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Abstract 

The heat flux produced from the friction between a disc and pad system leads to a 
high temperature which causes thermal stresses in the disc and after a number of 
repeated braking cycles, cracks might be initiated. The finite element analysis 
(FEA) is performed to determine the temperatures profile in the disc and to 
analyze the stresses for the repeated braking, which could be used to calculate the 
fatigue life of a disc. 
 
Sequentially coupled approach is used for thermo-mechanical problem and the 
problem is divided into two parts, heat analysis and thermal stress analysis. The 
heat analysis is obtained by including frictional heat and adopting an Eulerian 
approach. The heat analysis is conducted by using Abaqus and the toolbox 
developed by Niclas Strömberg. The thermal stress analysis, which is the main 
focus of this thesis, is followed using Abaqus. The plasticity theory as background 

for stress analysis is discussed in detail. The rate independent elasto-plastic    
plasticity is used in the stress analysis. Temperature independent material 
properties are considered throughout the thesis work. 
 
Isotropic, kinematic and combined hardening models are analyzed for simple 2D 
academic models for different types of cyclic loads. A benchmark disc and pad 
model, which is less complicated than the real disc-pad model, is also studied. The 

linear kinematic hardening model with rate independent elastic-plastic    
plasticity is used for benchmark and real disc-pad model. The results of the 

benchmark model and the real model are observed to be similar in terms of    
plasticity theory. 
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1 Introduction 

During braking, the kinetic energy of the moving vehicle is converted into heat 
energy due to friction between disc and pad. As a result the temperature of the 
disc in contact with the pad is suddenly increased. Upon cooling the heat is 
dissipated by convection and radiation leaving some residual thermal stresses. 
During very hard braking the temperature of the disc can reach to very high value. 
The sudden change in temperature causes thermal shock and thermal stress inside 
disc. Plastic deformation occurs due to large thermal expansion/contraction. After 
repeated number of braking cycles, cracks might be initiated on the disc surface 
which leads to failure.  

 

1.1 Background 

In the previous work, Niclas Strömberg [1] used an Eulerian approach for the 
disc-pad system. Contact interface between disc and pad was defined by node-to-
node contact. Frictional heating is considered between the pad and thermo-elastic 
rotating disc. The temperature profiles in the disc are compared with the 
experimental results of thermography tests and found to be very similar to each 
other. To continue the work, stress analysis is to be done. 

 

1.2 Objective  

The thermo-mechanical contact problem is divided into two parts for analysis, 
heat problem and stress problem. The finite element method is used to obtain the 
temperature, thermal stresses and strains for the disc-pad system. To investigate 
the elastic-plastic thermal stress analysis for a brake disc under cyclic temperature 
gradients, the plasticity theory and flow rules are discussed. Proper consideration 
is also given to the material hardening models. In this thesis, the disc-pad system 
is studied only for few repeated braking cycles so that to establish the background 
for predicting the low cycle fatigue life (based on plastic strain amplitude) of the 
disc brake, which is the ultimate objective of this whole project.  
 

1.3 Limitations 

Due to sliding of disc and pad with each other wear is developed, which is not 
included in the analysis. The temperature field is obtained considering constant 
angular velocity. The material properties are assumed to be temperature 
independent. Viscoplasticity is also not taken into account to analyse stresses. 
 

1.4 Outline 

Theoretical background for plasticity, flow rules and hardening models is 
presented in very detail manner. The work of Niclas Strömberg on the heat 
analysis and thermo-mechanical contact problem is also studied. Finite element 
analyses for simple academic models as well as for more complex models are 

http://www.sciencedirect.com.bibl.proxy.hj.se/science/article/pii/S1350630700000376
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conducted. Based on the results obtained from Abaqus, conclusions and 
recommendations for future work are also mentioned. 
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2 Theoretical background 

2.1 Theory of Plasticity 

The material behavior is elastic up to the yield strength     , the response is linear 

as shown in Figure 2-1 and plastic flow occurs when stress exceeds the yield 
strength. Upon loading the deformation (strain) beyond the yield strength is 
permanent and the material original configuration can’t be recovered when it is 
unloaded. The plasticity theory concerns the study of stresses and strains in plastic 
and elastic ranges to effectively describe the plastic deformation under a stress 
state. 
 

  
Figure 2-1 Stress Strain curve for uni-axial loading 

2.1.1 Linear elastic stress-strain relation 

In the elastic region, the relationship between stress tensor and strain tensor is 
given by Hooke’s Law. The constitutive equation is represented as 

             
   2.1 

where       is known as the elasticity tensor (Young’s Modulus E for 1 

dimensional case) and is represented as a fourth order tensor.     and    
   are 

2nd order tensors. For an isotropic material,       is of symmetric properties 

(elastic material stiffness), so that  

                  
Usually strain is represented as function of stress, we can write it as  

    
        

      2.2 

where      
   is inverse of elasticity tensor, called compliance tensor. For 

isotropic material the elastic constants of the material are independent of the 
direction. The elasticity tensor for linear isotropic material is 4th order tensor 
                                2.3 
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    is Kronecker delta and is equal to 1 when    , otherwise is 0.   and   are 

the scalars called Lame moduli.   is known as shear modulus. Lame coefficients 
are written in terms of Young’s modulus and Poisson’s ratio as 

   
  

           
 2.4 

   
 

      
 2.5 

Stress tensor consists of normal and shear components. For constitutive modeling 
the stress is separated into hydrostatic stress tensor and deviator stress tensor. The 

elements of hydrostatic stress tensor are represented as     . Where   is the 

mean stress of the three principal stresses. 

   
 

 
           

 

 
    2.6 

The deviator stress tensor is described as the actual state of stress minus the 
hydrostatic state of stress 
              2.7 

2.1.2 Elastic-plasticity and yield condition 

When the material is loaded beyond its yield strength, plastic deformation occurs. 

An increase in stress results in incremental increase in plastic strain     
  

and 

upon unloading the plastic behavior is unrecoverable      
     . The total 

strain tensor can be decomposed into two part, i.e elastic strain tensor and plastic 
strain tensor 
        

      
   2.8 

Equation 2.1 can be written as  
                  

    2.9 

where     is the Cauchy stress tensor and total strain tensor     is given by     
 

 
           .    is the displacement. The condition at which plastic flow occurs 

is defined by the yield criterion.  
            2.10 

where   is the hardening parameter and       is stress tensor in the stress space. In 

rate-independent plasticity theories, material is in elastic region when  (     )  

  and plastic section is defined by           . When yield function is defined, 

stress invariants are used. The three general stress tensor invariants are 

 

       

   
 

 
       

   
 

 
          

2.11 

In terms of stress deviators the above invariants are written as 

 

       

   
 

 
       

   
 

 
          

2.12 
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The above yield criterion function (Equation 2.10) considering isotropic hardening 

in terms of von Mises criterion(yield surface only depends on    plasticity) for 
isothermal case can be written as [2] 

  (     )  √          2.13 

The yield surface according to von Mises yield criterion in three dimensional stress 
space is shown in Figure 2-2 

 

Figure 2-2 Yield surface for von Mises criterion in principal planes 

2.1.3 Flow rule 

The plastic deformation flowing in a material is described as flow rule. This rule 
relates the incremental plastic strain to existing state of stress and to the applied 
stress increment [2]. 

  ̇  
     ̇

  

    
 2.14 

 

where  ̇ is a scalar and nonzero when plasticity occurs and          is the 

plastic flow potential.  
 
 

 

Figure 2-3 Plastic flow rule 

The above plastic flow rule is known as associated flow rule if the yield surface 

function ( ) and flow potential ( ) are identical, i.e    , if not then it is called 
non-associated flow rule. 

  ̇  
     ̇

  

    
 2.15 
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2.1.4 Hardening Rules 

The yield surface changes (moves or expands) during plastic deformation, this 
change of yield surface is specified by hardening rules. The three commonly used 
models are isotropic, kinematic hardening and combined hardening models. 
Isotropic hardening is adequate for plastic deformation under monotonic loading, 
whereas kinematic hardening mainly explains cyclic plasticity [3]. Combined 
hardening incorporates both kinematic and isotropic hardening models. The 
models are discussed based on rate independent elastic-plastic material with von 
Mises yield criterion. 

2.1.4.1 Isotropic Hardening 

In isotropic hardening, the yield surface increases equally in tension and 
compression, while its center is fixed (doesn’t move in stress space) during the 
plastic deformation. As a result material strength is increased with plastic strain. 
As shown in Figure 2-4 [4] the plastic flow starts at point A, and during plastic 
deformation AB, the material hardens and stress is increased to c1. This causes 
work hardening in the material due to dislocations. In the compression the 
material hardens during CD and when it is reloaded it yields at E above the 
previous hardening path AB. 

 
Figure 2-4 Isotropic Hardening Stress-Strain curve [4]   Figure 2-5 Yield surface expansion in 2-D [4] 

       

The von Mises yield criteria can be written as 

  (     
  )  √

 

 
         (   )    2.16 

The flow rule is given by 

   ̇ 
      ̇     

   (   )
 2.17 

where the term 
    

   (   )
 tells us the direction of plastic flow 

Linear isotropic hardening modulus B is calculated from a uni-axial tension test 

   
     

   
 2.18 



 

7 

 

Theoretical background 

 

2.1.4.2 Kinematic hardening 

In kinematic hardening the yield surface changes its position, whereas the size 
doesn’t change during plastic deformation. In such type of models the 
Bauschinger effect is incorporated, that’s after yielding in tension, the yield stress 
drops during compression. As shown in Figure 2-6 [4] the hardening is observed 
by a linear path (AB) with plastic deformation. The material first yields at point A 

(   ) but in compression unloading the material from point B, yielding occurs 

when stress span reaches twice the initial yield stress,     and hardening path is 

shown as C’D’ in compression direction. Translation of center in 2-D model is 

shown by  . 

 

Figure 2-6 Stress-Strain curve 1-D [4] Figure 2-7 Yield surface translation in 2-D [4] 

 

The von Mises yield criterion for this type of hardening model is given by 

  (       )  √
 

 
                         2.19 

    is back stress  and     is the deviatoric component of back stress tensor which 

is function of plastic strain. Associative plastic flow rule for this type of model can 
be written as 

   ̇ 
   

          

    
   ̇  2.20 

          

    
 is the flow direction and equivalent plastic strain can be obtained from  

    ̇  √
 

 
  ̇ 

    ̇ 
   2.21 

For linear kinematic hardening model, the hardening modulus C is constant. If we 
exclude the thermal effects, this law is written as 

  ̇    
 

    
           

  ̇  2.22 

The above equations are known as Prager’s kinematic hardening law. 
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2.1.4.3 Combined hardening  

For combining hardening model the increase of yield surface size and change of 
the position occur at the same time when material starts yielding, see Figure 2-8.  

 

Figure 2-8 Stress-Strain curve 1-D      Figure 2-9 Yield surface 
expansion and translation in 2-D 

The yield condition becomes  

  (           )  √
 

 
                       

            2.23 

And the plastic flow rule evolves to  

   ̇ 
   

          

     
   

   ̇  2.24 

For a uniaxial tensile case 

    =    2.25 

So we get     

       + B       + 
 

 
C       2.26 

If C =0, the equation 2.26 describes pure isotropic hardening model, if B =0 it 
describes pure kinematic hardening [3].     

2.1.5 Shakedown and Ratcheting 

The cyclic loading beyond the yield limit of a metal leads to plasticity and a cyclic 
accumulation of plastic strain occurs in each cycle called ratcheting as shown in 
Figure 2-10. It depends on many factors including mean stress, stress amplitude, 
temperature, loading history and micro structural characteristics of the metal [5]. 
Ratcheting which leads to collapse is influenced by cyclic hardening and cyclic 
softening. Larger increase in strain occurs in the early cycles. The material 
experiences reversed plastic straining during cycling, with no net accumulation of 
plastic deformation[6],this phenomenon is known as shakedown, shown in Figure 
2-11. 
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Figure 2-10 Ratcheting as a result of cyclic loading 

 
Figure 2-11 Shakedown effect 

 

2.2 Thermomechanics 

The thermomechanical problem is solved in uncoupled way, the temperature is 
calculated by solving thermal problem. Mechanical problem is solved to find the 
stresses and strains by using the temperature as known data. 

2.2.1 Heat transfer problem 

The temperature distribution in the material is first determined for calculating the 
thermal stresses within the material. The thermal problems are solved by using 
Fourier heat conduction equation and first law of thermodynamics. Considering 
an isotropic solid body, the governing equation of heat transfer problem is [8] 
 

   
  

  
  ∑

  

   
 
  

   
 

 

   

 2.27 

where  ,   and   represents density, specific heat and thermal conductivity of 
the material respectively. 

2.2.2 Thermoelasticity 

If a material (homogeneous isotropic) is subjected to a change in temperature, it 
expands/contracts equally in all directions. The change in dimensions due to the 

temperature changes is called thermal strain,     which is a function of       , 



 

10 

 

Theoretical background 

 

where    is the initial temperature and   is the applied temperature. With 
exception of some materials, generally the material expands when it is heated and 
upon cooling it shrinks. 
Thermal strain is linear function of temperature change, we have 

    
                    2.28 

where   is the thermal expansion coefficient and is temperature dependent 
property. The above equation is true when the initial temperature is equal to the 

reference temperature     . If we have different reference and room temperatures 

then Equation 2.28 is written as 

    
         (      )        (       )    2.29 

      is thermal expansion co-efficient at initial temperature. 
If the material is free to move, internal stresses due to thermal strains are not 
produced, unlike mechanical strains which are related to internal stresses by the 
material constitutive law [7]. 
To include the thermal strain in the linear elastic equation, the Cauchy stress is 
written as 

                  
      

    2.30 

or 

                           (      )    2.31 

 

2.2.3 One dimensional fixed bar 

To understand the behavior of thermal stresses, a 1-dimensional bar is studied. 
Consider a 1-dimensional bar (shown in Figure 2-12) which is fixed at both ends 
and is subjected to a temperature change. The bar tries to expand/contract along 
the axis but due to the fixed constraints, no physical deformation occurs.  

 
Figure 2-12 1-dimensional bar fixed at ends 

Considering elastic region, we have 
    

    
         2.32 

Hence it is clear from the above equation that temperature results in compressive 
stress in a fixed bar and these are called thermal stresses. 
               2.33 

If it is assumed that a bar is placed free when constraints are removed then there 

will be no thermal stresses induced and total deformation    will be equal to 
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2.2.4 Thermo-mechanical contact problem 

In this section thermo-elastic response of solids bodies involving contact is 
studied. The governing equations for thermo-mechanical contact problem are 
presented below. 
Figure 2-13 [8] shows two linear thermo-elastic bodies in contact which each 
other.  

 
Figure 2-13 Thermo-mechanical contact problem [8]  

 

An external pressure is applied on body    at the boundary    and body    is 

fixed at the end   . Contact interface is represented by    is the surface where 
the two bodies contact with each other. The relative displacement between 

contact points at contact interface as a result of contact pressure   is given by 

 . When there is a contact between two bodies, Signorini’s contact conditions are 
used for contact interface 
                          2.34 

where     is normal component of contact pressure,   is the initial gap between 

the bodies and    is relative normal displacement between the contact points. 
The inequalities in the above equation correspond to: the contact force is always 

positive and the bodies should not penetrate. The pressure    acts in tangential 
direction and causes friction slip. When frictional slip occurs, then by using 
Coulomb’s law the frictional force can be written as 

 
  ̇    

      

  ̇

|  ̇ |
 

2.35 

  represents the friction coefficient. 
It is assumed that all the frictional heat is distributed between the two bodies. By 
using the equilibrium energy balance and Coulomb’s law, the heat distribution in 
the two bodies can be written as [8]  

 
    

   
    

           
      

  

        |  ̇ | 

    
   

    

           
      

  

        |  ̇ | 
2.36 

In the above equations    is the contact conductance between body    and 

contact interface   .   is the temperature of the body. 
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3 Finite Element formulations for thermal-

mechanical problem 

3.1 Sequentially coupled approach 

This approach is used when the stress and strain distribution in a model depends 
on the temperature field of the model whereas temperature distribution can be 
established without the availability of stress/ mechanical strain distribution in the 
model. The thermal-mechanical problem is solved by first calculating the heat 
transfer analysis from which we get temperature distribution. For the stress 
analysis simulation, the nodal temperature data are read from the output file of 
heat transfer analysis simulation, and are applied on the model as a nodal 
temperature field in Abaqus/Standard by using predefined fields. The working 
steps for sequentially coupled approach are presented in Figure 3-1. 
 

 
Figure 3-1 Working steps for sequentially coupled approach 

 

3.2 Frictional heat in a disc-pad system 

For the thermal stress analysis in the contact problem like disc and pad, we need 
to first calculate the temperature due to frictional heat. To obtain the temperature 
distribution, we use the Toolbox developed by Niclas Strömberg. In this section a 
brief introduction about the working principle of the toolbox (Brake43P) is 
discussed.  
In the tool box using Eulerian approach, the mesh is fixed in space and the 
material points flow through the mesh. At the contact surface, the surfaces are 
finely meshed and a node-to-node contact (shown in Figure 3-1) is established for 
producing precise frictional heat results. The thermo-mechanical contact problem 
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is divided into two parts-mechanical contact problem and thermal problem. In 
mechanical problem the nodal displacements as a result of contact pressure and 
thermal expansion are calculated and in thermal case the nodal temperatures due 
to frictional heat are obtained. To solve mechanical contact problem, Signorini’s 
contact conditions are treated with Augmented Lagrangian approach and the 
equations are solved by non-smooth Newton’s method [1]. Thermal problem is 
solved by using trapezoidal rule for the time discretization [1]. 

 
Suppose the initial states at n time increment, displacement   

 , temperature   
 , 

temperature rate  ̇ 
 
, pressure in normal direction   

  are known. The problem 
is explained in three steps using finite element equations as shown in Figure 3-3. 
Step 1: The finite element formulations for governing equations of motion are 
used to solve displacement problem for both components. Then the contact 
analysis is done using Signorini’s contact condition. This is the mechanical contact 

problem. The new displacement   
   , normal contact pressure   

    are stored 
as initial state for next time increment.  
Step2: The heat flux from contact interface to contact surfaces of the components 
is calculated. The frictional heat dissipation is incorporated in this step. 
Step3: After obtaining the heat supply from step 2, we solve the thermal 

distribution problem inside the disc. Then we can get new temperature   
   , and 

temperature rate  ̇ 
   

 for every node, which are stored for next time 
increment. 
 

 
 

Figure 3-2 Node to node contact 
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  Step 1: 

 

   
       |      |

 
  

 

 

 

 

  Step 2:   

                                
           

                                   
            

 

   

Step3:             ̇                        

   ̇                  

 

 
 

 

 

Figure 3-3 Working steps for toolbox 

The governing equations of motions for the mechanical contact problem 
(presented in section 2.2.2) of the two bodies (m =1,2 representing disc body and 
pad body respectively) in terms of finite element formulations are given in 

equation 3.1. Where [  ]is the stiffness matrix, [  ] is nodal displacement 

vector, [  ]is nodal temperature vector, [  
 ] is transformation matrix, [  ̂] 

is material expansion matrix,    is Force vector on disc,    is force vector on 

pad. 
The heat transfer problem (presented in section 2.2.4) as matrix formulation is 

given in eqation 3.2. Where the symbol   represents the Hadamard product,    

is the capacity matrix,    is the conduction matrix,     is stabilization term 

added in the equation to stabilize the thermal solution,     is heat flux vector 
which is function of nodal temperature and normal contact pressure. 

 

3.1 

3.2  

Thermal problem 

 Mechanical contact problem 

  
 ,   

 ,  ̇ 
 
   

  

 

       ̂   (   
     )

 
      

          ̂   (   
     )

 
      

  
   ,   

    

   
   ,  ̇ 
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4 Abaqus simulation study for academic 

models 

To conduct FE analysis of the pure mechanical problems and thermal-mechanical 
problems using Abaqus, we started with some simple academic models and then 
investigated the real disc-brake system. One of the aims is also to select the 
appropriate hardening rule. 

4.1 Models with different hardening rules 

4.1.1 Preparation 

In Abaqus, it provides all three different hardening methods for plasticity analysis. 
In this chapter academic models are discussed. We use a simple 2D bar 

(0.8in 0.4in) with a load only in x-direction and the boundary conditions are 
applied to fix movement of left edge in x-direction and bottom edge in y-
direction, see Figure 4-1. However, we use two different load methods, one is 
predefined pressure and the other is predefined displacement. And for 
comparison we basically use same material data for the three hardening models. 
The material properties are shown in Table 4-1 and 4-2. The material data shown 
is obtained from Abaqus Example Manual [9], except some extra material data for 
combined model. Furthermore, we only put two pairs of data for plastic property 
to get a linear material behaviour with constant hardening modulus for all the 
three hardening models.   

 

Figure 4-1 2-dimensional subjected to cyclic load 

                     

Young’s Modulus Poisson’s Ratio 

281e5 lb/in2 0.2642 

                       Table 4-1 Elastic Properties 

 Stress Plastic strain 

1 39440 lb/in2 0 

2 76520 lb/in2 0.105 

                        Table 4-2 Plastic Properties 
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As we are studying cyclic load, so we have to define an amplitude. The total time 

span is 7 seconds, as  
 

 
 cycles, see Figure 4-2.  

 

Figure 4-2 Cyclic Load 

For mesh, we use a quadratic-dominant element type CPS8R with reduced 
integration and the global size is 0.02 inch. The meshed part is shown in Figure 4-
3 

 

Figure 4-3 Meshed Part 
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4.1.2 Isotropic hardening 

Pressure driven case P -40000lb/in
2 

 

Figure 4-4 Pressure driven response, Isotropic Hardening 

Displacement Driven U 0.005in 

 

Figure 4-5 Displacement driven response, Isotropic Hardening 
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According to what we have learned about isotropic hardening from previous 
chapter, the yield strength increases to the simultaneous flow stress every time 
when yielding occurs. For the pressure driven case, the stress variation is fixed, so 
there will be only one yielding. The rest cycles deforms within the elastic region 
expanded in the first cycle. This is exactly what we observe from Abaqus 
simulation as shown in Figure 4-4.      

For displacement driven case, the strain variation is fixed. It keeps yielding every 
half cycle with increasing yield strength until there is no plastic strain, in other 
words, until the predefined strain variation turns entirely into elastic deformation. 
This whole process will take a large number of cycles, but from our simulation 
(Figure 4-5) we still can see the trend.   

However, in isotropic hardening model, the yield strength increases in both 
compressive and tensile direction in a homogenous isotropic material. From 
experiments it is observed that once materials yield in tensile direction, the yield 
strength in compressive direction actually decreases, which is called Bauschinger 
effect [10]. To integrate this effect, the kinematic hardening has been developed, 
which will be studied in next section. When the load is monotonic, the isotropic 
hardening would be sufficient enough, but when it comes to cyclic loads, 
kinematic hardening obviously predicts better result.  
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4.1.3 Kinematic hardening  

Pressure driven case P=-42500lb/in
2 

 

 

Figure 4-6 Pressure driven response, Kinematic Hardening 

Displacement driven case U 0.003in 

 

Figure 4-7 Displacement driven response, Kinematic Hardening 
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In kinematic hardening, the size of the yield surface keeps constant no matter how 
many cycles we have, which means in uniaxial case the elastic range keeps 
constant as long as the load variation is fixed. And it is valid for both pressure 
driven and displacement driven. 

There is one thing to notice that in Abaqus linear Ziegler hardening law is used 
instead of classic Prager’s hardening law. As we know; the deviatoric back stress is 
proportional to the plastic strain [3]. 

                            X=C    4.1 

Here C is normally obtained by a uniaxial tensile test. For the Prager’s hardening 

law, deviatoric back stress in loading direction X=
 

 
Y, here Y is back stress, so we 

get 

       =
 

 
     4.2 

So 

  =
         

     4.3 

where     is initial yield strength with zero plastic strain,   is the yield stress at 

plastic strain    . 

For the linear Ziegler hardening law, the kinematic hardening modulus is obtained 
directly [9]. 

  = 
        

    4.4 

We can find  =
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4.1.4 Combined hardening  

Pressure driven case P -45000lb/in2 

 

          Figure 4-8 Pressure driven response, Combined Hardening 

Displacement driven U 0.005in 

 

   Figure 4-9 Displacement driven response, Combined Hardening 
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Combined hardening model takes both isotropic and kinematic rule in 
consideration, which means the size of the yield surface changes with the 
translation of centre when yielding occurs. Normally this model predicts the most 
accurate results among the all three hardening models. For pressure driven case, 
yielding will not occur once yield strength reaches the predefined pressure as 
shown in Figure 4-8. For displacement driven case, yielding will not occur once 
predefined strain turns to elastic deformation with a moved centre of yield 
surface. However, it requires a large number of cycles to reach the final state. In 
this Abaqus simulation, we only ran 3 and a half cycles, but we still can see the 
trend, see Figure 4-9. 

In Abaqus both isotropic model and kinematic model are linear while combined 

model is nonlinear. It incorporates two material parameters    and  , where 

   is the maximum size of yield surface and   is the rate at which yield surface  
changes, to define the nonlinear evolution of size of yield surface [9]. 

       +  (1-      
)           4.5 

Abaqus allows two methods to define    and b. One is to put the values of 

parameters directly, the other is to put pair data (      
  

), from which Abaqus 

calibrates both   and  . 

For kinematic hardening component, it incorporates another material parameter r 
to define the nonlinear evolution of backstress. r is the rate at which the kinematic 
hardening modulus decreases [9]. 

  ̇     
 

  
(   )    ̇    K     ̇     4.6 

And here   is the initial kinematic hardening modulus; K is the number of back 
stress. 
For defining kinematic hardening component, we can define the parameter values 

directly or put pair data (  ,   
  

), from which Abaqus calibrates the values. 

However, nonlinearity of material behavior is out of scope in our thesis study. 
Furthermore, correct material data for defining isotropic hardening component in 
combined model is not easy to get, as a result we had to make up a pair material 
data as shown in Table 4-3. 

Equivalent Stress Equivalent plastic strain 

39440 lb/in2 0 

65790 lb/in2 0.0861 

Table 4-3 Data to define isotropic hardening component 

If we only put two rows of tabular data to define both kinematic hardening and 
isotropic hardening components, then the model will be simplified to a linear 
model with constant kinematic and isotropic modulus, which is exactly what we 
did( Figure 4-8 and Figure 4-9.    
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4.1.5 Thermal stress analysis 

4.1.5.1  2-Dimensional bar 

 

Figure 4-10 Schematic of 2-Dimensional bar showing boundary conditions 

In order to study thermal stresses in Abaqus, the same model as in section 4.1.1 is 
used. The boundary conditions are slightly modified, both the vertical edges are 
fixed along x-direction and the bottom edge is constrained along y-direction as 
shown in Figure 4-10. The bar initial temperature is 20 °C. Repeated temperature 
for period of 3.5 cycles and total time span of 7 seconds is defined as shown in 
Figure 4-11. The entire bar is heated from initial temperature 20 °C to 500 °C and 
cooled down to 20 °C for 3.5 cycles. As, this problem is heat transfer problem, so 
thermal material properties are also defined as shown in Tables 4-4, 4-5 and 4-6. 
For mesh, a bilinear plane stress element type of CPS4R with reduced integration 
is used and the global size of 0.02 is selected. 
 

Mass Density Thermal Conductivity Specific Heat Thermal expansion coefficient 

7150 kg/m3 55 W/(m C ) 501  J/( kg C) 1.17e-5  C-1 

Table 4-4 Thermal Properties 

Young’s Modulus Poisson’s Ratio 

93.5 GPa 0.27 

Table 4-5 Elastic Properties 

 Yield Stress Plastic strain 

1 153 MPa 0 

2 19.278 GPa 0.25 

Table 4-6 Plastic Properties 
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Figure 4-11Temperature cycles for total time span of 7 seconds 

From the boundary conditions it can be seen that the total strain in x-direction 
will be zero theoretically and the stress in x-direction will be significantly larger 
than the stress in y-direction. So we are more interested to plot stress-strain curves 
in x-direction. In this problem uniform stress distribution as a result of the applied 
temperature is observed. It is also clear that reversed plastic straining is the basic 
reason of fatigue, so here we ignore the thermal strains in the curves and plot only 
total stress vs. mechanical strain and total stress vs. plastic strain. The results are 
shown in Figure 4-12 and 4-13 respectively. 

 

Figure 4-12 Total Stress (   ) Vs. Mechanical Strain (   
   +    

  ) 
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Figure 4-13 Total Stress (   ) Vs. Plastic Strain (   
  ) 

Now we proceed with the same model, material properties, and boundary 
conditions, with same applied temperature cycles but the temperature is only 
applied on the top edge of the bar. Since thermal stress depends on the 
temperature field and temperature field is not dependent on the stress, so we used 
the sequentially coupled thermal stress analysis approach. 
For heat transfer problem, heat transfer step is selected and an element type of 
DC2D4 is used. We define thermal properties as shown in Table 4-6 for heat 
transfer problem and mechanical properties as shown in Tables 4-7 and 4-8 for 
stress analysis problem. An element CPS4R is used for mechanical problem. 
The nodal temperature field and the stress distribution in x-direction are shown in 
Figure 4-14 and 4-15 respectively. The stress distribution in this problem in non-
uniform and the region where the stresses are maximum is selected. The stress-
strain plots are shown in Figure 4-16 and 4-17. 
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Figure 4-14 Nodal temperature Field for the final time step 

 

Figure 4-15 Stress distribution in 11-direction 
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Figure 4-16 Total Stress (   ) Vs. Mechanical Strain (   
   +    

  ) 

 

Figure 4-17 Total Stress (   ) Vs. Plastic Strain (   
  ) 

4.1.5.2   2-D disc 

Now we extend our study by changing only the model geometry to a simple 2-D 
disc. Due to symmetry conditions only quarter is shown in Figure 4-18. The 
sequential coupled thermal stress analysis approach is used here. The disc is 
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heated from initial temperature of 20 °C to 700 °C and then cooled to 20 °C for 
3.5 cycles as shown in Figure 4-19. The red band in Figure 4-18 shows the portion 
where the cyclic temperature is applied and Figure 4-20 shows temperature 
distribution in the disc. 

 

 

Figure 4-18 Symmetry conditions of 2-D disc 

 

Figure 4-19 Temperature cycles for total time span of 7 seconds in the disc band 
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Figure 4-20 Temperature distribution in 2-D disc 

Due to the geometry, the stress in tangential direction is considerably larger than 
in radial direction. For comparison the plastic strain and total stresses in both 
directions are shown Figure 4-21 and 4-22 respectively. 

 

Figure 4-21 Plastic Strain in radial (11) and tangential (22) directions 



 

30 

 

Abaqus simulation study for academic models 

 

 

Figure 4-22 Total stress in radial (11) and tangential (22) directions 

Plastic strain in tangential direction for the final increment is shown in Figure 4-23 

 

Figure 4-23 Plastic strain in tangential direction 
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Figure 4-24, 4-25 and 4-26 show the plots of stress against total strain, stress 
against mechanical and stress against plastic strain respectively.The nonlinear 
behaviour in Figure 4-24 is explained in Chapter 5. 

  
Figure 4-24 Total Stress (   ) Vs. Total Strain (   ) 

 

Figure 4-25 Total Stress (   ) Vs. Mechanical Strain (   
      

  
) 
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Figure 4-26 Total Stress (   ) Vs. Plastic Strain (   
  ) 
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5 Abaqus simulation study for disc-pad 

system 

The geometry of the real brake disc is quite complex, which leads to a large 
amount of elements and big computational power. Instead, we implement a 
simplified bench mark disc-pad model as shown in Figure 5-1a. The disc inner 
circle is fixed in all the three directions as shown in Figure 5-1b. Also the inner 
circle of the disc is constrained to room temperature. The results of the bench 
mark model are discussed in detail, which ensures the accuracy of the result from 
real disc simulation later.     

5.1 Study of bench mark model 

As we discussed in Chapter 3, the thermal-mechanical problem is decoupled into 
heat analysis and thermal stress analysis. The toolbox to get a heat history of the 
disc has also been presented in Chapter 2.  

                          

 

    Figure 5-1a. Benchmark model   b. Boundary conditions 

5.1.1 Preparation 

To get a temperature history by using the toolbox (Brake43P) we need to set up 
some parameters in it. Commonly used parameters in the toolbox are listed in the 
Appendix1. The heat obtained from the toolbox is for one cycle i.e., apply the 
brake and then cool the disc back to initial temperature as shown in Figure 5-2. 
For cyclic thermal stress analysis, we create three steps using predefined field to 
incorporate the temperature history in Abaqus, which means it is now a cyclic load 
with three cycles, shown in Figure 5-3.    



 

34 

 

Abaqus simulation study for disc-pad system 

 

 

Figure 5-2 Heat Load of one braking at a random node 

 

Figure 5-3 Cyclic heat load for three braking at a random node in finer meshed area 

For thermal stress analysis, we define plastic property and the elastic property is 
the same as it in the heat analysis. 

For cyclic load case, the kinematic hardening rule or combined hardening rule 
should be used for plasticity property. In consideration of insufficient material 
data for combined model, we choose kinematic hardening model for our analysis. 
The material data is shown in Table 5-1 and 5-2 [9]. 
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Young’s Modulus Poisson’s Ratio 

92.9 GPa 0.26 

                       Table 5-1 Elastic Properties 

 Yield Stress Plastic strain 

1 153MPa 0 

2 19275MPa 0.25 

                        Table 5-2 Plastic Properties 

Another problem is coordinate system. Normally, our study and simulation is 
based on the classic coordinate system for rectangular component or structure. In 
this case, the rectangular coordinates system is improper due to the circular 
geometry of the disc. So we use cylindrical coordinate which consists of radial 
direction, tangential direction and Z direction as shown in Figure 5-4. In Abaqus 
11, 22 and 33 in case of cylindrical coordinate system represent radial, 
circumferential and Z direction respectively.  

 

                  Figure 5-4 Cylindrical type of coordinate system 

And here we use a 4-node linear tetrahedron element type C3D4, which is fixed 
by Niclas Strömberg.  

5.1.2 Results study 

We run the simulation for three cycles and plot total stresses against total strains 
for the element (element number 124420) in the finer meshed contact region. The 
plots are shown in Figure 5-5. The main focus is on principle directions due to the 
small values of shear stresses. 
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Figure 5-5a      -    

 

Figure 5-5b      -    

 

Figure 5-5c      -    
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Here we can see, the results are totally different from the previous one discussed 
in Chapter 4, they seem to disobey all rules that we have learned. In elastic region, 
it should obey Hooke’s law with constant slope in all three cycles. In plastic 
region, it should obey the linear kinematic hardening rule with a constant 
hardening modulus. So let’s dig them deeper with separate studies for elastic 
behaviours and plastic behaviours. 

5.1.2.1 Elastic behaviour 

The stress-stain relationship for an isotropic material is well known as an 
interaction of Hooke’s law and Poisson effect [11]. To make this study easier to 
understand, let’s concentrate on radial direction. So 

    
     

   

 
     

   

 
     

   

 
 5.1 

where   is Young’s Modulus and   is the Poisson ratio. Then the total strain in 
radial direction is  

       
   

 
     

   

 
     

   

 
      

   5.2 

In previous studies we used a uniaxial load case with only one load in x-direction 
Figure 5-6 shows an element subjected to a uniaxial load. 

 

                    Figure 5-6 Uniaxial load case 

So when we study the state along x-direction, the Poisson’s effect caused by the 
other two directions actually doesn’t exist. The Equations 5.1 and 5.2 can 
simplified to  

    
     

   

 
 5.3 

       
   

 
     

   5.4 

Then we can find that the     and     has a linear relationship which is 
observed in Figure 4-6 or 4-7 in Chapter 4.  

In this benchmark (disc and pad) problem, the material expands or contracts in all 
three directions, so there are actually loads in all three directions, and because of 
heat power, we also have to incorporate thermal strain, which actually is the 
biggest strain components, see Figure 5-7.  
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Figure 5-7 Thermal load case 

So the total strain in radial direction actually is  

                      
   

 
     

   

 
     

   

 
      

       
   5.5 

    and     do not have a linear relationship at all, cause we have to consider 
thermal strain and Poisson effect now. Since what we need to study is mechanical 
behavior of the material for fatigue analysis, we can exclude thermal strain here, 
and plot total stress against mechanical stain instead. The results are shown in 
Figure 5-8. 

  

Figure 5-8a.     -    
  

+   
  ) 
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Figure 5-8b.     -    
  

+   
  ) 

 

Figure 5-8c.     -    
  

+   
  ) 

 



 

40 

 

Abaqus simulation study for disc-pad system 

 

Here we just exclude thermal strain, Poisson effect is still considered. Because 

corresponding elastic strain caused by     is much bigger than those in other two 
directions, showed in Figure 5-8b, the stress-strain curve along tangential direction 
is much closer to uni-axial load case. And for stress-strain plots in 11 and 33 

direction    contributes a big nonlinearity.If we want to observe a linear 
relationship between stress and corresponding strain, we can further neglect 
Poisson effect using some calculation, but then it would not be the real material 
behaviour. And for a fatigue analysis, the elastic behaviour is not that important, 
we should focus on plastic behaviour which will be discussed in the next section.  

5.1.2.2 Plastic behaviour 

The final destination of this whole project is the fatigue analysis of brake disc. 
What we need finally is a stabilized plastic state. In addition, we have studied 
elastic behaviour in previous section, so instead of plotting stress against 
mechanical strain, we can just plot stress against corresponding plastic strain to 
study the plastic state of the disc, see Figure 5-9. 

 

Figure 5-9a.     -   
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Figure 5-9b.    -   
   

 

Figure 5-9c.     -   
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As we stated before, we use the linear kinematic hardening model here. According 
to what we have learned in Chapter 2 and 3 for uniaxial case, the plastic strains 
should have a linear relationship with corresponding stresses. In the current case 
the plots (shown in Figure 5-9) are totally nonlinear, especially in radial and Z 
direction. To confirm the accuracy of the result, we need to have a review of 
plasticity theory with kinematic hardening rule and dig it deeper for multi-load 
case.        

According to    plasticity theory discussed in Chapter 2, plastic deformation is 
only sensitive to deviatoric stresses [3]. And for kinematic hardening rule, we 
incorporate back stress to keep the size of yield surface constant when yielding 
occurs. The stress and back stress states are represented by their components as 

    [               √      √      √    ] 5.6 

 Y  [               √      √      √      ] 5.7 

Then we can get deviatoric stress and deviatoric back stress. 

 S  [
              

 
   

              

 
  

              

 
  √     √     √    ] 5.8 

 

 X  [
              

 
   

              

 
   

              

 
  √     √     √    ]    5.9 

 And the von Mises equivalent stress is  

  ̅  √
 

 
            5.10 

 If we break it down, we get  

          ̅  √
 

 
          

 

   
  

     
    

  
     

     
  

     
     

  
     

     
  

     
 )    5.11 

When the equivalent stress fulfils yield function below, plastic deformation occurs. 

  (        )   ̅                 5.12 

According to Equations 5.8, 5.9, 5.11 and 5.12, we should get a concept that 
plastic deformation is a result of all stress components working together as form 
of deviatoric stress, the principal plastic strains in any direction actually doesn’t 
have a direct relationship with corresponding  principal stresses. 

To make it clear, let’s assume an ideal state: there is an equal stress in all three 
principal directions, and this stress is a little bigger than initial yield strength of the 
material, see Figure 5-10.                                                                
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Figure 5-10 An ideal stress state 

 

Then we get 

 S [ ] and  X [ ]  5.13 

This leads to 

  ̅  √
 

 
              0 5.14 

No matter how big the stress   is, there will be no plastic strain at all; the 
principal plastic strains don’t have direct relationship with corresponding principal 

stresses. This is also one of the reasons why    plasticity is more proper for small 
strain case, especially metals. 

However, if we remove the stresses in tangential and Z direction, the model is 
simplified to the uniaxial load case we studied before, see Figure 5-11.                                    

 

Figure 5-11 Uniaxial load case 

We can get 

    [                 ] 5.15 
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 Y  [                ] 5.16 

This leads to  

 S  [
 

 
     

  

 
     

  

 
            ] 5.17 

 

 X  [
 

 
     

  

 
     

  

 
            ] 5.18 

If we put 5.17 and 5.18 in 5 .11, we get 

  ̅                  5.19 

or 

                5.20 

We know back stress is proportional to plastic strain, so in 11-direction 

      
 

 
           

   5.21 

Then 5.20 could be changed to 

          
 

 
      

  

  
 5.22 

It is a linear equation, so we can get a linear material behaviour between     and 

    during plastic deformation as observed in Figure 5-12(or Figure 4-6).                 

 

Figure 5-12    -    

But if we also take a look at 22 direction, 



 

45 

 

Abaqus simulation study for disc-pad system 

 

      
  

 
     

=      
   5.23 

Then equation 5.23 also could be changed to  

                 
  

    
 5.24 

We can find that     and     actually also have a linear relationship during 
plastic deformation as shown in Figure 5-13. 

 

Figure 5-13    -    

So, again, the plastic deformation is a result of all stresses working together as 
form of deviatoric stress, the principal plastic strains don’t have direct relationship 
with the corresponding principal stresses. In uniaxial load case, the linearity of 
material plastic behavior is because there is only one stress and back stress 
component involved in deviatoric stress and deviatoric back stress, as a result we 
can derive a linear relationship between the stress and the strain. 

If we go further to the flow rule in kinematic hardening rule, we have 

   ̇ 
   

      

    
   ̇  5.25 

where     is constant during plastic deformation, equivalent plastic strain rate is 

a scalar always positive, what decide the direction of plastic strain is deviatoric 
stress and deviatoric back stress. Let’s break down Equation 5.25 
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  5.26 

As we can see from Equation 5.26, for a multi-axial load case like this bench mark 
model, see Figure 5-14.      

                                Z      

 

 

  

                                 R                                                                                                                                                     

                                        

                               

                            T 

Figure 5-14 Benchmark model element 

The change of principal plastic strains in any direction is dependent on all stress 
and back stress components working together.  

However, because of the geometry and boundary conditions of the disc, we 
observe that, the stress in tangential direction is much bigger than stresses in other 
two directions as shown in Figure 5-15. 

 

Figure 5-15 Stresses in principal directions 
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And the same situation for back stresses, see Figure 5-16. 

 

Figure 5-16 Back stresses in principal directions 

If we check equation 5.26, we find that     and     actually are the dominant 
components for plastic strains in all principal directions. That is why in     

Figure 5-10, the plot     -    
   is much closer to the uniaxial case and the plots      

    -    
   and     -    

   are totally chaotic, cause     and     contributes 
big nonlinearity, which is similar to the situation in elastic region we studied 

before. Instead, if we plot     -    
   and     -    

  , they should be also similar 
to the plot we have got from the uniaxial load case, as can be seen in Figure 5-17. 

 

Figure 5-17    -   
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However,the stress and back stress components in radial and Z directions are not 
small enough to be neglected totally. As a result they cause non-linear behaviours 
during plastic deformations in 22 direction. 

5.1.3 Conclusions for bench mark model study 

 As in a circular geometry, the stress in circumferential direction is much bigger 
than the stresses in other two directions. So the elastic behaviours in these two 
directions are strongly influenced by circumferential stress. But for our project, 
elastic behaviour doesn’t have big value to study. 

 The principal plastic strains do not have direct relationship with corresponding 
principal stresses. Plastic deformation is a result of all stress working together. 
For fatigue analysis, what we need is a stabilized plastic state. As long as the 
plastic state is stabilized, we can neglect the irregularities in the plots. However, 
as we stated above, the circumferential stress is also the dominant stress of plastic 
deformation in disc-like geometry, and according to old studies and experience, 
the failure of the brake disc is normally first initiated along radial direction, which 
means it is caused by circumferential stress. So we can focus on stress/strain 
states in circumferential direction. 

 The results of thermal stress and strain analysis are reliable and correct, they obey 

the elasticity and    plasticity we have learned. And we can proceed to real 
model using the same approach as what we did for benchmark model. 
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5.2 Study of real model 

5.2.1 Preparation  

The geometry of the real disc model is much more complex than the benchmark 
model, shown in Figure 5-18. Due to symmetry conditions the disc movement is 
fixed along Z direction and the inner circle is fixed along the radial and 
circumferential directions as shown in Figure 5-18b. Also the inner circle of the 
disc is constrained to room temperature. There is a plate supporting the pad, 
which is fixed in radial and circumferential directions. External pressure is applied 
along Z direction on the pad.And for temperature distribution, we also need to 
run a new simulation, for setting of the toolbox, see Appendix1. 

 

        
Figure 5-18a. Real disc brake model                b. Boundary conditions 

 

For all data of material properties, they are exactly the same as we set for Bench 
mark model.  

5.2.2 Results study 

According to what we have discussed for bench mark model, the circumferential 

stress     should be the dominant stress. Plastic deformation in this case should 
be much bigger in circumferential direction. Generally speaking, the stress and 
strain states should be similar as what we have learned from the benchmark 
model. To check this, we plot all principal stresses and plastic strains. The plots 
are shown in Figure 5-19 and 5-20. 
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Figure 5-19 Stresses in principal directions 

 

Figure 5-20 Plastic strains in principal directions 

So we stick with the state of circumferential direction as we decided before.The 
element in the finer meshed region is selected for study. The stress- plastic strain 
plot for the circumferential direction is shown in Figure 5-21. 



 

51 

 

Abaqus simulation study for disc-pad system 

 

 

Figure 5-21    -   
   

The behavior is very close to the uni-axial load case. A stabilized state of plastic 
strain is also observed, which means the project is ready to proceed to fatigue 
analysis since we have already confirmed the accuracy of the result from 
benchmark model study.
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6 Conclusions and Recommendations 

 

6.1 Material Properties 

In this thesis rate independent plasticity is considered and the material properties 
used are temperature independent, which saves some computational time and 
probably makes models faster to reach a stabilized state while the results are 
reasonably correct and sufficient enough for the study of this thesis. 
However, since the material properties are strongly influenced by temperature, it is 
very important to incorporate the temperature-dependent properties in the future. 
Furthermore, viscoplasticity, which is neglected in our thesis, should also be 
included to define plasticity more accurately.    
 

6.2 Hardening model 

For materials under a cyclic load, we have to use linear kinematic hardening model 
or nonlinear combined hardening model in Abaqus. In our study, we choose the 
kinematic model because of readily available material data. But in combined 
model, which incorporates both kinematic and isotropic hardening rules, 
obviously predicts better results. So in the future, if the material parameters or 
data for combined model are available or an experiment could be implemented to 
get these parameters and data, the kinematic model should be changed to the 
combined model. 

 

6.3 Fatigue analysis 

As observed from the results, the stress in circumferential direction is the biggest 
among all three principal stress components. It is also the dominant component to 
plastic deformation in disc. In addition, the plastic strain in circumferential 
direction is also bigger than the others. So we can just focus on the stabilized state 
of circumferential direction for fatigue analysis in the future. 

     

6.4 Simulation approach to create cyclic load 

In our study, we simply created three cycles for both benchmark and real disc 
model using static general step with predefined temperature field to incorporate 
the load. This approach has been working well and we observed a stabilized state 
even in just aplying three cycles. However, if geometry is more complicated and 
the material properties are all temperature-dependent with combined hardening 
model, there could be a possibility that it takes a large number of cycles to reach a 
stabilized state. Then, it probably is worth to have a study about Direct Cyclic 
Step, which is designed to solve the problem we just stated and low cycle fatigue 
analysis.
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8 Appendices 

Appendix 1  Interface and parameters of the tool box 
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Appendix 2 Thermal distribution in disc with appearing of highest 
temperature  

a, Benchmark model  

,  

 

b, Real Model 
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Appendix 3   An example of stress distribution in circumferential direction  

 

a, Benchmark model 

 
 

b, Real Model 

 


