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Abstract 

The aim of this thesis is to test if the application of fat tailed distributions in value-

at-risk models is of better use for risk managers than the Normal distribution. Value-

at-risk is a regulatory tool used in Basel regulations. Basel II and III regulate capital 

required by banks according to value-at-risk backtest results. Value-at-risk is 

therefore of great importance for financial institutions and banks. The models used 

for the value-at-risk estimation are rolling ARMA(1,1)-GARCH(1,1) models with 

Normal, Student’s t, and Generalized hyperbolic distributed errors. The 

performance of the value-at-risk models was estimated using backtest forecasting 

on a thousand day out-of-sample window, based on the OMXS30 index. Results 

reveal that the normal value-at-risk model performs worse compared to the non-

normal value-at-risk models. Density forecasts show that value-at-risk estimates 

directly benefit from including parameters of kurtosis. However, evaluation tests 

show that none of the models underestimate value-at-risk, and therefore the 

rejection of the Normal distribution in value-at-risk estimation is not sufficiently 

justified.  
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1 Introduction 

In this thesis we will analyse different models of fat-tailed distributions and their 

performance in value-at-risk (VaR) estimation, with the Normal distribution as the 

benchmark. The analysis will be conducted using backtesting on the Nasdaq OMXS30 

index. We will use the GARCH(1,1) model to estimate volatility in our VaR model, with 

different distributions applied to the residual terms of the models. Backtesting means that 

actual profits and losses are compared to the corresponding VaR estimates. We will use 

backtesting to analyse and determine the performance of the different VaR models. They 

will then be evaluated according to the observed number of exceedances of VaR, 

compared to the expected interval of exceedances. 

1.1 Background 

Value-at-risk is a statistical model that builds on the projected distribution of losses and 

gains and quantifies the expected “tail” loss at some level of confidence. That is, it states 

the worst expected loss in the x percent most extreme cases during a given period of time 

(Jorion, 2007).  

Value-at-risk, has become increasingly popular and debated in risk management today. 

VaR was developed in 1993 by Till Guldimann, a researcher from JP Morgan, after a 

series of banks had gone bankrupt which consequently started scepticism about risk 

management practices in the field. This measure of risk has since then been implemented 

by the Basel Committee on Banking Supervision as a requirement in banks’ daily risk 

management practices (Jorion, 2007). 

There are some unrealistic simplifications to the distributional assumptions of asset 

returns that are frequently made in the VaR framework (Engle & Manganelli, 2001). The 

one we will address in this thesis is the assumption of normally distributed asset returns 

and, especially, the neglect of and carelessness about fat tails. 

In one of the pioneering papers on modelling financial returns, Mandelbrot (1963) finds 

evidence of properties in price changes that are not in accordance with the Normal 

distribution. In his paper he questioned the use and assumptions of the Normal 

distribution in market models such as the Capital Asset Pricing Model and the Black 

Scholes option pricing model. He especially pointed out that asset returns feature fat tailed 
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properties and volatility clustering, which is the tendency for high volatility to be 

followed by high volatility, and vice versa. Consequently, there is an obvious problem of 

assuming the applicability of the Normal distribution in risk management since it does 

not incorporate fat tails. 

Tail risk is an important factor in risk management and companies should be aware of the 

consequences of ignoring its impact. A famous example is the bailout of the hedge fund 

Long-Term Capital Management (LTCM), who mishandled their use of VaR in their risk 

management practices (Jorion, 2000). 

Even though statistical models will never correctly estimate or forecast any kind of real 

world problem, we argue that if the model should be used, fat tails need to be taken into 

consideration. Otherwise statistical inference or other results might be invalid. There are 

numerous statistical distributions that better account for the distributional properties of 

financial returns.  

1.2 Basel and value-at-risk 

The global financial crisis brought with it an awareness of how closely interconnected the 

economic system has become and how vulnerable it is to market shocks. This has elevated 

the need for further regulation of how financial institutions manage market risk. Banks, 

especially, have a responsibility to maintain proper risk management practices, since they 

hold the majority of the population’s money. Value-at-risk has been implemented by the 

Basel Committee on Banking Supervision as a regulatory method for financial institutions 

to estimate the market risk associated with their outstanding assets (Basel II, 2006).  

Basel is a committee at the Bank for International Settlements that develops reform 

measures with the purpose to promote global monetary and financial stability through 

banking supervision. The current active version is Basel II but since 2011 the new reform 

Basel III is being phased in over a twelve-year period. All the Basel accords are meant to 

work alongside and not supersede each other. Members in this organization constitute of 

federal institutions and central banks from countries worldwide. The Basel accords have 

no legal force; they rely on their members to implement the recommendations proposed 

by the Basel committee (Basel, 2013b).  
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The purpose of the second Basel accord is to set up capital and risk management 

requirements to ensure an adequate capital level for banks. However, after the financial 

crisis the Basel committee introduced a third instalment of the Basel accords aimed to 

strengthen capital requirements further, by increasing banks’ liquidity and risk coverage 

(Basel III, 2011 & 2013a). As a part of the capital adequacy framework, the third accord 

extends the use of VaR to include a stressed VaR measure (Basel III, 2011). The stressed 

VaR model implies that the models are backtested on extreme volatile data.  

The value-at-risk framework, implemented in Basel II (2006), builds on the method of 

backtesting the predictive performance of value-at-risk models on banks’ assets. The 

backtest performance is categorized according to a system called the “traffic light 

system”, which is based on how many exceedances of the value-at-risk estimate are 

generated in the backtest. Exceedances are defined by the returns falling outside the 

estimated value-at-risk limit. The categories of the “traffic light system” are green, yellow 

and red. The numbers of exceedances determine the extra capital that is required to be 

maintained by the bank. Thus, if a bank generates enough exceedances to be in the yellow 

or red zone, then that bank will be penalised by a larger capital requirement. The capital 

requirement is mainly determined by the level of the estimated value-at-risk, so a higher 

value-at-risk level equals a higher capital requirement, and vice versa. 

 

Figure 1: SEB’s trading book backtesting. Source: Capital Adequacy and Risk Management 

report (Pillar 3), 2011. 

Figure 1 shows an example of the Swedish bank SEB’s backtest of the 99 percent value-

at-risk on their trading book assets. The black line represents the 99th percent value-at-

risk quantile and the green line is their theoretical asset returns. As we can observe in the 
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figure, there are four occasions where the green line exceeds the value-at-risk limit. These 

are the generated exceedances in the backtest, which determines the extra capital level 

that is required according to Basel regulations.  

1.3 Problem description 

The nature of risk estimation in finance is becoming more advanced and therefore it is 

important to go back to the basics and highlight what assumptions these models are built 

on. People may make inferences and decisions based on simplifications that do not 

account for important asset return properties Risk managers should be mindful of the 

accuracy of the models and increase their understanding of the actual market properties. 

The value-at-risk framework faces this problem; it is important to account for extreme 

cases in order to make reasonable decisions. This is the reason why we have chosen to 

study different fat-tailed distributions in value-at-risk estimation.  

Our problem statement is as follows: 

“Can we show that the Normal distribution is underestimating value-at-risk compared to 

other distributions that account for fat tails?” 

o Will different distributions, significantly, affect the outcome of VaR on the 

OMXS30 index? 

o How important is choosing the most accurate underlying distribution in a VaR 

model from a risk management perspective? 

1.4 Purpose 

The purpose of the study is to investigate if the value-at-risk methodology could be made 

more suitable as grounds for financial decision making by analysing and comparing the 

suitability of different asset return distributions that take fat tails into account. 

Since there have been relatively few studies about the performance of value-at-risk on the 

Swedish market we will use the OMXS30 index in our backtests. In accordance with the 

new Basel III regulations, we will also conduct stressed value-at-risk backtesting, to test 

the models under extremely volatile market conditions.  
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1.5 Previous research 

Developments have made it possible to further extend the VaR framework. Volatility is 

not constant over time. Therefore, statistical models have been developed to take into 

account changing volatility, such as the ARCH/GARCH framework introduced by Engle 

(1982) and Bollerslev (1986). This framework measures time varying (non-constant) 

volatility and assumes that the variance of the current error term is a function of the size 

of the previous time period’s error term. In other words, this framework is useful in 

economic and financial estimation and forecasting where data display volatility 

clustering.  

The original ARCH/GARCH models were based on the Normal distribution of the 

residual terms. However, Blatteberg & Gonedes (1974) are some of the researchers that 

have examined the distributions of return data and they suggest the use of the Student’s 

t-distribution in estimation and forecasting of market data, as it features the observed fat-

tailed properties of market returns. 

Therefore, the ARCH/GARCH framework has been extended to also allow for other 

distributions, e.g. the Student’s t-distribution (Bollerslev, 1987). The GARCH model 

framework has since then been used as a parametric VaR model to estimate volatility. 

These extensions further the possibility for financial decision makers to estimate and 

forecast the value-at-risk associated to their portfolios. However, some argue that 

extensions of new VaR models are not eligible because they further peoples’ 

overconfidence in the accuracy of statistical models (Taleb, 1997). 

Berkowitz & O’Brien (2002) conducted a comparison of the accuracy of banks’ VaR 

models that do not use GARCH, and a VaR estimation using GARCH to model volatility. 

They found that, while the “GARCH-VaR” model did generate more exceedances than 

the VaR model not using GARCH, it did not at the mean aggregate (magnitude) level, 

indicating that it is better at accounting for changes in volatility.  

Christoffersen and Pelletier (2004) come to the conclusion that the sample size setting of 

one year, recommended by Basel, is too short which gives low power to the backtesting 

procedures. They therefore suggest a duration based backtest methodology that has better 

power properties in small sample settings. 



Introduction 

 

 
10 

There are also some extensions to the VaR framework that we will apply in our thesis. 

Angelidis et. al (2004) compare a large number of GARCH typed models with Normal-, 

Student’s t- and GED distributed errors in value-at-risk estimation, and find that the 

Normal distribution performs worse than the leptokurtic distributions. They also find that 

there is no GARCH model that significantly outperforms the other. 

Rachev et. al. (2010) also give an example on how parametric VaR can generate more 

fitting risk estimations by changing the assumption of the distribution of the data, i.e. 

distributions more appropriate to leptokurtic data. They find that non-normal distributions 

are more restrictive than the Normal distribution, but that some models with non-normally 

distributed errors might be too restrictive and overestimate value-at-risk. 

1.6 Delimitations 

Of course, there are also different extensions of VaR that correct for different statistical 

shortcomings of the original VaR model. However, we will not cover them in this thesis 

and therefore refer to a summary of some of these models made by Robert Engle & 

Simone Manganelli (2001). Standard VaR is easy to calculate and is a sufficient 

measurement for our purpose. As we will not focus on the models themselves but rather 

on the underlying distributional assumptions, we feel that it is unnecessary for us to go 

through different versions of the value-at-risk model. Including more advanced models 

might also distract readers and make the study less clear of what is aimed to be 

investigated. In an academic perspective, simple VaR is more well-known and generally 

used more often compared to the models mentioned above.  

We also limit ourselves to only using parametric VaR models (GARCH) in our 

comparison. Hence we will not analyse nonparametric or semi-parametric VaR models 

such as Historical simulation and Monte Carlo simulation. Again, the purpose is not to 

compare or analyse different simulations of returns.  

The distributions used in the GARCH model specification on our market data will be 

chosen so that a good coverage of relevant distributions is made. The distributions will 

be selected based on their leptokurtic and fat-tailed properties. 
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2 Theoretical framework 

In this section we will address the theory of the Normal distribution, non-normality of 

asset returns and the non-normal distributions that will be used in our empirical tests, in 

order to provide the reader with a better understanding of our theoretical viewpoint.  

2.1 Normal distribution 

The Normal (or Gaussian) distribution and distributions in general, are used to 

characterise the properties of a random variable. The Normal distribution is a continuous 

probability distribution and the probability density function (pdf) for a normal random 

variable is defined by the mean 𝜇 and the standard deviation 𝜎 as (Walck, 1996): 

 𝑓(𝑥; 𝜇, 𝜎) =
1

𝜎√2𝜋
𝑒

−
(𝑥−𝜇)2

2𝜎2  (1) 

The Normal distribution is commonly denoted as 𝑁(𝜇, 𝜎2), and therefore a normally 

distributed random variable, X, with mean 𝜇 and variance 𝜎2, is written 𝑋~𝑁(𝜇, 𝜎2). 

2.1.1 Properties of the normal distribution 

The Normal distribution builds on a number of assumptions of the distribution of random 

variables. All of them will not be covered, but here are some mentioned by Patel and Read 

(1996).  

o The Normal distribution is symmetric around the mean and, mathematically, can 

never touch the horizontal axis.  

o It is unimodal, which means that there is only one maximum value in the 

distribution. 

o The mean, median and mode of a normal random variable are all at 𝑥 = 𝜇 

o It belongs to the family of stable distributions, which means that linear 

combinations of normal random variables are also normally distributed.  

o It has a coefficient of skewness of zero (0). 

o It has a coefficient of kurtosis of three (3), and excess kurtosis of zero (0).   
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2.1.2 Central limit theorem 

According to Aczel and Sounderpandian (2009), the central limit theorem states that a 

sample of independently and identically distributed random variables of size n, drawn 

from a population with mean 𝜇 and finite variance 𝜎2, with sample mean �̅� will be 

approximately a Normal distribution as n becomes large. This holds regardless of the 

original distribution. This is the reason why the Normal distribution is popular; it basically 

states that the sample observations will always follow a Normal distribution as the sample 

is increased (Aczel & Sounderpandian, 2009). 

2.2 Non-normality in financial returns 

2.2.1 Fat tails 

Adams and Thornton (2013) explain that as the understanding of financial markets 

developed, many new models have been added into modern finance theory. Figure 2 gives 

an example of the fat tailed characteristics of the OMXS30 index from 1986 to 2013. The 

blue line represents the asset return dispersion under the Normal distribution, and the red 

line represents the observed asset return dispersion. A Q-Q plot is a simple way to 

differentiate between normal quantiles and the observed quantiles. It is easy to see that 

there are frequent observations outside of the “normal scenario”. The y-axis is dispersed 

over a larger frame of realized returns compared to the theoretical normal distributed 

dispersion of returns. 

 

Figure 2: Q-Q plot for OMXS30 daily returns 1986-2013. Source: Nasdaq OMX Nordic, 

own calculations. 



Theoretical framework 

 

 
13 

According to Adams and Thornton (2013) fat tail events are very large price changes 

occurring with an infrequent pattern located on the far ends of the distributions, both on 

the negative and positive side. Events that are categorized in the fat tails are far away 

from the mean. They are difficult to model and can be considered one of the most ominous 

investment risks. Bhansali (2008) suggests that various risk management methods can be 

implemented to cope with tail risk; hedging is one example.  

However, this alternative is associated with a long-term cost composed by insurance 

premium; hence corporations should be sure of their reasons to apply hedge tactics. If the 

overhanging threat of large negative returns prevents the ability to meet their financial 

obligation, the corporations should consider insurances against tail risk. The problem of 

fat tails relates to other concepts of non-normality such as kurtosis and skewness which 

will be discussed in the following parts.  

2.2.2 Kurtosis 

Kurtosis is a measure of the peakedness of a probability distribution (Aczel & 

Sounderpandian, 2009). The higher the kurtosis, the more peaked the distribution is. 

However, the usefulness of kurtosis is that it also measures the “heaviness” of the tails of 

a distribution (Brooks, 2008). Therefore, when speaking of fat tails the subject of kurtosis 

naturally arises.  

Kurtosis, the fourth standardised moment of the mean, can be measured in two ways; as 

(absolute) kurtosis (2) or as excess kurtosis (3). Kurtosis and excess kurtosis are, 

respectively, defined as: 

 𝛽2 =
𝐸[(𝑋 − 𝜇)4]

𝐸[(𝑋 − 𝜇)2]2
=

𝜇4

𝜎4
 (2) 

 𝛾2 =
𝜇4

𝜎4
− 3 (3) 

Henceforth, we will refer to kurtosis in the second manner (equation 3) unless otherwise 

stated, since the Normal distribution assumes an excess kurtosis of zero. According to 

DeCarlo (1997), positive kurtosis is a sign of heavy tails and negative kurtosis is a sign 

of thin tails and flatter peak in a distribution. DeCarlo (1997) also mentions that it is 
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important not to confuse the different levels of standard deviation and kurtosis, which 

both determine the shape of distributions. Figure 3 shows examples of distributions with 

different levels of excess kurtosis. 

There are three types of kurtosis. These are Leptokurtosis, Mesokurtosis, and 

Platykurtosis. Leptokurtosis has positive kurtosis, Mesokurtosis has zero kurtosis, and 

Platykurtosis has negative kurtosis.  

Although practitioners assume that the financial return series features around zero excess 

kurtosis, empirical evidence suggests that they feature leptokurtic characteristics more 

commonly (Cont, 2001). 

 

Figure 3: Plot of probability densities with different levels of (excess) kurtosis. Source: 

Wikipedia Commons, by Mark Sweep, 2006. 

2.2.3 Skewness 

Adams and Thornton (2013) refer to skewness as a sample where its observations are not 

evenly spread around the mean of the distribution. Hence, the statistical properties median 

and average return will greatly differ. Simply stated, it is a measure of the asymmetry of 

a probability distribution around its mean. Skewness, the third standardized moment of 

the mean, is defined as: 

 𝛾1 =
𝐸[𝑋 − 𝜇)3]

(𝐸[𝑋 − 𝜇]2)2 3⁄
=

𝜇3

𝜎3
 (4) 

As stated by Aczel and Sounderpandian (2009), the coefficient of skewness can either be 

negative or positive. Positive skewness means that the right tail of the distribution is 
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longer or fatter than the left. Negative skewness is the opposite. However, the concept of 

skewness is not as intuitive one might think. A skewness coefficient of zero simply means 

that the tails on both sides of the distribution balance out, it does not however, distinguish 

the shape (von Hippel, 2005). Figure 4 shows a simple representation of a skewed 

probability distribution. 

 

Figure 4: Distributions of negative and positive skewness. Source: Wikipedia Commons, by 

Rodolfo Hermans, 2008. 

2.2.4 Heteroscedasticity 

A common problem when forecasting time series data is that the error terms of the model 

used in the forecast, do not have a constant variance. Berry & Feldman (1985) state that 

if the error terms’ (ϵ) variance is non-constant then it is assumed to be heteroscedastic. 

The contrary is called homoscedasticity and implies that the variance remains constant 

for all observations within a sample. Due to presence of heteroscedasticity, financial data 

often tend to display non-normality. According to Hayashi (2000), heteroscedasticity is 

present in two types, unconditional or conditional. Unconditional is present when low and 

high fluctuations in future periods can be recognized, and conditional is present when it 

cannot be recognized. In general, financial products follow a conditional form. 

2.2.5 Volatility clustering 

According to Brooks (2008) and Mandelbrot (1963) volatility clustering shows that an 

asset’s returns tend to pool together, meaning that large fluctuations are often joined 

together with other large fluctuations, and vice versa. Brooks (2008) claims this may be 

interpreted as that there is some sort of autocorrelation in the observed volatilities, since 

the error terms tend to show dependency with each other. Mandelbrot explains how 

returns in general do not display autocorrelation, but rather how their squared or absolute 

forms exhibit autocorrelation. Gaunersdorfer and Hommes (2005) explain how random 
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news and technical data trigger asset returns to switch irregularly between two regimes; 

either a period of small price changes or a period of large ones.  

Brooks (2008) states that an underlying reason for volatility clustering is how information 

arrives, as it too, follow a similar tendency of emerging in bunches. Gaunersdorfer and 

Hommes (2005) instead claim that it is caused by the interaction between traders, 

technical analysts and fundamentalists. 

 

Figure 5: Daily S&P500 returns from Jan 1st 1990 to Dec 27th 1999. Source: Yahoo Finance, 

own calculations. 

Figure 5 depicts how S&P500 varied in a 10-year time in the 1990’s. It displays a clear 

illustration of volatility clustering by transcending from intense fluctuations to a long 

period of low intensity, to finish with another intense period.  

2.3 Non-normal distributions 

We will now go through some of the distributions that will be used in our comparison of 

VaR backtests, in order to give a theoretical background of the distributional assumptions.  

2.3.1 Student’s t-distribution 

The student’s t-distribution is one of the more common and well-known distributions in 

statistics. It is used mostly as a substitution for the Normal distribution when the true 

population parameters mean 𝜇 and standard deviation 𝜎 are not known, which is often the 

case in reality (Aczel & Sounderpandian, 2009).  
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The most important characterization of this fact is that, because of the uncertainty of the 

mean and standard deviation, the distribution exhibits larger tails than the Normal 

distribution. This fits the purpose of our method well. Another feature of the distribution 

function is that it is, as the Normal distribution, symmetric around the mean zero and 

therefore has zero skewness.  

Since standard deviation of the population is unknown, the pdf of the Student’s t-

distribution is characterized by another parameter termed degrees of freedom (df), related 

to the variance of the distribution (Aczel & Sounderpandian, 2009). The degrees of 

freedom parameter is defined by: 𝑑𝑓 = 𝑛 − 1, where n is the sample size. The variance 

related to the df parameter is (approximately) defined by: 

 𝑉𝑎𝑟(𝑓(𝑡)) =
𝑑𝑓

(𝑑𝑓 − 2)
      𝑓𝑜𝑟 𝑑𝑓 > 2 (5) 

As we can deduct from the relationship from equation 5, as df approaches infinity, the 

variance of the Student’s t-distribution approaches one (1). Thus, as df gets large, the 

distribution converges to a standard Normal distribution. Figure 6 shows Student’s t-

distributions as df gets large. 

 

Figure 6: Student's t-distribution with 3 degrees of freedom (green), blue = Normal 

distribution, Source: Wikipedia Commons, by IkamusumeFan, 2013. 

Degrees of freedom are explained by Eisenhauer (2008) as the amount of independent 

data that is used in estimating a parameter, minus the number of parameters used in the 
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stages to estimate the first parameter. In the case of estimating the variance 𝜎2, we use 

the sample size n and the (one) parameter 𝜇, then the df is equivalent to n-1.  

One important shortcoming of the Student’s t-distribution is that it is less (or just as) 

peaked than the Normal distribution. However, it still features the leptokurtic properties 

of financial returns and is able to incorporate excess kurtosis. This has caused some debate 

of its usage in risk management practices according to Blattberg & Goenedes, (1974). 

2.3.2 Generalized hyperbolic distribution 

A probability distribution that can be used for modelling data with significant departures 

from normality is the Generalized hyperbolic distribution. The distribution originates 

from the standard Normal distribution but is modified to incorporate non normality in 

skewness and kurtosis, which are the two of the parameters to be estimated in the pdf of 

the distribution (Nam & Gup, 2003). The distribution function of a variable X is defined 

by: 

 𝑋 = 𝐴 + 𝐵𝑌𝑔,ℎ(𝑍) = 𝐴 + 𝐵 (
exp(𝑔𝑍) − 1

𝑔
) 𝑒𝑥𝑝 (

ℎ𝑍2

2
) (6) 

According to Nam and Gup (2003) the probability function is a two-step transformation 

of a standard normal variable 𝑍~𝑁(0,1). The first step transforms the variable Z, to a 

random variable Y, such that it is only defined by the parameters g (skewness) and h 

(kurtosis), defined 𝑌𝑔,ℎ(𝑍). The second step involves specifying the mean and variance, 

A and B respectively, of the distribution.  

The kurtosis (shape) determinant of the distribution is defined by two parameters; the 

shape parameter which is a measure of peakedness, and lambda which is a direct measure 

of the tail fatness inherent in the data (Fajardo et. al, 2005). This sums up to a total of five 

parameters that need to be estimated; location, scale, skewness, shape (peakedness) and 

lambda (tail fatness). 

The positive sides of using this distribution is its flexibility of accounting for non-normal 

characteristics of financial data, e.g. heavy tails and kurtosis, negative- and positive 

skewness (Nam & Gup, 2003). Previous research has shown that it fits well to real world 
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data and that it performs better than the Normal distribution in risk management practices 

(Fajardo et. al, 2005). 

However, the negative side of using this distribution is that its assumptions are not as 

intuitive as the Normal distribution. Therefore, complex models do not necessarily equate 

to better results empirically, if one does not understand the assumptions behind the results. 

Furthermore, because it has more parameters to estimate it might have a negative effect 

on how well it fits the parameters to real world data. 
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3 Method 

This section begins with a presentation of the statistical software and its functions used 

to carry out our backtest. This is followed by a description of backtesting and how it is 

implemented. Next is a theoretical elaboration of the models we will use in our backtest. 

The subsequent part regards our motivation for the choice of the model we will use and 

how they are applied in our backtest. Finally, we present the evaluation tests that will 

justify the applicability of these models.  

3.1 R-studio 

We need to employ the use of statistical software that is able to conduct the value-at-risk 

backtesting. We will use the statistical software named “R” to conduct this backtest. 

“R” is a statistical and mathematical open-source software programme with an extensive 

framework on most statistical applications in finance. Open-source means that it is free 

to use, and that anyone can access the blueprints to the software and improve it. It is 

constructed in a way that it can access and download packages with codes built for a 

specific kind of statistical use, in our case it is VaR backtesting.  

Since the software is built on the usage of codes, it is also quite difficult to manage. 

Luckily, there are people who supply their codes and packages for free, and explain their 

use in order for people that are not knowledgeable about coding language to be able to 

use them. We have modified these codes to our own purpose. The codes we have used 

are explained in appendix 7. 

The code package we have used in the backtesting procedure is called “Rugarch”, and 

can be found in the R package database. “R” official website: http://www.r-project.org/   

However, since the software is quite difficult to use we will use Eviews for more the 

simple tests and graphs. 

3.2 Backtesting 

A backtest shows how reliable a model is by reconstructing scenarios with historical data. 

The procedure is conducted by comparing the confidence level and actual returns that fall 

outside this VaR estimate. As we get a percentage value on the number of exceptions, an 
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interpretation on the goodness-of-fit of our sample period and model can be done (Blanco 

and Oks, 2004).  

The backtest is a part of the model validation which verifies to what extent actual losses 

match expected losses. It is a tool that risk managers apply to check how well their 

forecasts on VaR are attuned. It is possible to constantly improve risk models and their 

framework with the help of backtesting, which mostly involves balancing the error types, 

by either changing the confidence level or increasing the sample size. One can also change 

the test procedure and redo the VaR model itself (Jorion, 2007).  

If it proves that the confidence level and number of exceedances are uncalibrated, 

meaning the model either under- or overestimates risk, then a readjustment of capital 

should be done (Jorion, 2007) according to the position already held. 

Backtesting has been applied by the Basel committee in Basel II where a VaR confidence 

level of 99 percent has been set as verification for a bank’s year. Some argue that the 99 

percent level is too high since it does not generate enough exceptions for a reliable test. 

This is why many banks choose also to disclose the 95 percent confidence level in their 

backtests (Jorion, 2007).  

The tests we have used for our backtesting evaluation are the most commonly used in risk 

management practices, namely Kupiec’s unconditional coverage test and Christoffersen’s 

test. More on these tests will follow later.  

3.3 In-sample & out-of-sample data 

As is generally done in forecasting practices today, we have also evaluated the results of 

the VaR backtest by using the estimated models in an out-of-sample period. This is done 

in risk management practices in order to see how well the model performs in a sample 

period not used to estimate the model parameters, since we would expect the model to fit 

the “estimation sample” quite reasonably (Brooks, 2008). 

Thus, the in-sample period is the sample period used to estimate the model’s parameters, 

and the out-of-sample period is the sample period held back for the forecast evaluation of 

the model.  
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We have used a sample period from January 3rd 2005 to December 28th 2012. The in-

sample period used to estimate our model will be on the first 1000 observations and the 

out-of-sample period will be the remaining data points in our sample. This generates, 

roughly, a 1000 days test window. The 1000 day out-of-sample was chosen to increase 

the power of the backtest, i.e. to generate enough exceedances. The in-sample window 

represents the information that is reflected by the model. Since there is no recommended 

standard window size, we chose to have the in-sample and out-of-sample window of equal 

size. 

3.4 Models 

To give the reader some background information regarding our models we will first go 

through the theory behind them. After that we will continue to explain how these models 

are used in our backtest.  

3.4.1 Value-at-risk 

“VaR summarises the worst loss over a target horizon that will not be exceeded with a 

given level of confidence”. – Philippe Jorion (2007) 

In a statistical sense, value-at-risk measures the percentage quantile of a selected 

distribution of returns over a certain period of time. If the confidence level is set to 99 

percent then the corresponding VaR is one percent of the lower tail level. The volatility 

in the projected distributions is the central part that determines the quantile estimation 

given by the VaR measure.  

The probability that returns are below VaR is defined by: 

 𝑃𝑟(𝐿 > 𝑉𝑎𝑅) = 1 − 𝑐 (7) 

Where “L” is the loss (measured as a positive number) and “c” is the confidence level. 

 

Figure 7: Value at risk of a normal probability distribution at a certain confidence level. 
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However, because VaR is dependent on the volatility measure of the observed distribution 

of the data that is being analysed, it is also a function of the volatility and quantile of the 

distribution. Christoffersen et. al. (2001) specifies VaR the following way. Let asset 

returns be denoted as: 

 𝑦𝑡 = 𝜇𝑡 + 𝜀𝑡 (8) 

Where 𝜀𝑡|𝜓
𝑡−1

~(0, 𝜎𝑡
2) and 𝜓𝑡−1 is the information set for time t-1. Then the VaR with 

coverage rate p, is denoted as the conditional quantile, 𝐹𝑡|𝑡−1(𝑝). Then following equation 

7 we get equation 9. 

 𝑃𝑟(𝑦𝑡 ≤ 𝐹𝑡|𝑡−1(𝑝)|𝜓𝑡−1) = 𝑝 (9) 

The one-step ahead normally distributed conditional quantile (VaR) is specified in 

equation 10. 

 𝐹𝑡|𝑡−1
𝐺 (𝑝) = 𝜇𝑡|𝑡−1 + 𝜙−1(𝑝)𝜎𝑡 (10) 

𝜙−1(𝑝) is the coverage probability of inverse Gaussian distribution function. So if p=0.01 

then 𝜙−1(𝑝) = −1.96 . The distributional assumption can then be switched according to 

need. An easier way to define VaR is: 

 𝑉𝑎𝑅𝛼,   𝑡+1 = −𝜎𝑡𝑧𝛼 + 𝜇𝑡 (11) 

where 𝑧𝛼 is the quantile of the corresponding distribution of the standardized returns. In 

the case that 𝑧𝛼 is a distribution other than the normal, it may also be a function of 

skewness and kurtosis (Cheng & Huang, 2011).  

3.4.2 Shortcomings of value-at-risk 

As mentioned earlier in this thesis, there are some shortcomings to the original VaR 

framework. The two most important problems of VaR are that the model is not 

subadditive and that it is non-convex (Artzner et.al, 1999).  

These shortcomings involve problems for risk analysis of portfolio optimization and 

diversification. A model that is not subadditive means that the VaR of a combination of 
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two securities can be greater than the addition of the two securities’ VaR. This means that 

the VaR framework can, possibly, discourage diversification (Artzner et. al, 1999). 

Artzner et. al (1999) also points out that the original VaR-model is non-convex which 

makes VaR optimisation difficult. Convexity is often used in risk management, especially 

in hedging, to help manage the market risk of e.g. bonds or other derivatives. Non-

convexity basically means that the function or curve can have several local minima points, 

which can make portfolio optimisation troublesome, if e.g. minimum VaR is set as a 

constraint.   

Another non-mathematical issue of the original VaR model is that it does not differentiate 

between the levels of impact that the different losses may have for the institutions. It 

simply gives us a lowest bound for the “x” percent loss of the distribution (Rockefellar 

& Uryasev, 2002). Hence, it does not take into account if the “x” percent loss is large or 

small. 

3.4.3 Autoregressive moving average (ARMA) 

Autoregressive moving average (ARMA) is a time series model that combines an 

autoregressive (AR) part with a moving average (MA) part in order to capture time 

dependencies of select data. The ARMA(p,q) model is often used in volatility modelling 

and is a natural stepping stone to the ARCH/GARCH framework (Brooks, 2008).  

The ARMA (p,q) model lets the current value of a time series be a function of its previous 

value(s) and a combination of previous and a current value of error terms. Brooks (2008) 

defines the model as: 

 𝑋𝑡 = 𝑐 + ∑ 𝜑𝑖

𝑝

𝑖=1

𝑋𝑡−𝑖 + ∑ 𝜃𝑗

𝑞

𝑗=1

𝜀𝑡−𝑗 + 𝜀𝑡 (12) 

The first part of the equation is represented by an AR(p) model and the second term is 

represented by a MA(q) model. We will now further explain the components of the 

ARMA(p,q) model. 

The autoregressive part of the ARMA model shows that the current value of the 

dependent variable is a function of its past (lagged) values and an error term, where 𝜑𝑖  is 
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the coefficient, and p is the number of lags in the model. The AR(p) process is defined 

by: 

 𝑋𝑡 = 𝑐 + ∑ 𝜑𝑖

𝑝

𝑖=1

𝑋𝑡−𝑖 + 𝜀𝑡 (13) 

The moving average part of the ARMA model shows that the current value of the 

dependent variable is a function of a current value and past (lagged) values of its error 

terms, or “white noise”, where 𝜃𝑖 is the coefficient and q is the number of lags of the 

error terms in the model. The white noise process is defined by: 

 𝐸(𝜀𝑡) = 𝜇 (14) 

 𝑣𝑎𝑟(𝜀𝑡) =  𝜎𝜀
2 (15) 

 𝜀𝑡−𝑟 = { 𝜎𝜀
2 𝑖𝑓 𝑡 = 𝑟

   0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 (16) 

What the white noise process implies is that it has constant mean and variance and that 

all observations are uncorrelated with each other except at lag zero, in which case the 

autocorrelation will be one. The moving average, MA(q), process is defined by: 

 𝑋𝑡 = 𝜇 + ∑ 𝜃𝑗

𝑞

𝑗=1

𝜀𝑡−𝑗 + 𝜀𝑡 (17) 

3.4.4 Autoregressive conditional heteroscedasticity (ARCH) 

In 1982, Engle presented a new type of non-linear models called ARCH that captures the 

serial correlation of nonconstant volatility and has since then been widely used in finance. 

These models aim to parameterize the phenomenon volatility clustering which is related 

to financial returns being heteroscedastic. 

From a financial perspective it is unlikely that the error terms’ variance remain constant, 

but more likely to follow a volatile pattern. The general equation of the ARCH(q) model 

lets the conditional variance be a function of q lags of the previous time period’s error 

term (equation 18). 
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 𝜎𝑡
2 =  𝛼0 + ∑ 𝛼𝑖𝑢𝑡−𝑖

2

𝑞

𝑖=1

 (18) 

The ARCH(1) model contains two types of formulas that seek to model this behaviour, 

the variance equation (19) and the mean equation (20), which are applied to model the 

conditional variance and the mean (Engle, 1982). The conditional variance depends on 

only one lagged squared error. Here, the mean equation (20) is normally distributed. 

 𝜎𝑡
2 =  𝛼0 + 𝛼1𝑢𝑡−1

2  (19) 

 𝑦𝑡 = 𝛽1 + 𝛽2𝑥2𝑡 + 𝛽3𝑥3𝑡 + 𝛽4𝑥4𝑡 + 𝑢𝑡             𝑢𝑡~ 𝑁(0, 𝜎𝑡
2) (20) 

3.4.5 Generalized autoregressive conditional heteroscedasticity (GARCH) 

According to Brooks (2008) the ARCH model can display some limitations for its users 

such as estimating a large number of coefficients in a large number of lags q in order to 

get all components of conditional variance. This can also lead to negative numbers of the 

coefficients which will make the model meaningless. Thus, using the GARCH(p,q) model 

presents a better way to model persistent volatility movements. Bollerslev (1986) 

developed the General Autoregressive Conditionally Heteroscedasticity model, which 

enables the conditional variance to not only be based on past squared errors (q) but also 

on its previous conditional variance (p) and therefore simplify the “ARCH-equation” 

(equation 22). The conditional mean and variance equations are defined as: 

 𝑦𝑡 = 𝛽1 + 𝛽2𝑥𝑡2 + 𝛽3𝑥𝑡3 + 𝛽4𝑥𝑡4 + 𝑢𝑡       𝑢𝑡~ 𝑁(0, 𝜎𝑡
2) (21) 

 𝜎𝑡
2 = 𝛼0 + ∑ 𝛼𝑖𝑢𝑡−𝑖

2

𝑞

𝑖=1

+ ∑ 𝛽𝑗𝜎𝑡−𝑗
2

𝑝

𝑗=1

 (22) 

The equation below defines the most commonly used versions of the model, 

GARCH(1,1).  

 𝜎𝑡
2 =  𝛼0 + 𝛼1𝑢𝑡−1 

2 + 𝛽𝜎𝑡−1
2  (23) 
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The variance equation in the GARCH model is simply the variance of the mean equation's 

residuals. Therefore, the mean equation is needed to generate the residuals that are used 

to model the variance. Hence, without a mean equation the variance equation does not 

exist. 

Campbell et. al. (1997) presents a comparison between GARCH and ARCH which shows 

that GARCH is better since it is more parsimonious and avoids overfitting models to data. 

This can be tested through a substitution process; inserting further lagged functions of 

conditional variance into the original GARCH function. 

If this substitution goes to infinity, this shows that the GARCH model allows for an 

infinite number of past squared errors that can affect the current conditional variance. 

Subsequently, this can be thought of as an infinite ARCH model of past squared errors 

but using only three parameters in the original GARCH model (Brooks, 2008). 

The GARCH(p,q) formulation represents this substitution, where q is the lags of squared 

error and p is lags of the conditional variance. GARCH demonstrates that it breaks non-

negativity limitation far less than an ARCH model due to this. However it is still possible 

for negative coefficients to appear in the model (Brooks, 2008).  

3.4.6 Mean reversion and persistence of volatility 

For the GARCH model to properly estimate the long-run variance, the model must be 

subject to mean reversion. Mean reversion means that in the long-run the variance tend 

to fall back to the average. For this to be imposed in the model, the coefficients of the 

lagged squared residuals and the lagged variance must add up to less than one. Thus, the 

GARCH model will be a component of a constant unconditional variance and conditional 

variance (Engle, 2001). He also states that the closer the addition of the coefficients are 

to one, the more persistent the effect of a change in the variance will be to the model. The 

added coefficients can therefore be defined as the fraction of the variance that is carried 

forward in time. 
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3.5 Application of GARCH and VaR 

3.5.1 Parametric VaR 

Parametric VaR is a simplified way to calculate the VaR estimate. Basically, it means that 

we make an assumption regarding the type of distribution we observe, as opposed to 

nonparametric VaR (Jorion, 2007). This is the essence of what our thesis will address. 

While many risk managers make the assumption that the distribution is normal, we will 

extend it to other distributions. The parametric approach derives its name from the 

appliance of parameter estimation of the different distributions. Nowadays, more 

sophisticated parametric models are used for estimating VaR, for example GARCH-

modelling. 

VaR needs a volatility input to be estimated. Because volatility of asset returns is not 

constant over time, VaR will also be non-constant over time. Therefore, we need a model 

that enables us to capture this properly. This is where the GARCH model comes into use. 

The model has been used quite frequently in previous risk management literature 

(Christoffersen, Hahn & Inoue, 2001), and will be used to model the time varying 

volatility for the VaR measures in this thesis. 

3.5.2 Model selection 

To correctly specify our model we test for unit roots and stationarity using the Augmented 

Dickey-Fuller test and the KPSS test. We have also looked at the correlogram of the return 

series to see to what extent the return series is autocorrelated and, tentatively, determine 

if we will use an ARMA component in our mean equation.  

However, the correlogram does not give any clear indication to what order of lags would 

fit best. Therefore, instead of going about trial and error, we have employed the use of a 

function in the software “R” that returns the best fitted ARMA model to our data, based 

on the lowest information criteria of different ordered ARMA models. We will not go 

through these tests in detail here; instead we will attach them in the appendices (see 

appendix 1 to 4). 

We have also considered the autocorrelation of the squared returns and tested for ARCH 

effects to see if the data can be fitted to a GARCH model (see appendix 5 and 6). 
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Accordingly, the model we will use in our backtest is the ARMA(1,1)-GARCH(1,1) 

model. The GARCH(1,1) model is not chosen according to any information criteria 

selection, but will be used since it is the most commonly used version of the GARCH 

models. The ARMA(1,1) model will be used for the estimation of the mean equation in 

the GARCH process. 

The relationship between the VaR model and the GARCH(1,1) model is shown in 

equation 24 (Andriosopoulos & Nomikos, 2013). 

 𝑉𝑎𝑅𝑡+1 = �̂�𝐺𝐴𝑅𝐶𝐻𝑡+1
∗ 𝑝𝑒𝑟𝑐𝑒𝑛𝑡𝑖𝑙𝑒{(𝑧𝑖)𝑖=𝑡=𝑇

𝑡 } (24) 

Where �̂�𝐺𝐴𝑅𝐶𝐻𝑡+1
 is the forecasted volatility and 𝑧𝑖 = 𝑟𝑖/�̂�𝐺𝐴𝑅𝐶𝐻𝑡+1

 are the 

standardized residuals. This equation shows that the assumption of how the residuals are 

distributed is what will generate the different VaR estimations in our backtest. The model 

will then be used in a rolling forecast setting as explained in the previous section. The 

Normal-, Student’s t, and Generalized hyperbolic GARCH(1,1) models, that we have 

chosen, will be used as the volatility forecasts in equation 24. Hence, we will have three 

VaR models; Normal VaR, Student’s t VaR and Generalized hyperbolic VaR. 

3.5.3 Rolling forecasts 

The model in equation 24 is used in a rolling window setting of one step ahead forecasts, 

but refitting the VaR model every 20 days instead of every day in order to avoid heavy 

computation. Rolling windows are often used in forecasting since it should catch the 

changing parameters of the return series better and not be as exposed to shocks to the 

index.  

However, some argue that rolling forecast with moving window is not the best method to 

use since it may remove some important information in the data once the window rolls 

past. 
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3.6 Evaluation tests 

3.6.1 Kupiec’s unconditional coverage test 

According to Kupiec (1995), Kupiec’s unconditional coverage test measures if the 

numbers of exceedances of the VaR estimate is proportional to the expected number of 

exceedances. The null hypothesis of the test is: 

 𝐻0: 𝑝 = �̂� =
𝑥

𝑇
 (25) 

Where 𝑝 is the given failure rate corresponding to the confidence level (“c”) of the VaR 

model, i.e. 𝑝 = (1 − 𝑐), and �̂� is equal to the observed failure rate, i.e. the number of 

exceedances (x) divided by the sample size (T).  

The test follows a binomial distribution, which is the norm when dealing with count data 

of success and failure. As such, it makes no assumption about the distribution of our 

return data, which is to our advantage (Kupiec, 1995). 

The test is set up as a likelihood-ratio test, meaning that the test compares the fit of the 

null hypothesis (numerator) to the fit of the alternative hypothesis (denominator) (Kupiec, 

1995). 

Kupiec’s unconditional coverage test-statistic is defined as: 

 𝐿𝑅𝑢𝑐 =  −2𝑙𝑛 (
(1 − 𝑝)𝑇−𝑥𝑝𝑥

[1 − (
𝑥
𝑇)]

𝑇−𝑥

(
𝑥
𝑇)

𝑥) (26) 

Where p is the failure rate, T is the sample size and x is the number of exceedances 

observed. The LR test statistic is chi-square 𝑋2 distributed with one degree of freedom 

under the null hypothesis that the model is “correct”. If LR is greater that the 

corresponding critical value of the 𝑋2-distribution, the null hypothesis is rejected 

(Kupiec, 1995). 

According to Jorion (2007), Kupiec developed confidence intervals (95 percent) for this 

type of test, shown in Table 1 below. 
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Non-rejection Region for Number of Failures N   

Probability level 

p 

VaR Confidence 

Level c T = 252 Days T = 510 Days T = 1000 Days 

0.01 99% N < 7 1 < N < 11 4 < N < 17 

0.025 97.5% 2 < N < 12 6 < N < 21 15 < N < 36 

0.05 95% 6 < N < 20 16 < N < 36 37 < N < 65 

0.075 92.5% 11 < N < 28 27 < N < 51 59 < N < 92 

0.10 90% 16 < N < 36 38 < N < 65 81 < N < 120 

Table 1: Non-rejection region for Kupiec’s unconditional coverage test at a confidence level 

of 95 percent. 

Source: Jorion (2007) 

3.6.2 Christoffersen’s conditional coverage test 

Another validation test that we use is the conditional coverage test introduced by 

Christoffersen (1998). He introduced this test as an extension to the unconditional 

coverage test by Kupiec (1995), because he argued that for the backtest model to be 

justified, one must also take into account the exceedances’ independence of each other. 

Christoffersen (1998) further explains that if the exceedances of the backtest cluster 

together, then this could indicate increased volatility that the VaR model does not capture, 

which should indicate a poorly specified model. He argues that exceedances of value-at-

risk in a short time frame are worse for an institution than when they are spread out over 

time. 

The extension Christoffersen makes to the unconditional coverage test is specified in 

equation 27, which added up with Kupiec’s unconditional coverage test equates 

Christoffersen’s conditional coverage test (equation 28).  

 𝐿𝑅𝑖𝑛𝑑 = −2𝑙𝑛 (
(1 − 𝜋)(𝑇00+𝑇10)𝜋(𝑇01+𝑇11)

(1 − 𝜋0)𝑇00𝜋0
𝑇01(1 − 𝜋1)𝑇10𝜋1

𝑇11
) (27) 

 𝐿𝑅𝑐𝑐 = 𝐿𝑅𝑢𝑐 + 𝐿𝑅𝑖𝑛𝑑  (28) 

Where 𝑇𝑖𝑗 is the number of days in which state j occurred in one day while it was at state 

i the previous day. These states are assigned a zero (0) if VaR is not violated or one (1) if 

VaR is violated. 𝜋𝑖 is the probability of observing exceedances of VaR conditional on 

state i the previous day (Jorion, 2007).  



Method 

 

 
32 

Just as Kupiec’s unconditional coverage test, the test statistic is 𝑋2 distributed, but with 

two degrees of freedom. The null-hypothesis states correct number of exceedances and 

independence of exceedances, and will be rejected if the LR test statistic is above the 

critical value. 
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4 Data 

We will base our thesis on daily closing price data from the Swedish OMXS30 index 

obtained from Yahoo Finance. The time frame of our data is from January 3rd 2005 to 

December 28th 2012 because we want to generate stressed VaR, and capture the event of 

the financial crisis that happened during 2008/09. This is in order to see its effect on risk 

management and at the same time have a period of data unaffected by the crisis. This will, 

hopefully, give us a good comparison of how value-at-risk works under different 

volatilities.  

4.1 Descriptive statistics 

Below is a short summary of the statistical characteristics of our data, tabulated from 

Eviews.  

 

Figure 8: Line plot of logged returns of OMXS30 from Jan 3rd 2005 to Dec 28th 2012. 

As we can see in this graph, our daily return data clearly features some volatility 

clustering since we have parts where high volatility is followed by high volatility. As a 

result there is presence of ARCH effects in our data. 

As we can see from both Table 2 and Figure 9 our data is fat-tailed. This is indicated by 

a kurtosis of 7.15, contrary to a kurtosis of 3 (normal), and the “S”-shaped curve of the 

Q-Q plot where we see that the quantiles of the observed distribution are beyond those of 

the Normal distribution. Interestingly, we can see that in this case, the data has positive 
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skewness contrary to the consensus that asset returns are negatively skewed. However, it 

still indicates non-normality since it is not zero. 

Descriptive Statistics 

Series:  OMXS30 RETURN 

Sample 1/03/2005 - 12/28/2012 

Observations 2034 

Mean 0.000196 

Median 0.00054 

Maximum 0.09865 

Minimum -0.075127 

Std.Dev. 0.015552 

Skewness 0.058877 

Kurtosis 7.153331 

Jarque-Bera 1463.126 

Probability 0 

Table 2: Descriptive statistics for logged returns of OMXS30 from 3rd Jan 2005 to Dec 

28th 2012 

 

Figure 9: Q-Q plot of OMXS30 from Jan 3rd 2005 to Dec 28th 2012.  

Eviews also provides the Jarque-Bera test statistic which tests the normality of a data 

series based on the function of the skewness and kurtosis, the higher the test statistic the 

more non-normal it is (Jarque & Bera, 1980). The p-value is a clear indication of the 

rejection of the null-hypothesis that the series is normally distributed.  
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5 Empirical results and analysis 

5.1 GARCH estimation 

Before the GARCH models were implemented in our value-at-risk backtest we estimated 

the parameters of the volatility measure that generate the VaR quantile. The in-sample 

estimates of the GARCH models are presented in Table 3 below. For the Student’s t 

distribution the “shape” parameter is related to the degrees of freedom parameter which 

determines the shape (kurtosis) of its probability density function.  

For the Generalized hyperbolic distribution, the shape of the distribution is determined 

by two parameters; the “shape” parameter which measures the peakedness, and the 

“GHlambda” parameter which relates to the tail fatness, of the probability density 

function (Fajardo et. al, 2005). The parameters of the models are estimated using the 

maximum likelihood method. 

GARCH(1,1) Estimation Summary         

Parameters Normal  P-value Student's t P-value Ghyp P-value 

mu (location) 0.000753 0.008026 0.001021 0.000077 0.000703 0.003745 

 (0.000284)  (0.000258)  (0.000243)  

ar1 0.497491 0.460103 0.351891 0.372116 0.488460 0.078488 

 (0.673489)  (0.394268)  (0.277608)  

ma1 -0.558486 0.386101 -0.422689 0.268746 -0.577232  0.025642 

 (0.644375)  (0.382194)  (0.258663)  

omega (constant) 0.000002 0.315489 0.000002 0.754634 0.000001 0.812488 

 (0.000002)  (0.000005)  (0.000006)  

alpha1    0.106591 0.000056 0.096899 0.112554 0.092007  0.180624 

 (0.026449)  (0.061065)  (0.068722)  

beta1        0.888878 0.000000 0.902101 0.000000 0.905880   0.000000 

 (0.026240)  (0.060398)  (0.068484)  

shape   6.522937 0.000000 2.342467   0.074531 

   (0.950447)  (1.313528)  

skew          -0.399793     0.237691 

     (0.338584)  

ghlambda      -2.403485     0.475223 

     (3.366196)  

Log Likelihood 2996.188    3017.823    3024.848   

Table 3: GARCH(1,1) parameter estimates for the Normal, Student’s t, and the 

Generalized hyperbolic distribution. 
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The numbers in parentheses are the standard errors of the estimates. The parameter for 

the conditional variance (beta1) is highly significant for all models, indicating that 

including the dependence of previous day’s conditional variance makes the GARCH 

models’ estimation of variance more accurate. The parameter for the previous day’s 

squared residuals (alpha1) is not significant, except for the Normal GARCH model. This 

indicates that including the information of the previous day’s shock to the volatility has 

no explanatory power of estimating today’s conditional variance. This is quite interesting 

considering that we saw clear dependence in the squared residuals before fitting the 

GARCH model. However, this result may be affected by disturbances from estimating 

too many parameters in the model, or that the residuals given by the ARMA(1,1) model 

are estimated better by the Normal GARCH model. All the GARCH models are mean 

reverting since no model have alpha1 and beta1 coefficients that add up to one. However, 

they are all very close to one which means that the effect of a change in the variance are 

persistent in the models.    

While the shape parameter, measuring kurtosis, is significant for both the Student’s t- and 

the Generalized hyperbolic GARCH model, it is interesting to note that the skew and 

GHlambda parameters are not. This would indicate that including a kurtosis parameter, 

which has great explanatory power, makes the conditional variance estimate more 

precise. However, the conditional variance does not benefit from the skew and GHlambda 

parameters, and are thus redundant in the model. There is, seemingly, a trade-off between 

including additional parameters and what they can explain in the model, which implies 

that complex models are not always better. 

Although some of the models are somewhat misspecified (in-sample) we can see in the 

estimation outputs for each respective GARCH model that there are no dependencies or 

ARCH effects in the squared residuals (appendices 9-11), after the GARCH models are 

fitted to the data. The only case when there is some dependence left in the squared 

residuals is in the Q-test at lag 3 in the GARCH model with Generalized hyperbolic errors 

(appendix 11). Thus, we can state that the models achieved to filter out the time 

dependencies in the data.  

Furthermore, the log likelihood value suggests that the assumptions of the Generalized 

hyperbolic distribution generates the best GARCH model. However, the log likelihood 
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values are all relatively similar which means that only tentative inferences can be made. 

Also, “bad” or “good” in-sample results do not indicate “bad” or “good” out-of-sample 

results (Angelidis et.al, 2004). Thus, we need to analyse the backtest of these models 

before we can make any statements about the performance of the models.  

5.2 Value-at-risk backtest 

The outcome of our backtest with a rolling window is illustrated below in Figure 10. It 

shows the number of exceedances for each VaR model, with an alpha level set at one 

percent for the backtest conducted between 2009 and 2012. The black line represents the 

value-at-risk level, forecasted for a period length of 1034 observations with a one day 

moving window that refits every 20th step. All the returns are plotted and, as observed, 

some observations have returns lower than the value-at-risk level. These observations are 

called exceedances and are marked red in the graph.   

In Figure 10a-10c we can see that all the models’ VaR levels differ, although the levels 

of the Student’s-t and Generalized hyperbolic VaR models are similar. On the contrary, 

there is a more significant difference when comparing them to the Normal VaR model. 

We observe that the variation of the lines follow the same trend but their position in the 

graphs varies; normal is positioned on a higher level and naturally accumulate more 

exceedances. 

 
(a) Normal VaR model 
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(b) Generalized Hyperbolic VaR model 

 
(c) Student’s t VaR model 

Figure 10: Backtest of the 99% value-at-risk for the different VaR models. 

The VaR model with normally distributed errors accumulate 16 exceedances over the 

backtest period, while the VaR models with Student’s t and Generalized hyperbolic 

distributed errors generated ten exceedances each. Thus, we have some indications that 

VaR models with normally distributed errors do not perform as well as models with non-

normally distributed error terms for forecasting value-at-risk, at least in this case. 

Therefore, the Normal VaR model may be underestimating value-at-risk. These results 

are not surprising since our data exhibits some excess kurtosis that cannot be captured by 

the normal VaR model. 

There is a classification issue that must be addressed in order to not draw obviously 

incorrect conclusions. The underestimation of value-at-risk is not to be confused with 
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underestimation of risk. What underestimating value-at-risk implies is that the model 

generates a value-at-risk level that is too low which gives a higher risk of many 

exceedances in the backtest and therefore, in our case, is not reflecting the observed 

financial properties. Readers may wonder why risk is not underestimated when the model 

generates few exceedances, since it can give the impression that risk is low simply 

because we use a good model. Consider the following example. The risk that the stock 

index will fall five percent on some day will be the same regardless of the model that is 

used. However, the difference is that the risk that a five percent decline will exceed a 

normal VaR model is higher than the risk of exceeding a non-normal VaR model. 

Therefore, there is an important distinction between VaR and conventional risk 

(variance). What we can distinguish is that it is the capital requirement given by the VaR 

model in use that determines if the risk is under- or over estimated. 

In Figure 11, we can see more easily the difference in the fat-tailed behaviour between 

the value-at-risk models. 

 
Figure 11: Combined figure of the 99% Value-at-risk backtest with different fat-tailed models 

Our results are in accordance with the consensus in the risk management field given that 

more and more take fat tails into account in their risk assessment (Rachev et. al, 2010). 

We assume, based on the results in Figure 10 and 11, that the properties of non-normality 

in asset returns are reflected better with other distributional assumptions. This is also 

supported by the estimated parameters in Table 3, which indicate that the performance of 

the model benefits from including parameters of shape, at least to some degree. However, 

an evaluation of the backtest must be performed before definite inferences can be made.  
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5.2.1 Time varying density forecast 

Since it is hard to see the difference between the figures 10a to 10c of the exceedances of 

the Student’s t and the Generalized hyperbolic distribution, we can observe the forecasted 

density plots in Figure 12. They illustrate how the GARCH models forecast the return 

distribution over time. Therefore, they are connected to the backtest where the VaR 

represents the one percent quantile of the forecasted density. A common feature for all 

three plots is their transformation towards increased peakedness which means a higher 

kurtosis value. Furthermore, both Normal and Student’s t demonstrate no skewness 

whereas Generalized hyperbolic distribution has a slight negative skewness (left tailed). 

Looking at the tails of the densities we can see more clearly how they vary in their tail 

behaviour. The Generalized hyperbolic distribution is more centralized around its mean, 

and has longer/fatter tails than the density forecasted by the Student’s t-distribution, even 

though the difference is small.  

  

(a) Student-t GARCH model  (b) Generalized Hyperbolic GARCH model 

 

(c) Normal GARCH model 

Figure 12: Forecast density plot of 1-ahead rolling GARCH (time varying). 

We clearly see the biggest difference of the density forecasts in the Normal distribution. 

Here, we have none of the fat tailed characteristics of the former two, aside from this we 

also observe that the figure for the Normal distribution is differently scaled than the other 
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two, its y-axis stops at 10, while the other two stops at 12. This means that even though 

it gives the impression of looking the same as the two other densities, the normal is clearly 

not as peaked as the densities forecasted with Student’s t or the Generalized hyperbolic 

distribution.  

What this means in the value-at-risk framework is that when there are spikes in the daily 

volatility the normally distributed VaR model should not be compliant enough to take 

into account the higher deviation. We would then expect the model with normally 

distributed VaR to exceed the value-at-risk level more frequent in times of rapidly 

changing variance. As we can see in Figure 10, this appears to be true.  

5.2.2 Backtest coverage tests 

Table 4 provides statistics for our backtest evaluation results. Counting the number of 

exceedances, we find that the two non-normal models matched the expected number of 

exceedances, whereas the Normal model is deviating.  

Backtest Evaluation  Normal  Student’s t Ghyp  

Backtest Length 1034 1034 1034 

Alpha 1% 1% 1% 

Expected Exceed 10.3 10.3 10.3 

Actual VaR Exceed 16 10 10 

Unconditional Coverage (Kupiec) 95% confidence level 

Null-Hypothesis Correct Exceedances 

LR.uc Statistic 2.682 0.011 0.011 

LR.uc Critical 3.841 3.841 3.841 

LR.uc p-value 0.102 0.915 0.915 

Reject Null NO NO NO 

Conditional Coverage (Christoffersen)  

Null-Hypothesis Correct Exceedances & 

 Independence of Failures 

LR.cc Statistic 4.041 0.207 0.207 

LR.cc Critical 5.991 5.991 5.991 

LR.cc p-value 0.133 0.902 0.902 

Reject Null NO NO NO 

Table 4: Kupiec and Christoffersen coverage tests of the Normal, Student’s t, and the 

Generalized hyperbolic distribution 

However, the test indicates that we cannot reject the normally distributed error model 

even though its exceedances are higher than the expected number. The results of the 
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unconditional coverage test show that the null hypothesis holds for all models since 

neither of them have a likelihood ratio statistic surpassing the critical value from the chi-

square table. This is also indicated by the p-values, which are not below the 0.05 level 

associated with the 95 percent confidence level of the test. The confidence interval of the 

unconditional coverage test has a non-rejection region between 4 and 17 (See Table 1). 

Thus, the null-hypothesis that the forecasted exceedances fall inside the correct interval 

cannot be rejected.  

Figure 10 show tendencies for some exceedances to cluster together which could indicate 

that the models are unable to cope with the changing volatility and therefore be unfit to 

measure value-at-risk, following the argument made by Christoffersen (1998). Even 

though it is hard to determine if the exceedances are dependent, the conditional coverage 

test seeks to take this into account. The results from the conditional coverage test in Table 

4 indicate that we cannot reject the null hypothesis for any of the models. Thus we can 

assume that the exceedances in the backtest are independent, making the models used in 

the backtest valid for VaR estimation.  

Following our previous statement about the lack of compliance of the Normal distribution 

in the value-at-risk framework (section 5.2.1), these results mean that the models are 

specified well enough to be able to adjust to large unexpected changes in volatility. 

Therefore, our initial problem statement is fulfilled. We cannot say that the use of the 

Normal distribution in the value-at-risk framework is “unreasonable enough” to reject the 

use of it. However, we can say that there are some differences in performance between 

the models, even though they are not significant. These results deviate somewhat from 

the consensus that the Normal distribution is unfit to be used in settings with asset return 

data, since the Normal VaR model does not underestimate value-at-risk (see e.g. 

Angelidis et.al, 2004 and Rachev et.al, 2010). 
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6 Discussion 

6.1 Fragility and credibility 

Previous studies have suggested that the one percent value-at-risk level, recommended 

by Basel, gives too low power to the backtest (Jorion, 2007). Low power of the test could 

mean that any borderline values of our coverage tests are subject to type one and two 

errors. This means we may have accepted the GARCH model with normally distributed 

errors even though it might be a misspecified model.  

Another reason or explanation of the test results are of course the backtest method itself. 

In-sample and out-of-sample construction of our data is an important influence on the 

results. Assigning different types of data to the in-sample period may generate different 

results. For example, having very volatile data in the in-sample period may generate a 

model which is very capable or even too pessimistic in dealing with not so volatile data, 

and vice versa. The length of the windows is, of course, also connected to the empirical 

results. This all goes to say that the backtest method in the value-at-risk framework is 

quite fragile since it is very dependent on your data input. 

However, as we have mentioned before, we consciously took advantage of this and chose 

a volatile out-of-sample period to “stress” the VaR models in order to really see how they, 

especially the Normal VaR model, respond to the tests. Therefore, we claim that our 

results are credible and realistic, and contribute to this method of managing value-at-risk, 

suggested in the new Basel III accord. 

6.2 Incentive bias 

Logically, this fragility induces the incentive to produce conservative backtest results for 

financial institutions. The Basel accords specify that, depending on the reported value-at-

risk, the financial institutions are required to uphold a certain capital requirement. As we 

have previously mentioned Basel classifies the value-at-risk backtest according to the 

“traffic light system”, which means that there will be a bias in the incentive for accurate 

models in the backtest. The institutions will strive to find a model that keeps them on the 

edge of the green or yellow zone, in order not to be excessively “punished” by capital 

requirements and reputation constraints. 
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This problem shines a light on the ethical issue of the value-at-risk management practice. 

At the moment, there is no regulation in Basel concerning what models are allowed to be 

used in the backtest, only that they must be appropriate for the type of risk that exist in 

the bank (Basel II, 2006). This may lead to institutions constantly looking for models that 

keep them out of the bad (red) zone. This could hamper the analysis of the financial 

institutions’ riskiness by credit rating agencies, which in turn could have consequences 

for loan defaults. Evidently, the new Basel III will take care of the issues that have been 

brought to light after the financial crisis in 2008. For example, the new Basel accord will 

implement a stressed backtest of the models in a similar fashion to what we have done in 

this thesis.  

6.3 Managing value-at-risk 

The conclusion we draw from our results is that we have no evidence that the assumption 

of normally distributed returns is “unreasonable enough” to reject its use in the value-at-

risk framework. We can only say that it does not perform as well as the Student’s t- and 

Generalized hyperbolic distribution for forecasting volatility in the value-at-risk 

framework. There is clearly a benefit from including assumptions that capture the fat 

tailed characteristics of asset returns. However, elaborate models are not always better. 

We clearly notice that there is close to no difference between the Student’s t distribution 

and the Generalized hyperbolic distribution. The added complexity to the latter therefore 

has no impact on the performance of the model in the value-at-risk backtest, and only 

makes it harder to interpret the construction of the model. Accordingly, the Student’s t-

distribution is sufficient to model the tail dependence and more parsimonious than the 

generalised hyperbolic distribution.  

These results fit well with the consensus in the risk management industry. Even though 

the fat tailed property of asset returns is well-known, the Normal distribution is still in 

use. However, it is becoming more of a benchmark model in an approach to acquire 

additional reference points about which assumptions that can be made about asset returns 

in risk management practices. The effect of this is that awareness of model risk increases, 

and that different models behave differently according to the type of data. Therefore, we 

conclude that it is important to incorporate non-normality into risk management practices. 
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7 Conclusion 

This thesis analyses the performance of employing different fat-tailed models in 

estimating one percent value-at-risk, using backtest forecasting on a thousand day out-of-

sample window. The VaR models used in the backtest were rolling 

ARMA(1,1)/GARCH(1,1) models with the Normal-, Student’s t-, and the Generalized 

hyperbolic distribution.  

We find that the Normal VaR model does not perform as well as the Student’s t VaR 

model or the Generalized hyperbolic VaR model. Hence, models that account for fat-

tailed properties of asset returns appear to better estimate value-at-risk. However, the 

backtest coverage tests indicated that none of the models were underestimating the value-

at-risk, and so we cannot reject the use of the Normal VaR model, even though it was 

close to the rejection region in the test. Thus, all models were able to sufficiently cope 

with the changing volatility in the forecast period.  

However, we also find some unsettling characteristics of the backtest method itself. Data 

input and confidence level of the value-at-risk model is of considerable importance to the 

credibility of the test since they significantly affect the performance of the model, and 

hence the results are easily manipulated. Therefore, caution must be taken when 

interpreting value-at-risk estimation results. This issue has been acknowledged in this 

thesis through a stressed backtest meant to test the models under highly volatile market 

conditions, which is in fact also being implemented in Basel III. The Basel accords 

regulate the required capital held by financial institutions according to the results of the 

backtest. This creates an incentive bias for financial institutions to find the models that 

provide the lowest capital requirement by Basel while still maintaining a positive 

reputation. 

We conclude that there is no evidence that the Normal distribution is unreasonable enough 

to reject its use in value-at-risk management, but that there is an obvious benefit to the 

estimation of risk by using models that capture the fat-tailed property of asset returns. 

Clearly, it is important for a risk manager to choose the best fitting underlying distribution 

and model in order not to underestimate value-at-risk. Nevertheless, complex models do 

not necessarily perform better than less complicated models and only increase the model 

risk.  
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To assert the performance of fat-tailed models, we recommend further research of 

additional models within this field. Since the stressed backtest methodology incorporated 

in Basel III will be phased in over the next five years, rigorous studies in this context are 

necessary.  
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Appendix 1: Augmented Dickey-Fuller test 

Null Hypothesis: OMXS30_RETURN has a unit root    

Exogenous: Constant,  Linear Trend     

Lag Length: 1 (Automatic - based on SIC  maxlag=25)   

          

      t-Statistic   Prob.* 

Augmented Dickey-Fuller test statistic     -34.58345  0.0000 

Test critical values: 1% level  -3.962564  

 5% level  -3.412021  

  10% level   -3.127919   

*MacKinnon (1996) one-sided p-values.    

     

Augmented Dickey-Fuller Test Equation    

Dependent Variable: D(OMXS30_RETURN)    

Method: Least Squares     

Date: 04/04/14   Time: 10:35     

Sample (adjusted): 1/05/2005 12/28/2012    

Included observations: 2032 after adjustments    

          

Variable Coefficient Std. Error t-Statistic Prob.   

OMXS30_RETURN(-1) -1.105410 0.031964 -34.58345 0.0000 

D(OMXS30_RETURN(-1)) 0.062591 0.022160 2.824449 0.0048 

C 0.000401 0.000690 0.581703 0.5608 

@TREND(1/3/2005) -1.89E-07 5.87E-07 -0.321770 0.7477 

R-squared 0.522044 Mean dependent var -6.55E-06  

Adjusted R-squared 0.521337 S.D. dependent var 0.022440  

S.E. of regression 0.015525 Akaike info criterion -5.490714  

Sum squared resid 0.488824 Schwarz criterion -5.479658  

Log likelihood 5582.566 Hannan-Quinn criter. -5.486658  

F-statistic 738.3571 Durbin-Watson stat 2.005743  

Prob(F-statistic) 0.000000       
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Appendix 2: KPSS test 

Null Hypothesis: OMXS30_RETURN is stationary    

Exogenous: Constant,  Linear Trend     

Bandwidth: 24 (Newey-West automatic) using Bartlett kernel   

          

        LM-Stat. 

Kwiatkowski-Phillips-Schmidt-Shin test statistic      0.100944 

Asymptotic critical values*:  1% level   0.216000 

  5% level   0.146000 

    10% level    0.119000 

*Kwiatkowski-Phillips-Schmidt-Shin (1992,  Table 1)     

          

Residual variance (no correction)     0.000242 

HAC corrected variance (Bartlett kernel)        0.000161 

     

KPSS Test Equation     

Dependent Variable: OMXS30_RETURN     

Method: Least Squares     

Date: 04/04/14   Time: 11:33     

Sample: 1/03/2005 12/28/2012     

Included observations: 2034         

Variable Coefficient Std. Error t-Statistic Prob.   

C 0.000390 0.000690 0.566079 0.5714 

@TREND(1/3/2005) -1.91E-07 5.87E-07 -0.325882 0.7445 

R-squared 0.000052 Mean dependent var 0.000196  

Adjusted R-squared -0.000440 S.D. dependent var 0.015552  

S.E. of regression 0.015555 Akaike info criterion -5.487892  

Sum squared resid 0.491656 Schwarz criterion -5.482368  

Log likelihood 5583.186 Hannan-Quinn criter. -5.485865  

F-statistic 0.106199 Durbin-Watson stat 2.080193  

Prob(F-statistic) 0.744547       
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Appendix 3: Correlogram of OMXS30 Returns 

 

 

  



Appendices 

 

 
53 

Appendix 4: ARMA Fit Code 

Series: OMX Returns  

Model: ARIMA(1, 0, 1) with zero mean 

   

Coefficients:     

 AR(1) MA(1) 

Estimate: 0.6996 -0.7667 

Standard Error 0.0811 0.0728 

Sigma^2 estimate: 0.0002397  

Log likelihood: 5591.76  

Akaike IC: -11177.53  

Akaike IC Correction: -11177.52  

Bayesian IC: -11160.68   
 

# The code required to make R fit the best arma model to the data is the function 

auto.arima, which we have then made into a function named “armafit”. Typing armafit 

gives the coefficients of the ARMA order as well as the information criteria. 
 

armafit <- auto.arima(OMX.ret, d=NA, D=NA, max.p=5, max.q=5, 

     max.P=2, max.Q=2, max.order=5, max.d=2, max.D=1,  

     start.p=2, start.q=2, start.P=1, start.Q=1,  

     stationary=FALSE, seasonal=TRUE, 

     ic=c("aicc","aic", "bic"), stepwise=TRUE, trace=FALSE, 

     approximation=FALSE, xreg=NULL, 

     test=c("kpss","adf","pp"), seasonal.test=c("ocsb","ch"), 

     allowdrift=FALSE, lambda=NULL, parallel=FALSE, num.cores=2) 

 
armafit  
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Appendix 5: ARCH LM Test (before GARCH estimation) 

Heteroscedasticity Test: ARCH    

          

F-statistic 40.55058 Prob. F(12,2008) 0.0000  

Obs*R-squared 394.2235 Prob. Chi-Square(12) 0.0000   

     

Test Equation:     

Dependent Variable: RESID^2    

Method: Least Squares    

Date: 04/07/14   Time: 12:28    

Sample (adjusted): 1/20/2005 12/28/2012   

Included observations: 2021 after adjustments   

          

Variable Coefficient Std. Error t-Statistic Prob.   

C 5.26E-05 1.48E-05 3.554056 0.0004 

RESID^2(-1) 0.016320 0.022278 0.732582 0.4639 

RESID^2(-2) 0.078696 0.022142 3.554073 0.0004 

RESID^2(-3) 0.152227 0.022022 6.912530 0.0000 

RESID^2(-4) 0.051712 0.022217 2.327591 0.0200 

RESID^2(-5) 0.114943 0.022215 5.174160 0.0000 

RESID^2(-6) 0.042172 0.022361 1.885981 0.0594 

RESID^2(-7) 0.002767 0.022361 0.123745 0.9015 

RESID^2(-8) -0.053476 0.022214 -2.407351 0.0162 

RESID^2(-9) 0.076513 0.022215 3.444138 0.0006 

RESID^2(-10) 0.129893 0.022021 5.898656 0.0000 

RESID^2(-11) 0.111006 0.022142 5.013459 0.0000 

RESID^2(-12) 0.058229 0.022277 2.613910 0.0090 

     

R-squared 0.195064 Mean dependent var  0.000241 

Adjusted R-squared 0.190253 S.D. dependent var  0.000585 

S.E. of regression 0.000526 Akaike info criterion  -12.25547 

Sum squared resid 0.000556 Schwarz criterion  -12.21937 

Log likelihood 12397.15 Hannan-Quinn criter.  -12.24222 

F-statistic 40.55058 Durbin-Watson stat  2.010504 

Prob(F-statistic) 0.000000       
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Appendix 6: Correlogram of Squared OMXS30 Returns 
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Appendix 7: R Codes 

Value-at-risk backtest code 
 

Comment on the code will be preceded by a number symbol “#”  
 

# First we load the package that enable us to write the codes we need for the tests. 

 
library(rugarch) 

 

Rolling GARCH(1,1) with VaR exceedances 
 

# Now we specified which garch model we want to use, in our case we wanted to use the 

GARCH(1,1) model with an ARMA order (arma(1,1)) in our mean equation. We also 

specify which distribution model we want for the errors of the garch model. The 

different distributions have the names “norm” for the Gaussian-, ”std” for Student’s t-, 

and ”ghyp” for the Generalized hyperbolic distribution. 
 

garch11.normal.spec = ugarchspec(variance.model = list(model = "sGARCH", 

garchOrder = c(1, 1),  

submodel = NULL, external.regressors = NULL, variance.targeting = 

FALSE),  

mean.model = list(armaOrder = c(1, 1), include.mean = TRUE, archm = 

FALSE,  

archpow = 1, arfima = FALSE, external.regressors = NULL, archex = FALSE),  

distribution.model = "norm") 

 

# Now we want to get the output of the modelfit for the garch(1,1) model and the 

estimated parameters. We estimate the model on only the in-sample period. 
 

garch11.normal.modelfit = ugarchfit(spec=garch11.normal.spec, 

data=OMX.ret, out.sample = 1034) 

 

garch11.normal.modelfit 

 

 

# VaR backtest with “normal garch” 
 

OMX.garch11.normal.roll = ugarchroll(garch11.normal.spec, OMX.ret, 

n.ahead=1, 

                               forecast.length = w.t, 

                               refit.every=20, refit.window="moving", 

                               calculate.VaR=TRUE, VaR.alpha=0.01) 

class(OMX.garch11.normal.roll) 

 

plot(OMX.garch11.normal.roll) 

 

 

# Now we plot the VaR exceedances with the rolling garch model as well as the 

coefficients over time. 
 

plot(OMX.garch11.normal.roll, which=4) 
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# Density plot 
 

plot(OMX.garch11.normal.roll, which=1) 

 

 

# Then we want to show the unconditional (Kupiec POF-test) and the conditional 

(Christoffersens test) backtesting report for the evaluation of the models. This process is 

then repeated for all distributions. 
 

?report 

report.normal.omx = report(OMX.garch11.normal.roll, type="VaR") 

report(OMX.garch11.normal.roll, type="fpm") 

 

 

# Specify “Student’s t garch” 
 

garch11.std.spec = ugarchspec(variance.model = list(model = "sGARCH", 

garchOrder = c(1, 1),  

submodel = NULL, external.regressors = NULL, variance.targeting = 

FALSE),  

mean.model = list(armaOrder = c(1, 1), include.mean = TRUE, archm = 

FALSE,  

archpow = 1, arfima = FALSE, external.regressors = NULL, archex = FALSE),  

distribution.model = "std") 

 

 

# Modelfit for the garch(1,1) model and the estimated parameters. We estimate the model 

on only the in-sample period. 
 

garch11.std.modelfit = ugarchfit(spec=garch11.std.spec, data=OMX.ret, 

out.sample = 1034) 

 

garch11.std.modelfit 

 

 

# VaR backtest with “Student’s t garch” 
 

OMX.garch11.std.roll = ugarchroll(garch11.std.spec, OMX.ret, n.ahead=1, 

                               forecast.length = w.t, 

                               refit.every=20, refit.window="moving", 

                               calculate.VaR=TRUE, VaR.alpha=0.01) 

class(OMX.garch11.std.roll) 

 

plot(OMX.garch11.std.roll) 

 

# VaR plot 
 

plot(OMX.garch11.std.roll, which=4) 

 

# Density plot 
 

plot(OMX.garch11.std.roll, which=1) 

 

# Show backtesting report 
 

report.std.omx = report(OMX.garch11.std.roll, type="VaR") 

report(OMX.garch11.std.roll, type="fpm") 
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# Specify “Generalized hyperbolic garch” 

 

garch11.ghyp.spec = ugarchspec(variance.model = list(model = "sGARCH", 

garchOrder = c(1, 1),  

submodel = NULL, external.regressors = NULL, variance.targeting = 

FALSE),  

mean.model = list(armaOrder = c(1, 1), include.mean = TRUE, archm = 

FALSE,  

archpow = 1, arfima = FALSE, external.regressors = NULL, archex = FALSE),  

distribution.model = "ghyp") 

 

 

# Now we want to get the output of the modelfit for the garch(1,1) model and the 

estimated parameters. We estimate the model on only the in-sample period. 
 

garch11.ghyp.modelfit = ugarchfit(spec=garch11.ghyp.spec, data=OMX.ret, 

out.sample = 1034) 

 

garch11.ghyp.modelfit 

 

 

# VaR backtest with “ghyp garch” 
 

OMX.garch11.ghyp.roll = ugarchroll(garch11.ghyp.spec, OMX.ret, 

n.ahead=1, 

                               forecast.length = w.t, 

                               refit.every=20, refit.window="moving", 

                               calculate.VaR=TRUE, VaR.alpha=0.01) 

class(OMX.garch11.ghyp.roll) 

 

plot(OMX.garch11.ghyp.roll) 

 

 

# VaR plot 
 

plot(OMX.garch11.ghyp.roll, which=4) 

 

# Density plot 
 

plot(OMX.garch11.ghyp.roll, which=1) 

 

# Show backtesting report 
 

report.ghyp.omx = report(OMX.garch11.ghyp.roll, type="VaR") 

report(OMX.garch11.ghyp.roll, type="fpm") 
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Appendix 8: VaR Backtest Report 

VaR Backtest Report    

        

Model: GARCH(1,1) Normal Student's t Ghyp 

Backtest Length 1034 1034 1034 

Data       

    

alpha 1% 1% 1% 

Expected Exceed 10.3 10.3 10.3 

Actual VaR Exceed 16 10 10 

Actual % 1.5% 1% 1% 

    

Unconditional Coverage (Kupiec)    

Null-Hypothesis Correct Exceedances  

LR.uc Statistic 2.682 0.011 0.011 

LR.uc Critical 3.841 3.841 3.841 

LR.uc p-value 0.102 0.915 0.915 

Reject Null NO NO NO 

    

Conditional Coverage (Christoffersen)    

Null-Hypothesis Correct Exceedances &  

 Independence of Failures 

LR.cc Statistic 4.041 0.207 0.207 

LR.cc Critical 5.991 5.991 5.991 

LR.cc p-value 0.133 0.902 0.902 

Reject Null NO NO NO 

    

GARCH Roll Mean Forecast     

Performance Measures       

Model             sGARCH 

No.Refits        52 52 52 

No.Forecasts 1034 1034 1034 

    

Performance Measures    

MSE 0.0002465 0.0002465 0.0002459 

MAE 0.0112600 0.0112700 0.0112500 

DAC  0.5203000 0.5193000 0.5319000 
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Appendix 9: GARCH in-sample estimation (Normal) 

GARCH Model Fit         

Conditional Variance Dynamics        

GARCH Model: GARCH(1,1)   

Mean Model:  ARFIMA(1,0,1)   

Distribution: Normal       

Optimal Parameters     

         Estimate   Std. Error t value  Pr(>|t|) 

mu       0.000753 0.000284 2.65098 0.008026*** 

ar1 0.497491 0.673489 0.73868 0.460103 

ma1 -0.558486 0.644375 -0.86671 0.386101 

omega    0.000002 0.000002 1.00377 0.315489 

alpha1    0.106591 0.026449 4.03006 0.000056*** 

beta1        0.888878 0.026240 33.87495 0.000000*** 

LogLikelihood : 2996.188          

Robust Standard Errors:     

        Estimate   Std. Error t value  Pr(>|t|) 

mu         0.000753 0.000290 2.59363 0.009497 

ar1 0.497491 1.314298 0.37852 0.705043 

ma1 -0.558486 1.260337 -0.44312 0.657676 

omega      0.000002 0.000011 0.19726 0.843627 

alpha1     0.106591 0.101514 1.05001 0.293711 

beta1        0.888878 0.109490 8.11834 0.000000 

Information Criteria     

Akaike        -5.9804    

Bayes         -5.9509    

Shibata       -5.9804    

Hannan-Quinn  -5.9692       

Q-Statistics Standardized Residuals Stand. Squared Residuals 

 Statistic p-value Statistic p-value 

Lag[1]             0.3683 0.5439 0.1367 0.71156 

Lag[p+q+1][3] 1.1470 0.2842 3.2254 0.07251 

Lag[p+q+5][7] 2.0467 0.8426 4.4383 0.48819 

d.o.f=2     

H0 : No serial correlation         

ARCH LM Tests     

             Statistic  DoF P-Value  

ARCH Lag[2]        0.1405 2 0.9321  

ARCH Lag[5]         4.2900 5 0.5085  

ARCH Lag[10]      6.5181 10 0.7700   
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Appendix 10: GARCH in-sample estimation (Student’s t) 

GARCH Model Fit         

Conditional Variance Dynamics       

GARCH Model: GARCH(1,1)   

Mean Model:  ARFIMA(1,0,1)   

Distribution: Student's t     

Optimal Parameters     

         Estimate   Std. Error t value  Pr(>|t|) 

mu       0.001021 0.000258 3.95473 0.000077*** 

ar1 0.351891 0.394268 0.89252 0.372116 

ma1 -0.422689 0.382194 -1.10596 0.268746 

omega    0.000002 0.000005 0.31253 0.754634 

alpha1    0.096899 0.061065 1.58682 0.112554 

beta1        0.902101 0.060398 14.93600 0.000000*** 

shape 6.522937 0.950447 6.86302 0.000000*** 

LogLikelihood : 3017.823          

Robust Standard Errors:     

        Estimate   Std. Error t value  Pr(>|t|) 

mu         0.001021 0.000753 1.355622 0.175219 

ar1 0.351891 0.399158 0.881583 0.378002 

ma1 -0.422689 0.385728 -1.095821 0.273157 

omega      0.000002 0.000041 0.037581 0.970022 

alpha1     0.096899 0.529510 0.182997 0.854800 

beta1        0.902101 0.520765 1.732262 0.083227 

shape 6.522937 6.859303 0.950962 0.341624 

Information Criteria     

Akaike        -6.0216    

Bayes         -5.9873    

Shibata       -6.0217    

Hannan-Quinn  -6.0086       

Q-Statistics Standardized Residuals Stand. Squared Residuals 

 statistic p-value statistic p-value 

Lag[1]             0.6823 0.4088 0.000419 0.98367 

Lag[p+q+1][3] 1.1608 0.2813 3.447010 0.06337 

Lag[p+q+5][7] 2.1595 0.8267 4.600663 0.46653 

d.o.f=2     

H0 : No serial correlation         

ARCH LM Tests     

             Statistic  DoF P-Value  

ARCH Lag[2]        0.02457 2 0.9878  

ARCH Lag[5]         4.40511 5 0.4927  

ARCH Lag[10]      6.34424 10 0.7856   
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Appendix 11: GARCH in-sample estimation (Ghyp) 

GARCH Model Fit         

Conditional Variance Dynamics        

GARCH Model:  GARCH(1,1)   

Mean Model:  ARFIMA(1,0,1)   

Distribution:  Generalized Hyperbolic     

Optimal Parameters     

           Estimate   Std. Error   t value  Pr(>|t|) 

mu             0.000703 0.000243   2.89885  0.003745** 

ar1             0.488460 0.277608   1.75953 0.078488* 

ma1           -0.577232  0.258663 -2.23160  0.025642** 

omega          0.000001 0.000006    0.23722 0.812488 

alpha1          0.092007  0.068722 1.33884  0.180624 

beta1         0.905880   0.068484 13.22753  0.000000*** 

skew      -0.399793     0.338584  -1.18078  0.237691 

shape        2.342467   1.313528   1.78334  0.074531* 

ghlambda  -2.403485     3.366196  -0.71401  0.475223 

LogLikelihood : 3024.848          

Robust Standard Errors:     

               Estimate  Std. Error  t value Pr(>|t|) 

mu             0.000703  0.001133   0.620781  0.53474 

ar1         0.488460    1.140456   0.428302   0.66843 

ma1           -0.577232 1.112017  -0.519085   0.60370 

omega          0.000001 0.000056   0.023809   0.98101 

alpha1     0.092007     0.702992   0.130880   0.89587 

beta1      0.905880     0.698516   1.296864   0.19468 

skew          -0.399793  0.913713 -0.437548   0.66171 

shape      2.342467     7.555864   0.310020   0.75655 

ghlambda      -2.403485 6.852614  -0.350740   0.72578 

Information Criteria     

Akaike        -6.0317    

Bayes         -5.9875    

Shibata       -6.0319    

Hannan-Quinn  -6.0149       

Q-Statistics Standardized Residuals Stand. Squared Residuals 

 statistic  p-value statistic  p-value 

Lag[1]             2.205  0.13760 0.006852  0.93403 

Lag[p+q+1][3]      4.246  0.03935  4.746345  0.02936 

Lag[p+q+5][7]       5.302 0.38013  6.020241  0.30425 

d.o.f=2     

H0 : No serial correlation         

ARCH LM Tests Statistic DoF P-Value  

ARCH Lag[2]          0.05936 2 0.9708  

ARCH Lag[5]      5.75708   5 0.3306  

ARCH Lag[10]       7.95787 10 0.6330   
 


