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Abstract

This work deals with different methods used to determine heterogeneous con-
stitutive model parameters for macro-scale finite element models, based on
microstructural variations, caused by the manufacturing process. These meth-
ods could be applied to decrease modeling errors associated with the ma-
terial behavior, improving the predictive capabilities of structural analyses
in simulation-driven industrial product development. By providing engineers
with more sophisticated tools and methods which lets them consider the com-
plex relationships between the manufacturing process, the resulting microstruc-
ture and the final properties, manufactured components have the potential to
be further optimized with respect to both weight and performance, reducing
their cost and environmental impact.

An empirical approach for cast components is presented in Papers I & II, where
material testing is used as a basis for constitutive model parameter extraction
via optimization. Linear models were created for both thermo-mechanical and
thermo-physical material properties, by characterizing specimens extracted
from different regions in a lamellar graphite cast iron cylinder head. These
models were used to generate heterogeneous constitutive model parameters
for the cylinder head, based on the solidification time as predicted by casting
process simulations. The influence of several commonly made casting-specific
engineering simplifications were investigated, and it was shown that non-trivial
errors of a potentially large magnitude are introduced by not considering e.g.
the compressive behavior of the material, residual stresses from the casting
process, the temperature dependency of the material, or the process-induced
heterogeneity.

Paper III describes a statistical homogenization-based method, for modeling
of anisotropic fiber reinforced materials. A non-linear anisotropic constitutive
model was developed and implemented in commercial finite element codes,
which is able to consider heterogeneous fiber orientations using only one ma-
terial definition. The anisotropic elastic constitutive tensor is determined
from fiber-matrix homogenization, and orientation averaging using second-
and fourth order fiber orientation tensors provided by injection molding sim-
ulations. The plastic constitutive parameters are determined by optimization
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Abstract

against experimental tensile tests using specimens with different fiber orienta-
tions. The method was demonstrated using a injection molded 50 wt.% short
glass fiber reinforced plastic.

A pixel/voxel-based method is presented in Papers IV (2D) & V (3D), for sim-
ple and efficient generation of reduced numerical microstructure models using
imaging data as input. The input micrograph or image stack is split into sub-
domains, which are evaluated individually using numerical or semi-analytical
homogenization. The constitutive tensor of each subdomain is mapped to a
new, reduced numerical model. The purpose of this approach was to support
component level analyses, by representing process-induced microstructural im-
perfections like e.g. porosity on the macro-scale, in a computationally efficient
way. The geometrical description of the microstructure can be retrieved from
experimental imaging methods like Scanning Electron Microscopy (SEM) or
X-ray based Computed Tomography (CT). Alternatively, it can be approxi-
mated from phase field or manufacturing process simulations. The method was
demonstrated by reducing a 2D aluminium micrograph by 99.89%, with mate-
rial property errors of less than 0.5% in Paper IV. Also, in paper V by reducing
a complex high-resolution 3D aluminum shrinkage porosity by 99.2%, with a
material property error of approximately 1%. The method significantly reduces
the complexity of building finite element models of complex microstructures,
where the pre-processing step is replaced by image segmentation.
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Chapter 1

Introduction

Research within the field of computational science is associated with the de-
velopment, implementation and analysis of models and simulations, with the
aim of understanding and solving complex problems. A model is an idealized
mathematical description of the real-world behavior of some system, while a
simulation refers to the process of evaluating such models using a set of input
parameters. Simulations can be used together with experimental findings for
verification or exploration, but also to investigate situations which would be
impossible to evaluate experimentally due to technological or economical rea-
sons. The possibilities provided by this fairly young field of research has led to
it being considered as a potential third mode of science, together with exper-
imental observation and theory [1]. In practice, the multidisciplinary nature
of computational science leads to the development of methods, which have the
potential of being applicable to both academic and industrial problems.

1.1 Numerical modeling and simulations

When attempting to model physical phenomena using numerical methods, er-
rors are introduced in each activity that need to be understood and managed to
produce high quality results. This becomes increasingly important if multiple
simulations are connected, e.g. structural simulations using results from sim-
ulations of an initial manufacturing process. With the real-world behavior of
the system under study as a point of reference, the error ∆ given by Eq. (1.1)
is the sum of several accumulated errors, visible in the end as the difference
between simulation results and reality. The following text briefly discusses
some of these errors, which are also illustrated in Fig. 1.1, highlighting why a
perfect match between simulations and experiments should not necessarily be
expected.

∆ = ∆modeling +∆discretization +∆solution +∆validation (1.1)

A mathematical description of any complex natural system starts with the act
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Chapter 1. Introduction

of building an idealized model based on the observed physical phenomenon.
Such models are built using physical laws, empirical relationships or fitting pa-
rameters without physical meaning [2]. Based on the simplifying assumptions
and what phenomena the model aims to capture, its structure, complexity and
applicability changes. The difference between the mathematical model and re-
ality caused by this idealization process is the modeling error. For a structural
finite element model, this error can be broken down further according to Eq.
(1.2), highlighting commonly made simplifications to the geometry, load-case
and how the material behaves.

∆modeling = ∆geometry +∆load-case +∆material + ... (1.2)

Since we can not claim to fully understand nature, ”All models are wrong, but
some are useful” [3]. However, we can still strive towards minimizing the mod-
eling error by including more aspects of the physical world as our knowledge
and understanding increases.

The idealized mathematical models we come up with for physical systems typ-
ically consist of continuous Partial Differential Equations (PDE). Numerical
methods like the Finite Element Method (FEM) or the Finite Volume Method
(FVM) can be used to approximate the solution of these, given that the prob-
lem is properly discretized in space and time. The accuracy of the numerical
model and the processing power required to solve it are conflicting objectives in
this process. The difference between the continuous mathematical model and
the discretized numerical model is the discretization error, where the influence
of the discretization process can be quantified by e.g. performing sensitivity
studies.

Since computers perform calculations using fixed-point arithmetic, truncation
errors will accumulate during the solution process due to the large number of
iterations sometimes required to solve the system of equations, i.e. a solution
error will be introduced. If the applied numerical methods are implemented
according to best practices, these errors are typically of lower significance.

The American Society of Mechanical Engineers (ASME) Guide for Verification
and Validation in Computational Solid Mechanics [4] contains the following
definitions:

Verification is the process of determining that a computational model
accurately represents the underlying mathematical model and its solution.

Validation is the process of determining the degree to which a model is
an accurate representation of the real world from the perspective of the
intended uses of the model.

Two types of verification can be identified from this; code verification which
refers to the act of establishing confidence in that the mathematical model

2

and solution algorithms are implemented correctly, and solution verification
which refers to the act of establishing confidence in the discrete solution i.e.
minimizing the discretization error. Under simple conditions, code verification
can be achieved by comparing the model output with analytical or other known
solutions. For more complicated problems, manufactured solutions might be
applicable where the solution to a PDE is fabricated and substituted back into
the PDE together with fitting boundary and initial conditions. The result is
a forcing function which can be used as input to the code which; if error free,
will reproduce the manufactured solution.

Figure 1.1: Important error sources in numerical modeling and simulations.

The aim of the validation process is to assess the predictive capability of the
model by comparing simulation results to measurements from experiments. In
the latter case, a validation (or measurement) error is introduced, since there
are no perfect measurement devices.

1.2 Simulation-driven product development

Simulations are widely used in industrial product development, both to study
the structural behavior of components under in-use conditions, but also to

3
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Chapter 1. Introduction

study the manufacturing process. Structural simulations are applied in the
early stages of product development e.g. as decision making support, or for
idea generation, and in later stages to optimize performance, solve problems,
verify requirements, or show compliance with laws and regulations. The Finite
Element Method (FEM) is a numerical method used to solve PDEs, which is
widely used in academic research, as well as in industrial product development.
The act of applying the Finite Element Method in practice is commonly re-
ferred to as Finite Element Analysis (FEA), which includes the three practical
steps of 1) building an idealized mathematical model, 2) performing simula-
tions using the mathematical model, and 3) analyzing the simulation results.
While the underlying method is the same, the conditions for successful appli-
cation of FEA are different in academia and industry. Researchers typically
have the privilege of a well-defined and fairly constant environment which in
theory allows them to achieve a high degree of theoretical model accuracy,
while the chaotic nature of real product development might force engineers
to deal with key information that is missing, or changing rapidly with time.
For reasons like these, as well as financial constraints, the requirements, com-
plexity, and thus also the accuracy of the mathematical models tend to vary
between these different environments. However, this does not stop consumer
products from becoming more advanced with time, together with consistently
increasing performance and sustainability requirements from both consumers
and regulators. This creates a driving force towards more accurate, but simple
and computationally efficient macro-scale methods for structural simulations,
such that they are still applicable in industry.

Accurate finite element simulations rely on the use of constitutive models,
which describe how the material behaves. These models are typically defined
in terms of model parameters provided by some type of material testing. One
common modeling error made in industrial product development is to treat the
material of manufactured components as isotropic, homogeneous and free of
imperfections. This effectively reduces the number of required experiments for
determination of the constitutive model parameters, as well as the complex-
ity of the numerical models. Some factor of ignorance is typically introduced
to compensate for this assumption. However, in reality very few components
are homogeneous, or free of imperfections after the manufacturing process.
Depending on flow characteristics or other variations in processing conditions
such as temperature distribution and cooling rate, the composition, morphol-
ogy and quality of the resulting microstructure will vary locally as a function
of component- and mold geometry. These microstructural variations lead to a
heterogeneous distribution of material properties such as e.g. stiffness, hard-
ening behavior, fatigue strength, physical properties and, thus, anisotropic
constitutive behavior. For example, fatigue loaded cast components are espe-
cially sensitive to the influence of local imperfections such as porosity, oxides,
pre-existing cracks or brittle inclusions [5, 6], most of which are not considered
at all when using traditional constitutive modeling strategies.

4

1.3 Problem formulation

The premise of this work is that the macroscopic behavior of materials is a
function of the underlying microstructure, and that the microstructure is a
function of the processing conditions.

The working hypothesis has been that the complex relationships between pro-
cess, microstructure and material properties need to be considered in simulation-
driven product development. By decreasing the material modeling error in
this context, more informed design decisions can be made, further optimizing
performance metrics such as weight, cost and the environmental impact of in-
dustrially manufactured components.

The purpose and aim of this work has therefore been to develop and evaluate
methods for the determination of heterogeneous constitutive model parame-
ters, so that their influence on component performance can be better under-
stood. This endeavor has been focused on simple macro-scale methods for
finite element analyses of structural components, such that these methods can
be considered and applied by industry in the early stages of simulation-driven
product development.

More specifically, the following objectives were pursued:

• Evaluate the influence of material modeling errors for sand cast lamellar
graphite iron components, such as the neglection of:

– Heterogeneous material behavior

– Residual stresses

– Difference between tensile and compressive behavior

– Temperature dependency

• Develop a method for the consideration of the heterogeneous fiber ori-
entation in structural analyses of injection molded short glass fiber rein-
forced composites

• Develop and evaluate a method for the generation of reduced numerical
microstructure models, based on 2D micrographs or 3D image stacks
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which describe how the material behaves. These models are typically defined
in terms of model parameters provided by some type of material testing. One
common modeling error made in industrial product development is to treat the
material of manufactured components as isotropic, homogeneous and free of
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1.3 Problem formulation

The premise of this work is that the macroscopic behavior of materials is a
function of the underlying microstructure, and that the microstructure is a
function of the processing conditions.
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– Temperature dependency
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entation in structural analyses of injection molded short glass fiber rein-
forced composites

• Develop and evaluate a method for the generation of reduced numerical
microstructure models, based on 2D micrographs or 3D image stacks
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Chapter 2

Microstructure of
engineering materials

Selected aspects of the relationships between the manufacturing process, the
complexity of the produced microstructure, and the resulting heterogeneous
material properties are introduced and emphasized in this chapter. The dis-
cussion is limited to the materials and manufacturing processes considered in
the appended papers, i.e. sand cast flake graphite iron, injection molded short
fiber reinforced plastics and cast aluminum.

2.1 Cast flake graphite iron (Papers I & II)

Cast irons are among the most common, but also the most complex alloys used
by industry. These materials are named based on the characteristic shape of
the graphite phase, as illustrated by the numerical models in Fig. 2.1.

Figure 2.1: Numerical models of some characteristic cast iron alloy microstruc-
tures, reconstructed from X-ray based Computed Tomography (CT). In order
of appearance from the left: Flake Graphite Iron (FGI), Compacted Graphite
Iron (CGI) and Spherical Graphite Iron (SGI). Austenite and Ferrite in gray.
Graphite in black. Model data from [7].
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Chapter 2. Microstructure of engineering materials

Flake Graphite Iron (FGI) is the most commonly used type of cast iron, and
contains 2.5 - 4.0 wt.% Carbon (C), 1.0 - 3.0 wt.% Silicon (Si), and lower
amounts of other alloying elements such as Phosphorous (P), Sulfur (S) and
Manganese (Mn). The silicon promotes graphite growth, and suppresses the
formation of iron carbides, while phosphorous improves fluidity. [8]

The solidification process of hypo-eutectic flake graphite iron starts with the
formation of austenite dendrites. The size and shape of these dendrites are
governed by the chemical composition of the melt, the cooling rate, as well as
the inoculation conditions [9]. Carbon is rejected into the liquid until it reaches
the eutectic composition of 4.3 wt.%, where both graphite and austenite are
formed in a eutectic reaction. Furthermore, the morphology of the graphite,
and the size of these eutectic cells are determined by the chemical composition,
as well as the cooling- and inoculation conditions [10, 11, 12]. The resulting
graphite morphology has been shown to influence both the elastic [13] and
plastic [14] constitutive behavior of cast irons. A stronger material is obtained
in general, by a more rapid solidification process, where the resulting structure,
i.e. the graphite structure, the eutectic cells [12, 15], the dendritic network
[16] and the pearlite lamellar spacing [17] becomes more refined.

Both elastic and plastic tensile and compressive properties have been shown
to vary with temperature in cast irons [18]. Furthermore, the constitutive be-
havior differs significantly between tensile and compressive loading [19]. See
e.g. Fig. 2.2a. This type of behavior is also seen in many other engineer-
ing materials, such as e.g. aluminum [20], concrete [21], and magnesium [22].
Holmgren, Dioszegi, and Svensson investigated heterogeneous physical proper-
ties, and found linear relationships for thermal conductivity, in terms of both
carbon content and cooling rate. [23] It was found in [24], that lower cooling
rates promote straight, long graphite flakes which result in higher thermal con-
ductivity, while higher cooling rates leads to an increased fraction of primary
austenite, which decreases thermal conductivity. As an example, see Fig. 2.2b.

0 1 2 3 4 5 6 7 8 9 10

Engineering Strain [%]

0

200

400

600

800

1000

E
ng

in
ee

ri
ng

St
re

ss
[M

P
a]

Compressive - Fast solidification
Compressive - Slow solidification
Tensile - Fast solidification
Tensile - Slow solidification

(a) Tensile and compressive strength.

0 100 200 300 400 500

Temperature [◦C]

40

45

50

T
he

rm
al

co
nd

uc
ti

vi
ty

λ

Fast solidification
Slow solidification

(b) Thermal conductivity.

Figure 2.2: Mechanical and physical material properties as a function of so-
lidification time for sand cast lamellar graphite iron. The difference between
slow and fast solidification is approximately 1000 seconds. Results from [25].
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2.2 Injection molded short GFRPs (Paper III)

Fiber Reinforced Plastics (FRP) are materials with discontinuous fibers em-
bedded in a polymer matrix. These materials are widely used in automotive,
naval and aerospace industries, due to their high specific strength and cor-
rosion resistance. If properly utilized, such materials can be used to reduce
the weight, cost and the environmental impact of load bearing components.
Examples of polymer materials are polyester, vinyl ester or epoxy. Examples
of fiber materials are glass, carbon, aramid and basalt, of up to 65 wt.%. For
the case of short Glass Fiber Reinforced Plastics (GFRP), the fibers have a
high stiffness with approximately linear mechanical response, as opposed to
the non-linear polymer matrix in which they are dispersed. The combined
effect of these constituents is a strongly anisotropic and non-linear composite
material, also influenced by rate effects [26], temperature effects [27] and aging
due to water absorption from the surrounding atmosphere [28]. While the in-
jection molding process provides a large amount of design freedom, one issue is
that the flow direction heavily influences the local fiber orientation. The fiber
orientation is also influenced by factors such as the section thickness and the
velocity profile. Near mold walls, fibers tend to align in parallel with the flow,
while they align cross-flow in the center, and randomly in between [29, 30].
See Fig. 2.3a, which illustrates a typical, but simplified fiber orientation pro-
file inside a injection molded plate. During manufacturing, the high pressure
forces the fibers through the runner- and gating systems, which potentially
leads to fiber- damage and length reduction [31]. The practical implications of
this is that the in-use behavior of manufactured fiber reinforced components
becomes hard to predict without using more sophisticated modeling strategies,
which also consider the manufacturing process.
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(a) Simplified fiber orientation pro-
file in the cross-section of an injection
molded material slice.

(b) Injection molded plate optimized
for a controlled filling, i.e. with a
known fiber orientation.

Figure 2.3: Fiber orientation due to flow in the v direction.

Several studies have been performed on the mechanical properties of these
materials, focusing on the combined effect of fibers dispersed in a polymer
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matrix [32, 33, 34, 29]. A commonly applied testing procedure is to produce
specimens with a known, but varying fiber orientation relative to the intended
loading direction. See e.g. the plate geometry in Fig. 2.3b, which is designed
to induce a directional flow through the center of the plate. Such methods are
sometimes denoted ”off-axis” tests, and have been used extensively to show
a strong non-linear relationship between both elastic and plastic constitutive
behavior and the fiber orientation. Fig. 2.4 illustrates this for two composite
materials, reinforced with different amounts of short glass fibers.
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(b) 50 wt.% short glass fibers.

Figure 2.4: Mechanical behavior of two fiber reinforced plastics, evaluated
using tensile testing at varying angles relative to the flow direction during
injection molding. Results from [35].

2.3 Cast aluminum (Papers IV & V)

Mass production of cast aluminum components is made primarily using die
casting, permanent mold casting, or sand casting. For die casting, a commonly
used alloy is Al9Si3Cu(Fe), which contains approximately 9 wt.% Silicon (Si)
for increased fluidity, 3 wt.% Copper (Cu) for precipitation hardening, and
smaller amounts of Iron (Fe) for decreased mold erosion. During the solidi-
fication of such aluminum alloys, a primary dendritic phase grows. The rate
at which the material solidifies strongly controls the coarseness of this den-
dritic structure. In thicker sections, where there is more time available for the
solidification process, the distance between dendrite arms tends to be larger,
while in thinner sections where solidification occurs more rapidly, it tends to
be smaller [36]. Secondary alloying elements like silicon, copper and iron seg-
regates between the primary dendrite arms, due to a decrease in solubility
as the temperature decreases. The size, quantity and shape varies as a func-
tion of chemistry, cooling rate and the characteristics of the primary dendritic
structure [37]. Strontium modification is commonly used to alter the morphol-
ogy of silicon inclusions from larger plate-like, into smaller and rounder fibers,
while heat treatment decreases inclusion connectivity and increases spheric-
ity [37, 38, 39]. Other microstructural features of importance are shrinkage-
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and gas porosities, as well as intermetallic phases. Since aluminum is cast
at high temperatures, a large amount of liquid- and solid contraction occurs.
The implications of this is that thinner regions, which solidify quickly, will
block off feeding of still liquid metal to other, thicker regions, resulting in the
formation of shrinkage pores as the material solidifies. Fig. 2.5 illustrates a
voxel-reconstruction of an isolated shrinkage pore, which has most likely inher-
ited its complex shape from the contraction of liquid nearby already solidified
dendrites.

Figure 2.5: Cast aluminum alloy shrinkage porosity reconstructed from X-ray
based Computed Tomography (CT).

Porosity also occurs in these alloys because of air which has been entrapped
during the filling process, as well as due to hydrogen diffusion between the
surrounding atmosphere and the metal, together with a decrease of hydrogen
solubility during solidification [40]. Both porosity [41, 42, 43] and intermetallic
phases [44, 45, 46, 47] tend to be complex interconnected 3D-structures [38, 48]
whose size, distribution and morphology depends on chemistry, heat treatment
and processing conditions such as the local cooling rate, or flow characteristics.

This highly complex three-dimensional, and heterogeneous structure controls
the mechanical behavior of cast aluminum alloys [37]. The general coarseness
of the microstructure has an influence on both yield strength, ultimate tensile
strength and ductility, and is commonly described using the Secondary Den-
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drite Arm Spacing (SDAS) [49]. The size and morphology of eutectic silicon
which segregates between the primary dendrite arms during solidification has
been shown to affect both ductility and strain hardening rate [50], and con-
tributes to damage in the material during deformation via cracking parallel to
the loading direction [51], or by debonding from the aluminum-silicon inter-
face [52]. Iron-rich intermetallic compounds such as β-Fe have been proposed
to act as stress concentrators, reducing ductility [5]. Damage contributions
from intermetallic phases are due to debonding from the aluminum matrix,
or by propagation of built-in cracks from nucleation on bifilms [53]. Oxides
such as Al2O3 form easily on the melt surface, and can be dragged into the
casting during filling if the flow is violent enough. As these oxide films are
solid and fold over themselves, they act as potential cracks in the material
[54], but debonding at the oxide-matrix interface has also been observed [55].
Porosity leads to local stress concentration [56], and is the most common rea-
son for fatigue crack initiation in cast aluminum components. [57] Other solid
imperfections in the regions surrounding the pores are damaged further by
the local concentration of stress during deformation. [58, 59] Porosity, as well
as other imperfections have been shown to influence Low Cycle Fatigue (LCF,
N < 105) crack growth [59], as well as High Cycle Fatigue (HCF) damage [57].
For HCF, failure is primarily associated with persistent slip bands [60], how-
ever imperfections have also been observed to interact with the crack growth
process [61]. The relative importance of the above mentioned microstructural
imperfections has been studied by Wang et al. who showed that damage con-
tribution from porosity and oxide films dominate when present, and can reduce
fatigue life by one order of magnitude [5, 6].

The practical implications of the above discussion on cast materials is that
for an increase in section thickness, the solidification time typically goes up,
which results in a coarser microstructure and a higher risk of shrinkage poros-
ity. The coarse microstructure is weaker on average, when compared to the
finer structure achieved in thinner sections. Thus, the relationship between
material strength and load bearing volume is non-intuitive for cast aluminum
components, and needs to be considered by design engineers to produce high
performing components.
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Chapter 3

Modeling of heterogeneous
materials

In the context of this thesis, the term multiscale refers to uncoupled consid-
eration of the material microstructure, on the macroscale, using various ap-
proaches. This is motivated primarily by high requirements on computational
efficiency, due to the strong emphasis on industrial applicability. In the follow-
ing, Einstein’s summation convention is implied for repeated indices. Newton’s
notation is used for differentiation with respect to time, i.e. v̇ = ∂v

∂t , and ui,j

refers to the partial derivative ∂ui

∂uj
. Bold letters indicate vectors, or tensors

expressed on Voigt form, while regular letters represent tensors on index form,
or scalars.

Any continuum, Ω, which is in balance with respect to mass, momentum, and
which obeys the first law of thermodynamics can be described by the following
field equations, and field variables, given by the continuity equation (3.1), the
momentum equation (3.2), stress symmetry (3.3) and the energy equation (3.4)

ρ̇+ ρvi,i = 0, (3.1)

ρv̇i = σij,i + ρfi, (3.2)

σij = σji, (3.3)

ρė = σijvi,j − qi,i + ρε. (3.4)

Here, ρ is density, vi is velocity, σij is stress, fi is volume force, e is internal
energy, qi is heat flux, and ε is an internal heat source. A constitutive model is
complementary to this system of equations and provides the missing unknowns
by stating the relationship between stress σij and strain εij .

For heterogeneous materials, the constitutive behavior varies spatially through-
out the continuum Ω, as a function of the underlying microstructure for each
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field equations, and field variables, given by the continuity equation (3.1), the
momentum equation (3.2), stress symmetry (3.3) and the energy equation (3.4)
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energy, qi is heat flux, and ε is an internal heat source. A constitutive model is
complementary to this system of equations and provides the missing unknowns
by stating the relationship between stress σij and strain εij .

For heterogeneous materials, the constitutive behavior varies spatially through-
out the continuum Ω, as a function of the underlying microstructure for each
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material point n. This could also be thought of as subdomains Ωn, as illus-
trated in Fig. 3.1.
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Figure 3.1: Heterogeneous continuum Ω, with subdomains Ω1, Ω2, Ω3 and Ω4.

3.1 Elasticity

In the case of anisotropic elasticity, we can use that σij and εkl are symmet-
ric second order tensors, which leads to minor symmetry of the fourth order
constitutive tensor Cijkl = Cjikl = Cjilk = Cijlk. This allows us to formulate
Hooke’s generalized law of elasticity

σij = Cijkl : εkl (3.5)

on Voigt form, with γij = 2εij for i �= j
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For a heterogeneous material, the elastic constitutive tensor Cijkl varies spa-
tially for each subdomain Ωi. If we also assume small deformations, major
symmetries of Cijkl = Cklij apply, and we can write the above relation as
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or more compactly σ = Cε. For the specific case of orthotropy, this relation-
ship can be expressed as
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, (3.8)

or more compactly σ = K−1ε, where K is the compliance tensor.

Here, Eii (without summation) is the stiffness along the i-axis, Gij is the shear
modulus in the j-direction, on the plane with normal i and νij is Poisson’s
ratio due to an extension along i, with a contraction along j. For transversely
isotropic materials, such as a composite material with circular fibers aligned
along the 1-axis, E22 = E33 and G12 = G13 as well as ν12 = ν13 and so on.
For the special case of isotropic elasticity, all components Eii (no summation),
Gij and νij are the same.

3.2 Plasticity

The classical continuum approach for plasticity is to introduce a yield criterion,
which is used to determine when the material starts to deform irreversibly, e.g.
via dislocation motion for metallic materials. First, the stress tensor σij , can
be additively decomposed into volumetric and deviatoric components

σij = σvδij + σd
ij , (3.9)

where the volumetric part σv is the scalar average of the normal stress com-
ponents, associated with volume change

σv =
1

3
(σ11 + σ22 + σ33), (3.10)

and the deviatoric part σd
ij is what is left after subtracting the volumetric part,

i.e. associated with shear stress and shape change

σd
ij = σij − σvδij . (3.11)

Here, δij is the Kronecker delta defined as

δij =

{
0 for i �= j,

1 for i = j.
(3.12)

For ductile metals, the von Mises yield criterion is commonly used, based on
the assumption that only deviatoric stress contributes to plastic deformation.
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This can be formulated as the inequality
√

3

2
σd
ij : σ

d
ij ≤ σy, (3.13)

i.e. the stress state is elastic when the effective von Mises stress is lower than
the uni-axial yield strength σy. This can be stated as a yield function

θ = |σy| −
√

3

2
σd
ij : σ

d
ij , (3.14)

for which θ = 0 defines a yield surface in stress-space. In the above case,
this surface takes the form of a hyper-cylinder, or a regular cylinder of radius
r = σy

√
2/3 in principal stress space. For any given stress-state where the

yield condition is not met, elasticity applies. For all other cases, plastic de-
formation occurs. In plasticity delimited to small deformations, it is assumed
that the total strain can be additively decomposed into elastic and plastic
strain components

εij = εeij + εpij . (3.15)

In the case of metal plasticity, the plastic strain εpij is commonly given by an
associative flow rule on rate form as

ε̇pij = µ
∂θ

∂σij
, (3.16)

in terms of a plastic multiplier µ, with the conditions µ ≥ 0, θ ≤ 0 and
µθ = 0. These conditions enforce the dissipation inequality D ≥ 0, i.e. the
energy release associated with plastic deformation cannot return back into the
system. A characteristic uni-axial material response which highlights this is
given in Fig. 3.2, where Ψ is the total strain energy.

Figure 3.2: Uni-axial material response, with elastic stiffness E, initial yield
point σy. The strain energy e, associated with elastic strain εe, remains in the
material after unloading, while the strain energy Ψ−e, associated with plastic
strain εp, dissipates.

Lastly, a hardening rule describes how the yield-surface evolves with plastic
strain. Geometrically, this is represented by expansion, and/or translation of

16

the yield surface in principal stress space. For a heterogeneous material, the
hardening rule can e.g. be given locally by a function on the form κ(εp,xn),
where the vector xn varies with the subdomain Ωn, and contains the mi-
crostructure related variables influencing the flow stress of the material.

3.3 Homogenization

Instead of performing macro-scale experimental material testing to determine
constitutive model parameters, homogenization methods lets us calculate ef-
fective properties, based on information regarding the micro-scale constituents.
The volume averaged quantity •̂ in the domain Ω, with volume V , is defined
as

•̂ =
1

V

∫

Ω

• dΩ. (3.17)

Here, • can be any local quantity, indicated by a subscript star in the following,
such as e.g. stress σ∗, strain ε∗ or the constitutive tensor C∗. By applying Eq.
(3.17) to a subdomain Ωn, the upper bound of the effective elastic properties

ĈV
n can be retrieved by making the Voigt assumption of a constant micro-scale

strain field, i.e. εn = ε̂n in Ωn, which leads to

ĈV
n =

1

V

∫

Ωn

C∗ dΩn, (3.18)

whereas the lower bound of the effective elastic properties ĈR
n can be retrieved

by making the Reuss assumption of a constant micro-scale stress field i.e.
σn = σ̂n in Ωn, which leads to

ĈR
n =

(
1

V

∫

Ωn

C−1
∗ dΩn

)−1

. (3.19)

The Reuss and Voigt bounds are the most extreme that can be put on the true
elastic constitutive tensor Cn of Ωn, i.e.

ĈR
n ≤ Cn ≤ ĈV

n . (3.20)

The Reuss-Voigt-Hill average [62] of these bounds is commonly used as an
approximation for the constitutive tensor

C̄RV
n =

ĈR
n + ĈV

n

2
. (3.21)

Even narrower lower, CL
n and upper CU

n , bounds were defined by Hashin and
Shtrikman [63] by assuming isotropy for a two-phase material, i.e.

ĈR
n ≤ CL

n ≤ Cn ≤ CU
n ≤ ĈV

n . (3.22)
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ĈV
n =

1

V

∫

Ωn

C∗ dΩn, (3.18)

whereas the lower bound of the effective elastic properties ĈR
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These bounds are given here in terms of the bulk Kp and shear modulus Gp

for the phases p ∈ [1, 2] with volume fractions fp,

KU
n = K2 +

f1
1

K1−K2
+ 3f2

3K2+4G2

, (3.23)

KL
n = K1 +

f2
1

K2−K1
+ 3f1

3K1+4G1

, (3.24)

GU
n = G2 +

f1
1

G1−G2
+ 6(K2+2G2)f2

5G2(3K2+4G2)

, (3.25)

GL
n = G1 +

f2
1

G2−G1
+ 6(K1+2G1)f1

5G1(3K1+4G1)

, (3.26)

and K2 > K1, G2 > G1. The averages K̄n and Ḡn

K̄n =
KU

n +KL
n

2
, (3.27)

Ḡn =
GU

n +GL
n

2
, (3.28)

can then be used together with the well known relationships

Ēn =
9K̄nḠn

3K̄n + Ḡn
, (3.29)

ν̄n =
3K̄n − 2Ḡn

2(3K̄n + Ḡn)
, (3.30)

K̄n =
Ēn

3(1− 2ν̄n)
, (3.31)

Ḡn =
Ēn

2(1 + ν̄n)
, (3.32)

to approximate the averaged constitutive tensor C̄HS
n , i.e. CL

n ≤ C̄HS
n ≤ CU

n .

The effective elastic tensor C̄n of a composite material containing an inclu-
sion/void, can be expressed in terms of the two phases p ∈ [1, 2], with volume
fractions fp and constitutive tensors Cp, following results from Eshelby [64],
Benveniste [65], Mori, Tanaka [66] and Mura [67] as

C̄n = C1 + f2(C2 −C1)A. (3.33)

With the strain concentration tensor

A = [I + SC−1
1 (C2 −C1)]

−1[(1− f2)I + f2[I + SC−1
1 (C2 −C1)]

−1]−1.
(3.34)
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Here, I is the fourth order identity tensor written on Voigt form

I =




1 0 0 0 0 0
1 0 0 0 0

1 0 0 0
1
2 0 0

1
2 0

1
2




, (3.35)

and S is Eshelby’s tensor, which differs depending on the inclusion shape. For
the case of a spherical inclusion, such as a spherical gas pore inside a metallic
material with Poisson’s ratio ν,

Ss =




7−5ν
15(1−ν)

5ν−1
15(1−ν)

5ν−1
15(1−ν) 0 0 0

5ν−1
15(1−ν)

7−5ν
15(1−ν)

5ν−1
15(1−ν) 0 0 0

5ν−1
15(1−ν)

5ν−1
15(1−ν)

7−5ν
15(1−ν) 0 0 0

0 0 0 2(4−5ν)
15(1−ν) 0 0

0 0 0 0 2(4−5ν)
15(1−ν) 0

0 0 0 0 0 2(4−5ν)
15(1−ν)




. (3.36)

For the case of a cylindrical inclusion, such as a reinforcing fiber inside a
polymer matrix with Poisson’s ratio ν,

Sc =




0 0 0 0 0 0
ν

2(1−ν)
5−4ν
8(1−ν)

4ν−1
8(1−ν) 0 0 0

ν
2(1−ν)

4ν−1
8(1−ν)

5−4ν
8(1−ν) 0 0 0

0 0 0 1
4 0 0

0 0 0 0 3−4ν
8(1−ν) 0

0 0 0 0 0 1
4




. (3.37)

Eshelby’s tensor for other simple inclusion shapes are given in the book by
Mura [67]. For the case of inclusion-inclusion interactions, for example when
using large amounts of reinforcing fibers, C̄n can be approximated by recursive
substitution back into Eq. (3.33). [68]

For the case of arbitrary microstructural geometries, numerical homogeniza-
tion methods are required. For a given strain field εij applied to the compu-
tational cell Ωn, the elastic constitutive model parameters can be solved for
by using Hooke’s law, based on the resulting stress field σij . To determine
the nine engineering constants Eii (without summation), νij , Gij from Eq.
(3.8) for a known but arbitrary microstructure, six numerical models need
to be built, solved and post-processed. This is illustrated for displacement
controlled uni-axial loading in Fig. 3.3, and for shear loading in Fig. 3.4.
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3K̄n + Ḡn
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Figure 3.3: Loading conditions for the determination of E11, ν12 and ν13 (left),
E22, ν21 and ν23 (middle) and E33, ν31 and ν32 (right).

Figure 3.4: Loading conditions for the determination of G23 (left), G13 (mid-
dle) and G12 (right).

In practice, this involves computing the stress σij from the nodal reaction
forces

∑
F for each side of the computational cell with area A, due to the

strain εij imposed by some displacement boundary condition. Nodal Periodic
Boundary Conditions (PBC) can be applied to opposing faces as constraint
equations, such that they are allowed to distort freely without remaining plane
[69]. This implies that the overall material structure is periodic. The practical
details are described in further detail in the Abaqus [70] EasyPBC plugin
paper by Omairey et al. [71].

3.4 Orientation averaging

The probability of finding a fiber in any particular direction can be described
by a probability distribution function ψ(p), where

p =



sin(θ)cos(φ)
sin(θ)sin(φ)

cos(θ)


 , (3.38)

is the unit-vector spanning the unit-sphere with polar- and azimuthal angles
θ and φ, as illustrated by Fig. 3.5.
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Figure 3.5: Fiber oriented along ±p, fully defined by the angles θ ∈ [0, π] and
φ ∈ [0, 2π].

Integrating the product between p and the probability distribution function
ψ(p) results in a symmetric second order fiber orientation tensor

τij =

2π∫

0

π∫

0

pipjψ(p) dθ dφ =



τ11 τ12 τ13

τ22 τ23
τ33


 , (3.39)

where the diagonal entries represent the likelihood of finding fibers along the
11-, 22- and 33-axis, i.e. τii = 1. A hybrid closure approximation can be used
to obtain a fourth order orientation tensor based on the second order one

Tijkl =
(
3

2
− 3

2
τmnτmn

)
T α
ijkl + T β

ijkl, (3.40)

T α
ijkl = − 1

35
(δijδkl + δikδjl + δilδjk) +

1

7
(τijδkl + τikδjl + τilδjk + τklδij + τjlδik + τjkδil) ,

(3.41)

T β
ijkl = τijτkl. (3.42)

The linear part T α
ijkl provides an exact solution for random fiber orientations

(τ11 = τ22 = τ33 = 1/3), while the non-linear part T β
ijkl provides an exact

solution for a fully aligned fiber orientation (τ11 = 1, τ22 = 1, or τ33 = 1). To
proceed, the effective constitutive tensor C̄n, for a cylindrical fiber embedded
in a matrix material is needed, and can be computed based on Eq. (3.33). The
orientation averaged fourth order stiffness tensor C̄ijkl is then given in [72] by

C̄ijkl = B1(Tijkl) +B2(τijδkl + τklδij)

+B3(τikδjl + τilδjk + τjlδik + τjkδil)

+B4(δijδkl) +B5(δikδjl + δilδjk), (3.43)
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Figure 3.3: Loading conditions for the determination of E11, ν12 and ν13 (left),
E22, ν21 and ν23 (middle) and E33, ν31 and ν32 (right).

Figure 3.4: Loading conditions for the determination of G23 (left), G13 (mid-
dle) and G12 (right).
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where Bc refers to the entries of C̄n according to Eq. (3.7), with

B1 = C̄11 + C̄22 − 2C̄12 − 4C̄66, (3.44)

B2 = C̄12 − C̄23, (3.45)

B3 = C̄66 +
1

2
C̄23 −

1

2
C̄22, (3.46)

B4 = C̄23, (3.47)

B5 =
1

2
C̄22 −

1

2
C̄23. (3.48)

This operation represents a rotation of the homogenized fiber-matrix compos-
ite, initially oriented along the 1-axis, into the most likely direction based on
the probabilities of the given fiber orientation tensor τij , as illustrated by Fig.
3.6.

Figure 3.6: Orientation averaging based on the fiber orientation tensors τij
and Tijkl. Left: C̄n from homogenization by Eq. (3.33). Right: rotation of
C̄n into C̄ijkl using Eq. (3.43).
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Chapter 4

Methodology

This chapter summarizes the methodologies which were developed and ap-
plied in the appended papers, i.e. different strategies for the generation and
application of heterogeneous constitutive model parameters, based on local
microstructural variations, caused by the manufacturing process.

4.1 Empirical method (Papers I & II)

A simple one-dimensional empirical model, commonly used for cast metals
which are approximately isotropic on the macro-scale, is given by σ = Eεe
when elastic, and σ = Kεnp when plastic. Here, E is the material stiffness,
K is known as the strength coefficient and n the strain hardening coefficient.
The constitutive model parameters E = E(x), K = K(x), and n = n(x) are
functions of the microstructure via the vector x for the reasons discussed in
Chapter 2. The vector x could contain any microstructural or process-related
measurable variables such as e.g. dendrite arm spacing, solidification time, etc.
The classical approach of finding these constitutive parameters is to minimize
the objective function which describes the difference between the constitutive
model and experimental data from uni-axial, bi-axial or pure shear testing.
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Figure 4.1: Constitutive model parameters extracted by optimization against
an experimental stress-strain curve associated with a known solidification time.
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Fig. 4.1 illustrates the result of this for a uni-axial tensile test performed at
room temperature, with a specific sample solidification time, i.e. both tem-
perature T and microstructural parameters x are approximately fixed. The
optimization process is then performed multiple times, for samples of different
characteristic microstructure, by controlling the processing conditions using
e.g. a Bridgman furnace with a fixed solidification time, or by extraction from
specific regions in manufactured components. From multiple such measure-
ments and optimizations, the constitutive model parameters can be expressed
as functions of the local microstructure or processing conditions. These func-
tions can then be used together with processing simulations, to generate het-
erogeneous and element specific constitutive model parameters.

In Papers I & II, this method was applied to a sand cast flake graphite iron
cylinder head, with the purpose of investigating the influence of neglecting
process-induced, temperature dependent and stress-state dependent mechan-
ical and physical properties, as well as the influence of neglecting residual
stresses from the casting process. Both structural and thermal simulations
were performed in these studies, with varying levels of detail removed in the
material data. The solidification time, as well as the residual stress state was
predicted using an initial solidification simulation. The residual stress tensor
components were mapped from the finite difference mesh to the corresponding
element in the finite element mesh by using MAGMAlink, where they were
prescribed as initial conditions. A numerical reference model which contained
all available material data was then used to assess the effects of the above
mentioned modeling errors, by successive subtraction of the stress- and tem-
perature fields.

4.2 Statistical method (Paper III)

To determine the elastic constitutive behavior of anisotropic fiber reinforced
plastics, a combination of analytical and statistical approaches were used. The
combined stiffness of a fiber reinforcement dispersed in a polymer matrix de-
pends on the constitutive properties of both phases, as well as the shape of the
reinforcement. The homogenized constitutive tensor C̄n given by Eq. (3.33)
was used, where C1 represents the constitutive behavior of the matrix phase,
and C2 that of the fiber phase, with volume fraction v2. Eshelby’s tensor S
was approximated using the expression for cylindrical inclusions defined by
Eq. (3.37), together with the identity tensor I in Eq. (3.35) and the strain
concentration tensor A in Eq. (3.34). For fiber volume fractions above 30%,
the homogenization was performed in two steps. First, the interaction be-
tween fiber and matrix is considered. Then, the pure matrix C1 is replaced
by the already homogenized composite C̄n. In other words, C̄n is inserted
recursively into itself as the new reinforced matrix C̄1. This should be inter-
preted as a consideration of fiber-fiber interaction, with the new calibration
parameter v̄2. These operations result in a transversely isotropic stiffness ten-
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sor, i.e. all fibers are aligned along one direction, e.g. the 1-direction which
implies E11 > (E22 = E33). The statistically orientation averaged constitutive
tensor C̄ijkl given by Eq. (3.43) can now be determined, which rotates the
transversely isotropic stiffness tensor C̄n, now expressed in terms of the coef-
ficients Bc given by Eqs. 3.44 - 3.48, into the most likely direction of fibers
by considering the fiber orientation tensors τij and Tijkl given by Eqs. (3.39)
and (3.40). The non-linear constitutive behavior was then described using the
following hardening functional

κ(εp, τij) = Y (τij)−
H(τij)

A(τij)
(eA(τij)εp − 1), (4.1)

which depends on the effective plastic strain εp and the fiber orientation tensor
τij via the non-linear hardening polynomials Y,H and A. Here, Y represents
the yield stress of the material, while A and H both control the characteristics
of the non-linear response. As an example, for three off-axis tests, the function
Y would take the following Lagrangian form

Y (x) =
(x− x2)(x− x3)

(x1 − x2)(x1 − x3)
y1 +

(x− x1)(x− x3)

(x2 − x1)(x2 − x3)
y2 +

(x− x1)(x− x2)

(x3 − x1)(x3 − x2)
y3.

(4.2)
Here, xn ∈ [0, 1] represents known diagonal entries of the second order fiber
orientation tensor τij , with yn being the corresponding values of Y . As an
example, for the anisotropic tensile tests illustrated in Fig. 2.4b, Y ≈ 25 MPa
for a 90◦ fiber orientation, and Y ≈ 50 MPa for a 0◦ fiber orientation, i.e.
Y (x) is defined by the data points (x1, y1) = (0, 25) and (x3, y3) = (1, 50).
The values of yn in Y , H and A thus become material-specific, and are de-
termined by simultaneous optimization towards multiple off-axis tests. These
interpolating polynomials are then used to set the plastic material parameters.

In Paper III, the above method is demonstrated for a injection molded 50 wt.%
glass fiber reinforced material, using the commercial finite element code LS-
DYNA [73]. A custom material subroutine was developed to implement the
elastic and plastic constitutive behavior described above, as well as to assign
integration-point specific material data, based on injection molding simulations
performed using Moldex3D [74]. To avoid some practical problems associated
with large numbers of section- and material assignments, the constitutive pa-
rameters are set for each integration point directly in the constitutive model.
The effect of this is that only a single material definition is used, which contains
all of the fiber orientations and material data. This circumvents performance
issues related to large numbers of material definitions which are present in
several commercial finite element codes.
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4.3 Numerical/analytical method (Papers IV
& V)

Building finite element models of complex microstructures is associated with
several problems. Based on micrographs in 2D, or image stacks in 3D, the
input is on the form of either pixels or voxels, where phase boundaries are in-
herently ”jagged”. By smoothening such data sets, not only is the experimental
data distorted, but without using more sophisticated discretization methods,
the nodal connectivity between phases is typically lost. This leads to large
amounts of manual- and labor intensive pre-processing. Another issue associ-
ated with such datasets is that the amount of information might be too large
to fully utilize, depending on the available processing power. These problems
were addressed in Papers IV & V, by the development of a pixel/voxel-based
semi-multiscale method, with the intent of enabling a simple and rational con-
sideration of large such data sets on the macro-scale.

The main idea of the method is to split the imaging data set into subdomains,
which are used to build numerical models. These numerical models are ho-
mogenized individually using phase properties based on the local pixel/voxel
intensity. The homogenized properties are then mapped to a reduced finite
element model, i.e. where the number of elements is lower than the initial
number of pixels/voxels. Julia [75] was used to implement this method for ar-
bitrary micrographs and image stacks, containing any number of phases. The
flowchart in Fig. 4.2 provides an overview, while the splitting, meshing and
mapping operation is illustrated for 2D in Fig. 4.3, and for 3D in Fig. 4.4.

Pixels/voxels
Phase properties

Split

Mesh

32 ...2 n1

Map

Reduced model

Julia

Julia/Abaqus

Julia/OOF/ANSA

Figure 4.2: Implementation flowchart. Pixels or voxels together with phase
properties are used as input. The imaging data is split into n subdomains
which are discretized (red) using either Julia [75], OOF2/3D [76] or ANSA
[77]. Homogenization (green) of each subdomain is performed using Julia or
Abaqus [70] with EasyPBC [71], and the effective properties are mapped back
to a reduced mesh of the same physical dimensions as the original micrograph.
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In Paper IV, this method is described and evaluated for 2D problems, using dif-
ferent discretization and homogenization strategies. Artificial micrographs of
finite plates containing circular holes, and a experimentally obtained SEM mi-
crograph describing a complex aluminum microstructure were analysed. Pixel-
wise discretization is compared to when phase boundaries are partially or fully
smoothed, with respect to errors in stress and effective constitutive properties.
Two homogenization strategies were investigated, one numerical where Pe-
riodic Boundary Conditions (PBC) are applied to each subdomain, and one
semi-analytical where averaged Hashin-Shtrikman bounds are calculated based
on fractions determined via pixel summation using Eqs. 3.27 and 3.28.

Figure 4.3: Input micrograph containing 9 · 9 pixels (left) split into 3 · 3 sub-
domains (middle) where each pixel is represented by one element. Effective
properties are computed for each subdomain which are then mapped back to
a reduced model containing 3 · 3 elements (right).

In Paper V, the same method was extended to 3D problems, and evaluated
using the same numerical and semi-analytical homogenization methods. Er-
rors in stress concentration and predicted effective elastic constitutive model
parameters were estimated using artificial image stacks containing spherical
holes, by comparison to analytical solutions. Finally, the method was applied
to a complex high-resolution shrinkage porosity, retrieved from an aluminum
alloy image stack. A voxel-wise discretization strategy was used for all analy-
ses, except for a smooth reference model of the aluminum shrinkage porosity.

Figure 4.4: Input image stack containing 9 · 9 · 9 voxels (left) split into 3 · 3 · 3
subdomains (middle) where each voxel is represented by one element. Effective
properties are computed for each subdomain which are then mapped back to
a reduced model of 3 · 3 · 3 elements (right).
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Chapter 5

Conclusions

This chapter summarizes, and elaborates on the conclusions from the appended
papers. The purpose and aim of this work was to develop and evaluate meth-
ods for the determination of heterogeneous constitutive model parameters,
based on microstructural variations, caused by the manufacturing process. So
that their influence on component performance can be better understood, in
the context of simulation-driven industrial product development. By decreas-
ing material modeling errors, industrially manufactured components have the
potential to become further optimized with respect to multiple performance
metrics such as weight, cost and environmental impact.

5.1 Empirical method, cast flake graphite iron
(Papers I & II)

The following objectives were defined in Section 1.3:

Evaluate the influence of material modeling errors for sand cast lamellar
graphite iron components, such as the neglection of:

– Heterogeneous material behavior

– Residual stresses

– Difference between tensile and compressive behavior

– Temperature dependency

In Papers I & II, empirical models for thermo- mechanical and physical ma-
terial behavior were created by optimization towards experimental measure-
ments and literature data, for a flake graphite cast iron cylinder head. These
models depend on the solidification time, as predicted by casting process simu-
lations. Static and thermal analyses were performed using these models, with
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a reference model containing all of the available material data, i.e. the pre-
sented error is with respect to numerical reference models. Figs. 5.1a and 5.1b
illustrate the applied static, and transient thermal load-cases respectively.

(a) 300 MPa applied to cylinder sur-
faces.

(b) 400◦C thermal load applied to
cylinder surfaces over 5000 seconds.

Figure 5.1: Load-cases used in cylinder head evaluations.

By neglecting process-induced heterogeneous constitutive model parameters,
residual stresses, the compressive behavior, or the temperature dependency of
the material one by one, or several at once, ”non-trivial” errors were found.
Non-trivial in the sense that errors would not have been easily predicted with-
out performing the actual comparison. More specifically, the simplifications
did not lead to simple over- or under-estimation of stress or temperature, but
a combination of both in different regions of the component, with no obvious
pattern relative to the applied load. Also, in some cases, errors due to one or
two variable neglections counteracted a third. Where the errors were classified
as ”predictable”, there was a clear relationship between the error and the ap-
plied load. As an example, the error increases with distance from the applied
thermal load when neglecting heterogeneous constitutive model parameters
in the transient thermal analysis. In summary, the result of neglecting these
material-related aspects for different analysis types and load-cases were:

Static mechanical analysis (load: 300 MPa)

• Heterogeneous material behavior: small, non-trivial errors of 12 MPa

• Residual stresses: large, non-trivial errors of 128 MPa

• Compressive properties: large, non-trivial errors of 40 MPa (Fig. 5.2a)

• Temperature dependency: large, non-trivial errors of 57 MPa

Transient thermal analysis (load: 400◦C over 5000 s)

• Heterogeneous material behavior: negligible, non-trivial errors of 0.29◦C
(Fig. 5.2b)
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• Temperature dependency: large, predictable errors of 51◦C

Fig. 5.2a illustrates the effective von Mises stress field error retrieved by
neglecting the compressive material properties, for the static load-case. Fig.
5.2b illustrates the error in temperature distribution by neglecting process-
induced heterogeneous material properties, for the thermal load-case. Both of
which illustrate ”non-trivial” errors with respect to the applied load, in the
sense that they are not easily predictable without direct comparison.

(a) Significant and non-trivial error in effec-
tive von Mises stress, caused by neglecting
the difference between tensile and compres-
sive behavior, inside the component.

(b) Negligible, but non-trivial error in
temperature distribution, caused by
neglecting the process-induced hetero-
geneity.

Figure 5.2: Static mechanical and transient thermal evaluation of cast iron
cylinder head.

While the use of numerical reference models in Papers I & II for e.g. resid-
ual stresses decreases the generality of the numerical results, as opposed to
comparisons against experimentally verified data, it is still possible to con-
clude that non-trivial, and thus potentially dangerous errors could occur in
component-level simulations by disregarding even small differences in material
behavior.

5.2 Statistical method, injection molded short
GFRPs (Paper III)

The following objective was defined in Section 1.3:

Develop a method for the consideration of the heterogeneous fiber orienta-
tion in structural analyses of injection molded short glass fiber reinforced
composites

In Paper III, analytical homogenization and statistical orientation averaging
methods were used together with an anisotropic non-linear constitutive model,
to describe the material behavior of injection molded short Glass Fiber Re-
inforced Plastics (GFRP), in terms of the fiber orientation. The constitutive
model was implemented in the commercial finite element codes LS-DYNA
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[73] and Abaqus [70], allowing integration-point specific and fiber orientation
dependent constitutive model parameters, based on the results of injection
molding simulations, using only one material definition. A optimization-based
method was applied to determine the constitutive model parameters, where
numerical and experimental material tests were performed using samples con-
taining different, but approximately homogeneous fiber orientations.

The developed method was demonstrated by optimizing the anisotropic elastic
and plastic constitutive response of a composite material reinforced with 50
wt.% short glass fibers. The results can be seen in Fig. 5.3, where the consti-
tutive model parameters have been optimized against experimental tensile test
results for both 0◦, 45◦ and 90◦ fiber orientations simultaneously. It should be
noted that the behavior of all three simulations depend on each other, since the
fiber orientation in the tensile specimens are only approximately homogeneous.
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Figure 5.3: Demonstration of the proposed constitutive models ability to cap-
ture the behavior of three different fiber orientations, using a material with 50
wt.% glass fibers. The gray dot represents an approximation for where the 45◦

fiber orientation could be located, based on a material with 30 wt.% fibers.

While no component-level validation was performed within the scope of this
study, it can still be concluded that the proposed method and constitutive
model successfully captures the anisotropic and non-linear behavior of the
studied material, for the investigated geometry and loading conditions. With
further validation, the method could be a useful tool in capturing complex phe-
nomena like the through-thickness variation of the fiber orientation, allowing
engineers to evaluate the influence which this has on component performance.
By also considering the results and conclusions from Papers I & II for much
smaller differences in material behavior, it is likely that large performance
gains could be made by applying the proposed method to component-level
simulations in simulation-driven product development.
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5.3 Numerical/analytical method, cast aluminum
(Papers IV & V)

The following objective was defined in Section 1.3:

Develop and evaluate a method for the generation of reduced numerical
microstructure models, based on 2D micrographs or 3D image stacks

In Papers IV (2D) & V (3D), a semi-multiscale modeling methodology for
elastic problems was developed. A reduced finite element model is generated
from a pixel- or voxel-representation of a complex microstructure, by using
subdomains which are homogenized numerically using Periodic Boundary Con-
ditions (PBC), or semi-analytically using averaged Hashin-Shtrikman bounds.
The method was evaluated using both artificial and experimentally obtained
imaging data. The artificial data describes finite plates containing large cir-
cular holes, and finite cubes containing large spherical holes, of varying radius
up to a 0.9 width/diameter ratio. These models were intended to represent
worst-case conditions for what could occur locally in individual subdomains,
during the reduction of complex microstructures. The experimentally obtained
imaging data on the other hand, represents applications in the form of cast
aluminum alloy microstructures, containing multiple solid phases and porosity.

The method was evaluated by computing the relative error

∆• =
• − •r
•r

· 100 [%], (5.1)

where •r represents a reference solution for the quantity •, which could be
stiffness E, Poisson’s ratio ν, principal stress σ1 or a stress concentration factor
Kt. By evaluating artificial imaging data, the following errors were found for

Large circular holes in finite 2D plates

• Numerical method

∆E ≤ 23%

∆ν ≤ 75%

∆σ1 ≤ 55%

• Semi-analytical method

∆E ≤ 63%

∆ν ≤ 175%

∆σ1 ≤ 55%

Large spherical holes in finite 3D domains

• Numerical method

∆E ≤ 4%

∆ν ≤ 7%

∆Kt ≤ 75%

• Semi-analytical method

∆E ≤ 55%

∆ν ≤ 15%

∆Kt ≤ 75%
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(Papers IV & V)
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Next, the method was evaluated by using 2D and 3D imaging data obtained
via Scanning Electron Microscopy (SEM) and Computed Tomography (CT).
The resulting stress fields for the 2D evaluation is illustrated in Figs. 5.4a,
5.4b, while the 3D evaluation is illustrated in Figs. 5.5a and 5.5b.

(a) Reference 2D model, where each
pixel of the original aluminum mi-
crograph has been discretized using
two first order triangular elements per
pixel. (30 000 000 elements)

(b) Reduced model, where the number
of elements in the reference model has
been decreased by 99.89%, to 32 768
triangular elements, using numerical
homogenization and 1282 subdomains.

Figure 5.4: Effective stress after uni-axial loading of 2D aluminum plate.

(a) Reference 3D model cross-section,
manually pre-processed and discretized
using 48 357 618 elements. Cubical
volume containing a large shrinkage
porosity with a complex shape.

(b) Reduced model, where the num-
ber of elements in the reference model
has been decreased by 94.32%, to
2 744 000 elements and subdomains,
using semi-analytical homogenization.

Figure 5.5: Principal stress after uni-axial loading of 3D aluminum cube.
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The effective elastic properties of the reduced models were then evaluated as a
function of the number of subdomains. The resulting material property errors
are illustrated in Fig. 5.6a for 2D, and in Fig. 5.6b for 3D.
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(a) Semi-analytical reduction of 2D
SEM micrograph.
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(b) Semi-analytical reduction of 3D CT
image stack.

Figure 5.6: Material property errors for different numbers of subdomains.

From the evaluation of artificial imaging data, it could be concluded that the
numerical method outperforms the semi-analytical one with respect to esti-
mating constitutive parameters. However, high local errors in both stress and
constitutive model properties were seen using both methods. The drawback of
the numerical method is that the computational time becomes unreasonably
high for larger problems. This can be resolved by applying the more com-
putationally efficient semi-analytical homogenization method, which has an
accuracy similar to the numerical method for larger numbers of subdomains.
The drawback of the semi-analytical method is that it is inaccurate for low
numbers of subdomains, where the elastic properties may be under-estimated
by up to 55%. Additionally, both homogenization methods under-estimate lo-
cal stress concentrations for smaller numbers of subdomains. For these reasons,
it is suggested to use as many subdomains as one can afford given the avail-
able memory and processing power, and to select the homogenization method
based on the above recommendations.

From the evaluation of experimentally obtained imaging data, it could be
concluded that while local errors may be high, the method was still able to
accurately reduce the 2D model by 99.89% and the 3D model by 94.32%, with
errors lower than 1% for the elastic constitutive parameters. Characteristics of
the stress-field such as the location of stress concentrations remained, however
the magnitude of the stress was under-estimated by approximately one order
of magnitude when compared to a traditionally pre-processed finite element
model.
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The presented methodology is a first step towards reducing pixel- and voxel-
representations of complex microstructures to a size where they may be in-
cluded in component level simulations. One application of this might be the
inclusion of a porosity distribution retrieved from a casting process simula-
tion, or via X-ray based imaging methods applied on a production line. This
would allow engineers to consider the influence this might have on component
performance. The method could also be used as a pre-processing step in the
creation of more advanced numerical models, where the number of elements
needs to be kept low while still containing a large amount of heterogeneous
material data.
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Chapter 6

Future work

The research which is summarized in this thesis has spawned multiple ideas
for future work. In this chapter, suggestions are given for improvements and
extensions to the methodologies in the appended papers.

Papers I & II

The method described in the first two papers is applicable to any type of man-
ufacturing process which introduces a heterogeneous microstructure in the
produced component. By performing initial simulations of the manufacturing
process together with material characterization, heterogeneous model param-
eters can be generated for macro-scale finite element simulations in a two-step
approach. A few examples of this could be the consideration of the grain
structure from forging, anisotropic behavior caused by the draw-direction in
thermo-forming, flow induced fiber orientation in fiber reinforced composites,
porosity or other microstructural imperfections in cast components, or the het-
erogeneous constitutive behavior caused by additive manufacturing processes.
Furthermore, the method could be extended with multi-axial and/or dynamic
material testing combined with more sophisticated constitutive models to pro-
vide a more general description of the heterogeneous constitutive behavior in
structural analyses.

Paper III

The approach taken in the third paper could be further improved, extended
and validated. A more general formulation of anisotropic fiber orientation
dependent plasticity, including a pressure-dependent yield criterion would im-
prove the validity of the proposed constitutive model with respect to fiber
reinforced plastics. Rate dependency, damage mechanisms, etc. could be in-
cluded to further improve the predictive capabilities of the model. While the
non-linear and anisotropic behavior of the investigated material was success-
fully captured using optimization against numerical models, the actual fiber
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orientation in the tensile specimens is unknown. Also, component-level valida-
tion would be necessary before confidently applying the method to industrial
problems. Following larger efforts in validation, shape/topology and process-
variable optimization could be applied to minimize the difference between the
local fiber orientation and the principal stress vector for each material point,
further optimizing the material utilization in fiber reinforced parts under in-use
conditions.

Papers IV & V

While the method described in the last two papers significantly reduces the
complexity of building finite element models of complex microstructures, a
more sophisticated discretization method is required for accurate stress pre-
dictions. Level-set based methods could be applied to create numerical models
of the microstructure with smooth phase boundaries. Adaptive mesh-reduction
could be applied to reduce the number of neighboring elements with similar
constitutive model parameters, to reduce memory requirements. The perfor-
mance of the numerical homogenization method could be increased signifi-
cantly by optimizing the implementation, alternatively by using a different
numerical method such as e.g. finite differences. Furthermore, a computa-
tionally efficient description of the non-linear subdomain response, while not
trivial, would take the method to the next level. This might be achievable
by using e.g. artificial neural networks with physical constraints in the train-
ing data set, or other data-driven methods. The initial idea was to use the
proposed method in support of macro-scale fatigue life predictions, allowing
consideration of the micro-scale porosity contents. The proposed method is a
first step in this direction, however further progress would also require an ap-
proximation of the porosity distribution from a casting process simulation, or
simulations of microstructure growth, unless retrieved via X-ray based 2D or
3D imaging methods. In this context, it should also be noted that the mech-
anisms which control porosity formation in metal casting are still not fully
understood. In future works, the simplicity and performance of the method
should also be compared to other available model reduction methods, including
available commercial software.
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Chapter 6. Future work

orientation in the tensile specimens is unknown. Also, component-level valida-
tion would be necessary before confidently applying the method to industrial
problems. Following larger efforts in validation, shape/topology and process-
variable optimization could be applied to minimize the difference between the
local fiber orientation and the principal stress vector for each material point,
further optimizing the material utilization in fiber reinforced parts under in-use
conditions.

Papers IV & V

While the method described in the last two papers significantly reduces the
complexity of building finite element models of complex microstructures, a
more sophisticated discretization method is required for accurate stress pre-
dictions. Level-set based methods could be applied to create numerical models
of the microstructure with smooth phase boundaries. Adaptive mesh-reduction
could be applied to reduce the number of neighboring elements with similar
constitutive model parameters, to reduce memory requirements. The perfor-
mance of the numerical homogenization method could be increased signifi-
cantly by optimizing the implementation, alternatively by using a different
numerical method such as e.g. finite differences. Furthermore, a computa-
tionally efficient description of the non-linear subdomain response, while not
trivial, would take the method to the next level. This might be achievable
by using e.g. artificial neural networks with physical constraints in the train-
ing data set, or other data-driven methods. The initial idea was to use the
proposed method in support of macro-scale fatigue life predictions, allowing
consideration of the micro-scale porosity contents. The proposed method is a
first step in this direction, however further progress would also require an ap-
proximation of the porosity distribution from a casting process simulation, or
simulations of microstructure growth, unless retrieved via X-ray based 2D or
3D imaging methods. In this context, it should also be noted that the mech-
anisms which control porosity formation in metal casting are still not fully
understood. In future works, the simplicity and performance of the method
should also be compared to other available model reduction methods, including
available commercial software.
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[17] T. Sjögren and H. Svensson, “Study of the eutectoid transformation in
grey cast irons and its effect on mechanical properties,” Key Engineering
Materials, vol. 457, pp. 157–162, 2011.

[18] C. Maraveas, Y. C. Wang, T. Swailes, and G. Sotiriadis, “An experimental
investigation of mechanical properties of structural cast iron at elevated
temperatures and after cooling down,” Fire Safety Journal, vol. 71, no. 1,
pp. 340–352, 2015.

[19] H. Altenbach, G. B. Stoychev, and K. N. Tushtev, “On elastoplastic de-
formation of grey cast iron,” International Journal of Plasticity, vol. 17,
no. 5, pp. 719–736, 2001.

[20] J. K. Holmen, B. H. Frodal, O. S. Hopperstad, and T. Børvik, “Strength
differential effect in age hardened aluminum alloys,” International Journal
of Plasticity, vol. 99, no. 7491, pp. 144–161, 2017.

[21] M. A. Akinpelu, S. O. Odeyemi, O. S. Olafusi, and F. Z. Muhammed,
“Evaluation of splitting tensile and compressive strength relationship of
self-compacting concrete,” Journal of King Saud University - Engineering
Sciences, 2018.

[22] S. Sankaranarayanan, S. Jayalakshmi, and M. Gupta, “Effect of addition
of mutually soluble and insoluble metallic elements on the microstructure,
tensile and compressive properties of pure magnesium,” Materials Science
and Engineering A, vol. 530, no. 1, pp. 149–160, 2011.

40
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[39] E. Ogris, A. Wahlen, H. Lüchinger, and P. J. Uggowitzer, “On the silicon
spheroidization in Al-Si alloys,” Journal of Light Metals, vol. 2, no. 4,
pp. 263–269, 2002.

[40] A. K. Gupta, B. H. K. H. K. Saxena, S. N. Twari, S. L. Malhotra, S. N.
Tiwari, S. L. Malhotra, S. N. Twari, and S. L. Malhotra, “Review: Pore
formation in cast metals and alloys,” Journal of Materials Science, vol. 27,
no. 4, pp. 853–862, 1992.

[41] P. D. Lee, J. Wang, and M. Li, “Coupling in-situ observations and mi-
croscale modeling to predict pore and Fe-rich intermetallic formation dur-
ing the solidification of Al-Si-Cu-Fe alloys,” Proceedings from the 12th In-
ternational Conference on Modeling of Casting, Welding, and Advanced
Solidification Processes, pp. 87–99, 2009.

[42] C. Puncreobutr, P. D. Lee, R. W. Hamilton, and A. B. Phillion, “Quanti-
tative 3D characterization of solidification structure and defect evolution
in Al alloys,” Jom, vol. 64, no. 1, pp. 89–95, 2012.

[43] C. Puncreobutr, P. D. Lee, K. M. Kareh, T. Connolley, J. L. Fife, and
A. B. Phillion, “Influence of Fe-rich intermetallics on solidification defects
in Al-Si-Cu alloys,” Acta Materialia, vol. 68, pp. 42–51, 2014.
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Multiscale Constitutive Modeling of Heterogeneous 
Engineering Materials

This work deals with different methods used to determine heterogeneous constitutive model 
parameters for macro-scale finite element models, based on microstructural variations, 
caused by the manufacturing process. These methods could be applied to decrease 
modeling errors associated with the material behavior, improving the predictive capabilities 
of structural analyses in simulation-driven industrial product development. By providing 
engineers with more sophisticated tools and methods which lets them consider the complex 
relationships between the manufacturing process, the resulting microstructure and the 
final properties, manufactured components have the potential to be further optimized with 
respect to both weight and performance, reducing their cost and environmental impact.


