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Abstract

Deterministic successive response surface optimization is a
most efficient tool for improving machine components. A possi-
ble drawback might be that the optimal design proposal is non-
robust. For instance, a constraint on the von Mises stress might
be violated for small changes in the optimal values of the design
parameters. This might be checked after the optimization by per-
forming robustness analysis. Another approach would be to re-
place the deterministic constraint on the von Mises stress with a
probabilistic reliability constraint. This is the scope of the follow-
ing paper. A sequential linear programming approach for reliabil-
ity based design optimization is developed and implemented. The
design variables are assumed to be normally distributed, where
the standard deviations of the design variables can be given as
coefficients of variation. A deterministic LP-problem is derived
by performing a Taylor expansion of the constraint at the most
probable point (MPP). The MPP is found by solving the opti-
mality conditions using Newton’s method and the LP-problem
is solved by an interior point method. The approach is efficient
and robust. This is demonstrated by performing reliability based
shape optimization of a real knuckle component to a heavy truck.
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1 Introduction

Deterministic structural optimization has seen significant improve-
ments in terms of algorithms, problem size, accuracy and performance
in the last decades. However, the optimal solution can be very sensitive
to fluctuations in the design parameters that are often uncontrollable
for instance, manufacturing tolerances, load uncertainties, etc. More-
over, the time-consuming nature of the finite element analysis prevents
exploration of the sensitivities of the design parameters in a reasonable
time frame, as well as usage of stochastic optimization methods (e.g.
Monte Carlo). To cope with these issues, safety factors have been more
or less successfully used in the engineering practice to allow usage of
optimization and at the same time ensure that the proposed design is
safe to a reasonable degree. The safety factors approach is straight-
forward from a designer’s point of view, but there is a significant risk
of underengineering and overengineering, each with its associated cost,
that is due to the inherently heuristic nature of choosing the safety fac-
tors. Reliability-based design optimization (RBDO) is a methodology
that allows incorporating uncertainties of the design parameters in the
optimization process, giving a more accurate and dependable picture
of the influence of each parameters variation on the optimal solution.

In this paper a sequential linear programming (SLP) approach for
RBDO is developed. The meta modeling of the finite element model
is performed by adopting the successive response surface methodology
(SRSM). A simple panning strategy is suggested for updating the region
of interest (RoI). A center point between the optimum at the current
iterate and the corresponding most probable point (MPP) is defined.
Around this center point a RoI with a size of six standard deviations is
identified. The responses are then represented by quadratic regression
models which are fitted to design of experiments (DoE) over the RoI
using the normal equation. By using the regression models the RBDO
problem is formulated. The RBDO problem is then decoupled by intro-
ducing Taylor expansions of the objective at the current iterate point
and the constraints at the MPP which is found by Newton’s method. By
assuming normal distributed and uncorrelated variables, the mean and
probability operators are then evaluated most easily. In such manner, a
corresponding deterministic LP-problem is derived which is solved by
using an interior point method.

The idea of reformulating the reliability constraint to an equivalent
deterministic constraint at the MPP is a standard approach, see e.g.
the review on RBDO by Valdebenito and Schuëller [1]. Our treatment
of linearizing at the MPP follows Chan et al. [2]. However, they also
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considered second order reliability expansion which is not utilized in
this work. Another popular treatment is to apply the inverse MPP
methodology, see e.g. the papers by Tu et al. [3], and Du and Chen [4].
The inverse MPP methodology was utilized recently by Cho and Lee [5].
They propose an enhancement of the SORA approach [4] by performing
convex linearization in the reciprocal variable following the idea by
Fleury [6].

RBDO by using meta modelling is a less explored field. However, re-
cently a number of paper on this topic have be published. For instance,
Gomes et al. [7] performed RBDO of laminated composites by using
artificial neural networks. Kriging was explored by Duborg et al.[8]. An
example of an early paper on RBDO by using meta models is by Youn
and Choi [11] where the method of moving least squares was utilized.
Song and Lee [9] utilized moving least squares in order to optimize
a knuckle component. A knuckle component is also considered in this
work. Another recent work using moving least squares for RBDO is by
Kang et al. [10]. The SRSM has proven to be a most powerful tool for
deterministic optimization problem since the original works by Roux et
al. [12], and Stander and Craig [13]. In this work we apply successive
SRSM on RBDO problems.

The paper is organized as follows: in Section 2 the SLP approach
is presented, where we rewrite the RBDO problem to a deterministic
LP problem by performing a Taylor expansion of the constraint at the
MPP, in Section 3 the successive RSM is reviewed. Then, we discuss
how the target reliability index appearing in our approach is related
to the Hasofer-Lind reliability index. In Section 5, we consider two
benchmarks which are solved by using the proposed successive SRSM
and SLP methodology. In the next section fillet shape optimization of
a knuckle component is performed by using Pedersen’s idea of super-
elliptic shapes [16]. Finally, some concluding remarks are presented.

2 The RBDO Problem

In this section we present an efficient SLP approach for solving RBDO.
In the presentation we assume that the objective and the constraints
are given by some surrogate models over a region of interest. In this
work the meta modelling is done by a SRSM approach. The procedure
for this is presented in the next section. Once we have our surrogate
models we can establish the optimization problem over the RoI. Let us
consider such a problem for one objective f = f(X) and a constraint
g = g(X), where X is considered to be normal distributed with a mean
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value µ and standard deviations collected in σ, i.e. X ∈ N(µ,σ). We
also assume that the random variables are time-independent and un-
correlated. For simplicity and clarity we only consider one constraint.
However, it is straight-forward to extend the formulation such that
several constraints are treated simultaneously. This is done in the nu-
merical implementation.

Our RBDO problem reads

{

min
µ

E[f(X)]

s.t. Pr[g(X) ≤ 0] ≥ Ps

(1)

where E[·] designates the expected value of the function f , and Pr[·] is
the probability of the constraint g ≤ 0 being true. Ps is the probability
of safety that must be satisfied.

The problem in (1) is solved by sequential linear programming as
presented below. The corresponding LP-problem at an iterate µk is
obtained by first linearizing f and g. This is performed by Taylor ex-
pansions. The objective function f is Taylor expanded at µk. However,
the constraint g is expanded at the most probable point xMPP, i.e. at the
closest point from the current iterate µk satisfying the constraint g = 0.
The rationale behind this is to ensure that the constraint has as good
as possible representation in the vicinity of xMPP.

At an iterate µk, xMPP is found by solving the following optimiza-
tion problem:











min
Xi

1

2

NVAR
∑

i=1

(

Xi − µk
i

σi

)2

s.t. g(X) = 0,

(2)

where NVAR is the total number of design variables Xi which are col-
lected in X. The necessary optimality conditions for this problem are
presented in (3), and are solved by a Newton method with an in-exact
line search procedure [14].

Xi − µk
i

σ2
i

+ λ
∂g

∂Xi

= 0, i = 1, . . . , NVAR,

g(X) = 0.

(3)

The corresponding Jacobian reads

J =









diag

(

1

σ2
i

)

∂g

∂X
(

∂g

∂X

)T

0









. (4)
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The linear approximations obtained by the Taylor expansions read

f(X) ≈ f(µk) +∇fT
(

X − µk
)

= f̃(X), ∇f =
∂f

∂X

∣

∣

∣

∣

µk

,

g(X) ≈ ∇gT
(

X − xMPP
)

= g̃(X), ∇g =
∂g

∂X

∣

∣

∣

∣

xMPP
.

(5)

Notice here that g(xMPP) = 0 has been utilized in the latter expansion.
Thus, we let f̃ = f̃(X) and g̃ = g̃(X) represent the hyperplanes

in (5). By inserting f̃ and g̃ into (1), our optimization problem becomes











min
µ

E[f̃(X)]

s.t.

{

Pr[g̃(X) ≤ 0] ≥ Ps

µk −∆µ ≤ µ ≤ µk +∆µ,

(6)

where ∆µ represents the move limits. Now, since f̃ and g̃ are hyper-
planes of uncorrelated variables, the operators E[·] and Pr[·] are evalu-
ated most easily. We have that

E[f̃ (X)] = f(µk) +∇fT
(

µ− µk
)

,

Pr[g̃(X) ≤ 0] = Φ

(

0− µg̃

σg̃

)

,
(7)

where the operator Φ(·) is the cumulative distribution function of the
standard normal distribution N(0, 1). In addition, we also have that the
mean value µg̃ and the standard deviation σg̃ of g̃ can be expressed as

µg̃ = ∇gT
(

µ− xMPP
)

,

σg̃ =

√

√

√

√

NVAR
∑

i=1

(

∂g

∂Xi

σi

)2

.
(8)

In conclusion, by inserting (7) and (8) into (6), the deterministic
LP-problem to be solved reads











min
µ

∇fTµ

s.t.

{

∇gTµ ≤ ∇gTxMPP − βσg̃

µk −∆µ ≤ µ ≤ µk +∆µ

(9)

Here, the target reliability index β = Φ−1 (Ps) has also been introduced.
We will elaborate on this index in more detail in Section 4, where it is
discussed how this index is related to the Hasofer-Lind index.
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When the probability of safety is 50%, the reliability index β be-
comes zero, which transforms the problem in (9) into a deterministic
LP problem. Of course, the same effect occurs also when the variances
of all design parameters are set to zero. Thus, the proposed method can
be used to solve both probabilistic and deterministic problems without
the need for special treatment of the latter.

As a special case we are also interested to study the optimal solution
when the standard deviations in σ depend on the mean values in µ. A
simple but most useful model is that

σi = δiµi, (10)

where δi represents a coefficient of variation for each design variable.
This way of treating the variance as a function of the mean is common
in engineering practice, where the tolerances are not specified indepen-
dently, but are rather given as e.g. ±10% around the nominal parameter
value. When the model in (10) is utilized, then σg̃ = σg̃(µ) in (8) is lin-
earized in the following manner by a Taylor expansion at µk:

σg̃(µ) ≈
NVAR
∑

j=1

(

∂g

∂Xj

δj

)2

µk
jµj

√

√

√

√

NVAR
∑

i=1

(

∂g

∂Xi

δiµ
k
i

)2

. (11)

This relationship is then inserted into the LP-problem in (9).

3 Successive RSM

In this work we represent our objectives and constraints by quadratic
regression models. That is, a response f of NVAR design variables xi is
represented by

f(x) = γ1 +

NVAR
∑

i=1

γ1+ixi +

NVAR
∑

i=1

NVAR
∑

j=i

k=k+1

γNVAR+1+kxixj , (12)

where γi are regression coefficients that should be fitted to some design
of experiments over a region of interest. (12) can also be written as

f = f(x) = ξ(x)Tγ, (13)

where e.g. γ = {γ1, . . . , γ6}T and

ξ(x) =
{

1 x1 x2 x2
1 x1x2 x2

2

}

(14)
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Figure 1: Illustration of the panning approach.

for NVAR = 2.
Now, let x̂i represents some design points over the RoI. Then, com-

puter experiments (finite element simulations) are performed at x̂i

which generate values on the response f , which we denote f̂ i. All ex-
periments are collected in the column vector f̂ . Furthermore, related
to our DoE, we have the following components

Zij = ξj(x̂
i), (15)

which are collected in the matrix Z. The regression coefficients are then
determined by the well-known normal equation, i.e.

γ =
(

ZTZ
)

−1
ZT f̂ . (16)

By following the procedure above, (9) can be established at an it-
erate µk. The RoI is defined according to Figure 1, where

xPAN = (1− γPAN)µk + γPANxMPP (17)

and 0 ≤ γPAN ≤ 1 is a panning parameter. The successive methodology
is initiated by first finding the deterministic optimum. Then, a sequence
of RoIs are generated according to the procedure in Figure 1, where the
size of the RoI is typically taken to be six standard deviations in each
direction.
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4 Hasofer-Lind Reliability Index

It is most established to evaluate the reliability by using the Hasofer-
Lind reliability index βHL [15]. In this section we discuss how the target
reliability index β introduced in (9) is related to βHL.

The probability of safety in (1) can also be formulated as a proba-
bility of failure Pf = 1− Ps. That is,

Pr[g(X) > 0] ≤ Pf . (18)

Now, let us introduce

Yi =
Xi − µi

σi

, (19a)

h = h(Y ) = −g(X(Y )), (19b)

then (18) reads
Pr[h(Y ) < 0] ≤ Pf . (20)

The corresponding Hasofer-Lind index βHL is obtained by first solving
{

min
Y

√
Y TY

s.t. h(Y ) = 0.
(21)

The Hasofer-Lind index is then defined by the optimal solution Y ∗ in
the following manner

βHL =
√

Y ∗TY ∗, (22)

or, by using the necessary optimality conditions to (21), as

βHL = − ∇hTY ∗

√
∇hT∇h

. (23)

This can also be expressed in X and g by utilizing (19). If this is done,
then one finally arrives at

βHL =
∇gT (X∗ − µ)

√

√

√

√

NVAR
∑

i=1

(

∂g

∂Xi

σi

)2

. (24)

But here X∗ is of course equal to xMPP from (2). Thus, by inserting
(8) into (24), we obtain that

βHL = −µg̃

σg̃

. (25)
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5 Benchmark Problems

The suggested approach is studied for several different benchmarks.
In this paper we present an established analytical benchmark and one
shape optimization problem by using Abaqus/Python. The analytical
benchmark is solved both by using the suggested quadratic response
surface approach as well as for the explicit analytical relationship. The
reliability assessments PMCS at the optimal points are checked by Monte
Carlo simulations for both problems.
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Figure 2: Convergence and Monte Carlo simulations for the analytical
benchmark.

5.1 Analytical problem

This is a well-known test example, see e.g. [2]. The benchmark reads























min
µi

E[X1 +X2]

s.t.











Pr[20−X2
1X2 ≤ 0] ≥ 0.9987

Pr[1− (X1 +X2 − 5)2

30
− (X1 −X2 − 12)2

120
≤ 0] ≥ 0.9987

Pr[X2
1 + 8X2 − 75 ≤ 0] ≥ 0.9987,

(26)
where X1 ∈ N(µ1, 0.3) and X2 ∈ N(µ2, 0.3). The solution to this prob-
lem reported in [2] is µ∗ = (3.4508, 3.2827). Here, we obtain µ∗ =
(3.4409, 3.2909), which is the solution obtained by using SORA [2, 4].
The reliability assessment for the constraints are PMCS = 99.9%,
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PMCS = 99.9% and PMCS = 100%, respectively. In the successive ap-
proach four loops are utilized, where the first one is deterministic over
the RoI={(x, y) : 2 ≤ x ≤ 6, 2 ≤ y ≤ 9}. The additional loops
are non-deterministic where we pan a RoI with a size of six stan-
dard deviations. The optimal solution for the successive approach is
µ∗ = (3.4447, 3.2924). The reliability assessment for the constraints
are again 99.9% for two first constraints and 100% for the third one.
The corresponding convergence and the Monte Carlo simulations are
presented in Figure 2.
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Figure 3: A shape optimization problem.

The second benchmark is also studied when the standard devi-
ation is defined by a coefficient of variation. In particular, we let
X1 ∈ N(µ1, 0.1µ1) andX2 ∈ N(µ2, 0.1µ2). In the analytical case, the op-
timal solution is µ∗ = (3.5324, 3.4774) and for the successive approach
we get µ∗ = (3.5363, 3.4794). In both cases, the reliability assessment
is 99.9% for the active constraints. The corresponding standard devi-
ations are σ = (0.3532, 0.3477) and σ = (0.3536, 0.3479), respectively.
The convergence and the Monte Carlo simulations look very similar
to results presented in Figure 2 and are therefore not presented in a
separate figure.

5.2 Shape optimization problem

The second benchmark problem presented here is a shape optimization
problems by using Abaqus/CAE and Abaqus/Standard. The design
parametrization and the simulations are controlled by a Python script.
The geometry of the first problem is shown in Figure 3, where the shape
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of the hole is governed by

(

x

Rx

)η

+

(

y

Ry

)η

= 1. (27)

This is the idea of using super-elliptic shapes by Pedersen [16]. In par-
ticular, we set Rx = 50 [mm], b = 100 [mm], σ0 = 100 [MPa], Young’s
modulus is 210000 [MPa], Poisson’s ratio is 0.3 and the thickness is set
to 1 [mm]. The analysis is linear elastic using quadratic elements.

Figure 4: Original shape to the left and optimal shape to the right.

The shape of the hole is controlled by the design variables Ry and η.
We would like to find the optimal shape such that the mass of the
structure m = m(Ry, η) is minimized for a constraint on the maximum
von Mises stress in the structure σmax

vm = σmax
vm (Ry, η). The optimization

problem reads



















min
(µR ,µη)

E[m(Ry, η)]

s.t.







Pr[σmax
vm (Ry, η) ≤ 700] ≥ 0.99

Pr[50 ≤ Ry ≤ 90] ≥ 0.99
Pr[2 ≤ η ≤ 8] ≥ 0.99,

(28)

where Ry ∈ N(µRx
, 0.3) and η ∈ N(µη, 0.1).
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Figure 5: 1000 Monte Carlo simulations at the optimal point. 4 simu-
lations marked with red violate the stress constraint.

The problem in (28) is solved using 4 successive loops, where the
first loop is a deterministic one. Full 3-factorial DoEs are used in all
loops. The optimal solution is µ∗ = (77.7482, 7.7674) and it is shown in
Figure 4. The reliability assessment is checked by performing a Monte
Carlo simulation using 1000 finite element simulations. The result is
PMCS = 98.6%. The approach of coefficients of variation is also investi-
gated for the shape optimization problem. We let Ry ∈ N(µR, 0.02µR)
and η ∈ N(µη, 0.02µη). Four loops with 3-factorial DoEs are utilized
again. The optimal solution becomes µ∗ = (74.6076, 7.6443). The cor-
responding standard deviations are σ = (1.4922, 0.1529). Although the
standard deviations are large the reliability assessment by a Monte
Carlo simulation is close to the requirement of 99%. PMCS = 99.6% is
obtained by using 1000 finite element simulations, see Figure 5.
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Figure 6: Global finite element model of the knuckle component.

6 A Knuckle Component

The method developed in this paper has also been applied to a real
engineering problem — a knuckle assembly subjected to bending and
tension, shown in Figure 6. Frictional contact is defined between the
adjacent surfaces of the outer ring (red) and the knuckle itself (green),
see Figure 7. The assembly is subjected to bending and tension loads
which cause significant stresses to arise close to the fillet marked in the
figure.

The fillet shape is modeled using the superellipse in (27). Figure
7 shows the fillet dimensions and their designations. In order to keep
the problem simple, we set Ry = 12 [mm], and the two remaining pa-
rameters, Rx and η, are used as design parameters for the optimization
problem.
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Fillet to optimize

Figure 7: Section view of the knuckle assembly and a sketch of the fillet
dimensions.

The boundary conditions are inherited from a global finite element
model shown in Figure 6. A pressure load is supplied on the ring, and is
transmitted to the knuckle through the contact interface. Linear elastic
material models are used for both the knuckle and the ring, which are
meshed using linear finite elements. Due to the presence of contact
conditions, non-linear analysis is performed using Abaqus/Standard.

The mass of the knuckle is to be minimized, while keeping the von
Mises stresses below a predefined threshold, in this case 850 MPa. The
optimization problem can be formulated as



















min
(µR,µη)

E[m(Rx, η)]

s.t.







Pr[σmax
vm (Rx, η) ≤ 850] ≥ 0.99

Pr[6.5 ≤ Rx ≤ 12] ≥ 0.99
Pr[2 ≤ η ≤ 8] ≥ 0.99,

(29)

where Rx ∈ N(µRx
, 0.1µRx

) and η ∈ N(µη, 0.1µη).
The optimization problem in (29) is solved for four different proba-

bilities of safety, using three successive loops with face-centered designs
of experiments (FCD). The optimal solutions for each of the selected
probabilities of safety are given in Table 1. The values of the von Mises
stress given are the actual responses at the optimal solutions. One con-
ludes that the maximum stress in the assembly is very sensitive to
changes in the fillet shape, as seen from Figure 8.
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Ps R∗

x [mm] η∗ [—] σvm [MPa] m [kg]
50% 9.7 3.27 873 1.927
90% 9.8 2.86 830 1.931
95% 9.8 2.75 819 1.933
99% 9.7 2.45 785 1.936

Table 1: Optimal solutions for different probabilities of safety.

Figure 8: Comparison between the optimal fillet shapes at different
reliability levels.

7 Concluding Remarks

In this work a successive response surface methodology for reliability
based design optimization is developed. By performing a Taylor expan-
sion at the most probable point, the RBDO-problem is reformulated
to a deterministic LP-problem which is solved by an interior point
method. This is done successively on new regions of interest by a
simple panning approach. The method seems to be most promis-
ing. The efficiency and robustness of the approach is demonstrated
by performing shape optimization of a real knuckle component.
The method might be improved by replacing the quadratic response
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surfaces by more accurate surrogates. This is a topic for future research.
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