V�X�P�H�G �Y�H�V�V�H�O
�O�R�V�V`��

�6�O�D�J �5�H�F�\�F�O�L�Q�J �%�D�O�D�Q�F�H

�6�L�Q�F�H �W�K�H �Y�H�V�V�H�O �L�V �I�D�E�U�L�F�D�W�H�G �I�U�R�P �$�O2�23 �D�Q�G �W�K�H �U�H�D�F�W�L�R�Q �S�U�R�G�X�F�H�V �$�O2�23 �V�O�D�J �R�I �L�G�H�Q�W�L�F�D�O �F�R�P�S�R��
�V�L�W�L�R�Q�� �W�K�H �S�R�V�V�L�E�L�O�L�W�\ �R�I �X�V�L�Q�J �W�K�H �V�O�D�J �W�R �F�R�P�S�H�Q�V�D�W�H �I�R�U �Y�H�V�V�H�O �Z�H�D�U �Z�D�V �D�V�V�H�V�V�H�G�� �7�K�H �U�H�F�\�F�O�L�Q�J
�E�D�O�D�Q�F�H �F�R�Q�G�L�W�L�R�Q �U�H�T�X�L�U�H�V �W�K�D�W �W�K�H �V�O�D�J �P�D�V�V �S�U�R�G�X�F�H�G �L�Q �H�D�F�K �U�X�Q �L�V �V�X�I�I�L�F�L�H�Q�W �W�R �U�H�S�O�D�F�H �W�K�H �P�D�W�H��
�U�L�D�O �O�R�V�W �I�U�R�P �W�K�H �Y�H�V�V�H�O��

m�$�O2 �23 ; �V�O�D�J� ` � m�F�U�X�F�L�E�O�H ������������

�$ �V�H�O�I���V�X�V�W�D�L�Q�L�Q�J �U�H�F�\�F�O�L�Q�J �S�U�R�F�H�V�V �L�V �I�H�D�V�L�E�O�H �L�I �D�Q�G �R�Q�O�\ �L�Im�P�L�Q
�0�Q�2� m�P�D�[

�0�Q�2�� �P�H�D�Q�L�Q�J �W�K�H �P�L�Q�L�P�X�P
�F�K�D�U�J�H �U�H�T�X�L�U�H�G �I�R�U �V�O�D�J �E�D�O�D�Q�F�H �P�X�V�W �I�L�W �Z�L�W�K�L�Q �W�K�H �F�D�Y�L�W�\�� �:�K�H�Q �W�K�L�V �F�R�Q�G�L�W�L�R�Q �L�V �Q�R�W �V�D�W�L�V�I�L�H�G��
�W�K�H �P�R�G�H�O �F�R�P�S�X�W�H�V �W�K�H �P�L�Q�L�P�X�P �D�G�M�X�V�W�P�H�Q�W �W�R �H�L�W�K�H�U �Y�H�V�V�H�O �K�H�L�J�K�W �R�U �L�Q�Q�H�U �G�L�D�P�H�W�H�U �U�H�T�X�L�U�H�G �W�R
�U�H�V�W�R�U�H �E�D�O�D�Q�F�H�� �S�U�R�Y�L�G�L�Q�J �G�L�U�H�F�W �J�X�L�G�D�Q�F�H �I�R�U �J�H�R�P�H�W�U�L�F �U�H�G�H�V�L�J�Q��

�+�R�Z�H�Y�H�U�� �W�K�H �I�X�O�O �3�\�W�K�R�Q �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �L�V �S�U�R�Y�L�G�H�G �L�Q �$�S�S�H�Q�G�L�[�$������ �1�X�P�H�U�L�F�D�O �U�H�V�X�O�W�V �R�E�W�D�L�Q�H�G
�X�V�L�Q�J �W�K�L�V �P�R�G�H�O �I�R�U �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �F�R�Q�I�L�J�X�U�D�W�L�R�Q�V �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q �6�H�F�W�L�R�Q������

������ �(�[�S�H�U�L�P�H�Q�W�D�O �'�H�V�L�J�Q

�7�K�U�H�H �H�[�S�H�U�L�P�H�Q�W�D�O �W�U�L�D�O�V �Z�H�U�H �F�R�Q�G�X�F�W�H�G �W�R �L�Q�Y�H�V�W�L�J�D�W�H �K�R�Z �Y�H�V�V�H�O �J�H�R�P�H�W�U�\ �D�Q�G �P�D�W�H�U�L�D�O �S�U�R�S�H�U��
�W�L�H�V �L�Q�I�O�X�H�Q�F�H �W�K�H �W�K�H�U�P�D�O �U�H�V�S�R�Q�V�H �G�X�U�L�Q�J �D�O�X�P�L�Q�R�W�K�H�U�P�L�F �0�Q�2 �U�H�G�X�F�W�L�R�Q�� �7�K�H �W�U�L�D�O�V �Z�H�U�H �G�H�V�L�J�Q�H�G
�W�R �H�Q�D�E�O�H �D �G�L�U�H�F�W �F�R�P�S�D�U�L�V�R�Q �E�H�W�Z�H�H�Q �W�Z�R �F�R�P�P�H�U�F�L�D�O�O�\ �D�Y�D�L�O�D�E�O�H �Y�H�V�V�H�O�V �R�I �G�L�I�I�H�U�H�Q�W �V�L�]�H�V �D�Q�G �P�D��
�W�H�U�L�D�O�V �D�Q�G �D �K�R�P�H���P�D�G�H �U�H�I�U�D�F�W�R�U�\ �Y�H�V�V�H�O�� �Z�K�L�O�H �N�H�H�S�L�Q�J �W�K�H �U�H�D�F�W�D�Q�W �F�R�P�S�R�V�L�W�L�R�Q �F�R�Q�V�W�D�Q�W �D�F�U�R�V�V
�D�O�O �H�[�S�H�U�L�P�H�Q�W�V�� �$�Q �R�Y�H�U�Y�L�H�Z �R�I �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �F�R�Q�I�L�J�X�U�D�W�L�R�Q�V �L�V �S�U�R�Y�L�G�H�G �L�Q �7�D�E�O�H��������

�7�D�E�O�H �������� �2�Y�H�U�Y�L�H�Z �R�I �H�[�S�H�U�L�P�H�Q�W�D�O �F�R�Q�I�L�J�X�U�D�W�L�R�Q�V��

�(�[�S�� �9�H�V�V�H�O �W�\�S�H �0�D�W�H�U�L�D�O�,�Q�Q�H�U �G�L�D�P�� ���P�P�� �:�D�O�O �W�K�L�F�N�Q�H�V�V ���P�P�� �,�Q�Q�H�U �K�H�L�J�K�W ���P�P�� �%�X�O�N �G�H�Q�V�L�W�\ ���J���F�P3��

�� �&�R�P�P�H�U�F�L�D�O �4�X�D�U�W�] �4�����) ��> ������ �6�L�22�� ���� ������ ���� ��������

�� �&�R�P�P�H�U�F�L�D�O �&�H�U�D�P�L�F �I�L�E�U�H ���$�O���V�L�O�L�F�D�W�H������ ���� ���� �±

�� �+�R�P�H���P�D�G�H �$�O�X�P�L�Q�D �������� �$�O2�23�� ���� �������� ���� ��������

�7�K�H �W�K�U�H�H �Y�H�V�V�H�O �W�\�S�H�V �U�H�S�U�H�V�H�Q�W �G�L�V�W�L�Q�F�W�O�\ �G�L�I�I�H�U�H�Q�W �W�K�H�U�P�D�O �S�U�R�I�L�O�H�V �D�V �V�K�R�Z�Q �L�Q �)�L�J�����D�����F�� �7�K�H
�T�X�D�U�W�] �Y�H�V�V�H�O ���(�[�S�H�U�L�P�H�Q�W ������ �L�V �D �G�H�Q�V�H�� �F�D�V�W �Y�H�V�V�H�O �Z�L�W�K �O�R�Z �W�K�H�U�P�D�O �H�[�S�D�Q�V�L�R�Q �D�Q�G �J�R�R�G �W�K�H�U�P�D�O
�V�K�R�F�N �U�H�V�L�V�W�D�Q�F�H�� �U�D�W�H�G �I�R�U �V�K�R�U�W �W�H�U�P �X�V�H �X�S �W�R ��������� �& ���W�K�H �I�X�O�O �P�D�W�H�U�L�D�O �V�S�H�F�L�I�L�F�D�W�L�R�Q �R�I �W�K�H �T�X�D�U�W�]
�Y�H�V�V�H�O �L�V �S�U�R�Y�L�G�H�G �L�Q �$�S�S�H�Q�G�L�[�$������������ �7�K�H �F�H�U�D�P�L�F �I�L�E�U�H �Y�H�V�V�H�O ���(�[�S�H�U�L�P�H�Q�W ������ �L�V �D �O�L�J�K�W�Z�H�L�J�K�W
�Y�H�V�V�H�O �Z�L�W�K �O�R�Z �K�H�D�W �F�D�S�D�F�L�W�\ �D�Q�G �O�R�Z �W�K�H�U�P�D�O �F�R�Q�G�X�F�W�L�Y�L�W�\�� �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �W�K�D�W �P�D�\ �S�U�R�P�R�W�H �K�H�D�W
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