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LEARNING TO SEE DISTINCTIONS THROUGH LEARNING STUDIES: Critical 
Aspects as an Example of Pedagogical Content Knowledge  
 

 

 

 

 

ABSTRACT 

Purpose – The purpose of the study is to identify changes in teacher’s pedagogical content 
knowledge (PCK) as a result of their participation in two learning studies in mathematics.  

Design/methodology/approach – A group of four mathematics teachers and the researcher 
of this paper explored two objects of learning related to division with decimal numbers and 
the straight-line equation in a learning study (LS) project over the course of one year. The 
data used consists of eight video-recorded lessons, four written student tests, eight student 
interviews and 14 recorded team meetings. The analysis was based on the variation theory 
principle about learning (Marton, 2015) and on ontological assumptions within the 
phenomenographic approach (Marton, 1981). 

Findings – It was found that teachers’ PCK was changed and refined through the LS 
process in terms of differences in ways of understanding and discussing critical aspects 
related to each object of learning. In the paper the terms “presumed critical aspects” and 
“explored critical aspects” are used to illustrate this difference. Furthermore, the concepts 
are viewed in relation to three subdomains of PCK: knowledge of content and curriculum, 
knowledge of content and students, and knowledge of content and teaching. 

Originality/value – Bringing out the difference between “presumed critical aspect” and 
“explored critical aspects” advances the view that critical aspects are dynamic and 
emergent in practice – in the interaction between teaching and student learning. The 
research exposes “explored critical aspects” as a specific form of PCK in which knowledge 
of content and curriculum, knowledge of content and students, and knowledge of content 
and teaching are intertwined.  

 

Keywords: learning study, critical aspects, variation theory, pedagogical content 

knowledge, teachers’ professional development 

 

 



 

Introduction 
It is a common view that teachers need more than content knowledge in order to make 

content accessible to learners. They also need pedagogical content knowledge, or PCK 

(Shulman, 1986; Shulman, 1987). At the heart of PCK lies the notion that there is a unique 

professional knowledge that distinguishes the understanding of the teacher from that of the 

content specialist. In the 1980s, Shulman (1987) defined PCK as “that special amalgam of 

content and pedagogy that is uniquely the province of teachers, their own special form of 

professional understanding” (p. 8). Accordingly, PCK goes beyond an understanding of 

content knowledge (that includes concepts and facts in a discipline) and generic knowledge 

about pedagogy in isolation from one another. PCK involves teachers’ awareness of how 

to teach the content – for instance how to use illustrations, examples, instructional 

strategies, representations and assessments to make the subject understandable to the 

students.  

Since then, the notion of PCK has been expanded and developed into finer-grained 

conceptualizations in the field of mathematics education research (Depaepe, Vershaffel and 

Kelchtermans, 2013). One such conceptualization that is widely used is the practice-based 

theory of mathematical knowledge for teaching (MKT) proposed by Ball, Thames, and 

Phelps (2008). This theory is developed through empirical studies and emphasizes the 

importance of understanding teachers’ knowledge as “knowledge-in-action.” In their 

empirical studies, Ball and colleagues (Hill, Rowan and Ball, 2005; Ball et al., 2008) 

elaborated on Shulman’s work and identified three subdomains within PCK: 1) Knowledge 

of content and students (KCS) includes student understanding of mathematics, that is what 

students find confusing, difficult or easy to learn, and common misconceptions. 2) 

Knowledge of content and teaching (KCT) represents the knowing about planning and 

teaching mathematics that requires to choose proper tasks, representations and materials, 

to sequence the mathematical content and activities, and to probe appropriate questions. 3) 

Knowledge of content and curriculum (KCC) is the least empirically tested and 

conceptualized of the subdomains (Ball et al., 2008; Hill et al., 2005; Sleep, 2009). 

According to Hurrell (2013) though, it includes knowledge of the structure, strands and 

proficiencies from the mathematics curriculum, for example how division of fractions is 

related to division of whole numbers in the school curriculum and what models for division 

the students would be familiar with. Sleep (2009) also includes knowledge about using 

technology in teaching mathematics. 



 

Moreover, in their work, Ball et al. (2008) further divided Shulman’s content knowledge 

to a conceptualization comprising of common content knowledge (CCK), specialized 

content knowledge (SCK) and, horizon content knowledge (HCK) which refer to the 

mathematics commonly used in different professions, mathematical knowledge not 

generally used in contexts other than education, and an awareness of how mathematical 

topics are related to other topics throughout the school years, respectively (Ball et al., 

2008).  

Although the subdomains provide a better understanding of teachers’ professional 

knowledge it can be difficult to distinguish one type of knowledge from another. Ball et 

al., (2008) explain that it “is not always easy to discern where one of our categories divides 

from the next, and this effects the precision (or lack thereof) of our definitions” (p. 403). 

However, the subdomains of mathematical knowledge are not to be understood in terms of 

“knowing more mathematics” but as “knowing differently,” which Davis and Renert 

(2014) use in their argumentation regarding PCK to highlight teachers’ tacit knowledge 

that precedes and enables teachers’ competencies with respect to formal mathematics.  

 

It is a widely held recommendation that different approaches of teacher collaboration can 

support teachers’ development of PCK (e.g. Lewis, Perry and Murata, 2006; Davis and 

Renert, 2014; Kieran, 2007; Kuntze, 2012, Mårtensson and Hansson, 2018). Those 

suggestions highlight the need to allow teachers to observe each other’s lessons, to analyze 

how the subject matter is handled and understood by their students, and to reconsider their 

earlier knowledge. One such approach of teacher collaboration is learning study (LS) 

(Marton and Pang, 2003). With the aim to enhance student learning, teachers in an LS 

examine their teaching to identify that which is critical for students to learn something 

specific. The arrangement is framed within a theory of learning and consists of repeated 

joint activities such as lesson planning, observations and analyses of lessons, and lesson 

revisions.  

 

Many studies show that teachers can develop and achieve effective teaching and learning 

activities that make a difference to student learning when they use variation theory as a 

theory of learning for understanding the relation between their teaching and student 

learning. For example, it is known that variation theory can challenge teachers’ practice 



 

knowledge (Thorsten, 2015) and leads them to more easily focus on the content and less 

on teaching strategies and manipulatives (Holmqvist Olander and Bergentoft, 2014; Pillay, 

2013). Furthermore, the theory can be seen as a guiding principle that helps teachers 

structure the content taught, even in a long-term perspective (Kullberg et al., 2016). But a 

big challenge for teachers (e.g., Pillay, 2013), although they have solid experiences of 

teaching, is to identify the critical aspects (what the students need to learn) of an object of 

learning (further elaborated in the next section). This requires both ingenuity and a 

systematic exploration of how to handle critical aspects in practice (Lo and Marton, 2012; 

Pillay, 2013). Holmqvist (2011) shows that teachers discuss critical aspects and how to 

sequence them during lessons in a more developed and detailed manner in the later parts 

of an LS compared to the earlier parts.  

There are some studies in which the researchers interpret teachers’ knowledge gained in 

LS in terms of different subdomains of MKT or PCK. Lai and Lo-Fu (2014) examined pre-

service teachers’ experiences during cycles of LS. They found that the pre-service teachers 

developed SCK (i.e., including conceptual understanding in teaching), KCS (i.e., the 

misconceptions their students held), and KCT (i.e., how to formulate challenging questions 

and an awareness of the value of using manipulatives). Nilsson’s study (2014) shows 

similar results. The science teachers in her study developed knowledge of students’ 

understanding (i.e., what is difficult to learn) and knowledge of instructional strategies 

(i.e., how to challenge students’ ideas and difficulties when teaching) through the course 

of LS. Of course, each type of knowledge in these studies can be understood as amalgam 

knowledge in accordance with Shulman’s (1987) definition of PCK as KCS, for example, 

consists of knowledge of mathematics and students. However, they are displayed as 

separate categories of PCK and MKT. 

But what would the consequences be for our understanding of teachers’ professional 
development if, rather than seeing PCK as separate categories or subdomains, we see it as 
an interplay or an amalgam knowledge between different types of knowledge?  Taking this 
idea as the point of departure, the purpose of the study is to provide insights into the kind 
of knowledge about teaching and learning mathematics that teachers develop through their 
participation in LS. This will be addressed through the following two questions: What do 
teachers identify as critical aspects for their students’ learning in relation to two specific 
objects of learning? And in what way is knowledge about critical aspects enhanced through 
cycles of LS? 



 

LS and Variation theory  

In an LS (Marton and Pang, 2003) the focus is on a specific content to be learned—the 

object of learning—rather than on teaching methods and activities. Briefly, the object of 

learning is constituted of its critical aspects, that is, the aspects not previously discerned 

by the learner (Marton, 2015).  

 

LS is a model for professional learning (PL) for teachers that aims to enhance student 

learning through a collaborative exploration of a specific object of learning and to bring 

to light how different lesson designs may support the teaching of that object. But LS has 

also been described as a collaborative research approach in which teachers and researchers 

explore the meaning of a specific object of learning (Carlgren, 2012). Whether LS is used 

as a research method or a model for teachers’ professional learning, the exploration is 

carried through cycles comprising a set of different steps. The first step is to choose and 

define the object of learning (Marton and Pang, 2003), normally something the students 

find difficult to learn or the teachers find difficult to teach. The second step is to 

investigate and evaluate the students’ prior knowledge of the object of learning. For this 

purpose, written tests or interviews are commonly used. A formative evaluation of the test 

results and students’ answers give important information about what is to be learned or, 

in other words, what is critical for student learning (Lo and Marton, 2012; Marton and 

Pang, 2003).  

 

It has been claimed that teachers only occasionally understand how their classroom 

activities relate to what their students learn (Nuthall, 2004). Teachers therefore “require an 

explanatory theory of how different ways of managing the classroom and creating activities 

are related to student learning outcomes” (p. 276). In LS, variation theory (Marton & 

Booth, 1997; Marton, 2015) is used as such an explanatory theory for understanding the 

relationship between student learning outcomes and the way the content is structured in 

their lessons. Consequently, the theory enables an analysis of teaching and learning in 

commensurable terms. Throughout the cycles, the team is also guided by educational 

research reports.  

In the third step, students’ different understandings from the formative evaluation, research 

findings, and variation theory become sources for designing the first lesson. The lesson is 

then carried out by one of the teachers on the team, and the lesson is video-recorded (the 



 

fourth step). In order to provide insight into students’ learning, a post-test is given after the 

lesson. In the last step, the team, in a follow-up meeting, analyzes the relationship between 

the students’ outcomes and the teaching they received to identify aspects within the lesson 

that make difference for student learning and to further improve and revise the lesson. The 

same procedure of recurring steps follows in two to three more cycles in which another 

teacher on the team conducts the revised lesson in his or her class.   

 

From a variation theory perspective, learning is always directed towards something to be 

learned. As such, learning implies a person’s becoming able to see something in a new, 

more qualitative way by experiencing aspects that the person had not experienced before. 

In other words, learning requires discernment of critical aspects, and discernment of an 

aspect requires variation (Marton and Booth, 1997). This has pedagogical implications for 

designing and analyzing teaching: It is crucial for a teacher to find the critical aspects (a 

necessary aspect or aspects of an object of learning) not discerned by the student. Using 

the idea of variation means that, rather than telling the students the critical aspects, the 

teacher must structure the critical aspects in terms of patterns of variation and invariance 

(Marton and Pang, 2003; Marton, 2015). Variation theory states that what varies against 

an invariant background is most likely to be discerned. For instance, if a teacher wants the 

students to discern what an angle is, the teacher can contrast the angle aspect to another 

aspect (e.g., two straight lines not having a common end point). Another possibility is to 

contrast different instances of the angle aspect, such as right, obtuse, straight, and acute. 

In this way (if the rays are invariant), a dimension of variation about angles can be opened 

up, making the instances discernable. 

In this paper a further distinction in relation to critical aspects is discussed: namely, 

whether they are understood from a first order or a second order viewpoint—two concepts 

commonly used within the phenomenographic research tradition (Marton, 1981). As 

variation theory stems from the phenomenographic approach, their ontological 

assumptions are common and can be described in terms of a non-dualistic point of view. 

This implies that person and world, or subject and object, are not isolated entities. On the 

contrary, human consciousness is an internal relationship between the person and the world 

(Gurwitsch, 1964; Marton and Booth, 1997). The non-dualistic perspective is the basis for 

observing and studying things from a second-order viewpoint (Marton and Booth, 1997). 



 

For instance, when we are trying to understand the way someone perceives something, we 

explore the internal relationship between that person and the object. Hence, we are trying 

to see things through the eyes of another person. On the other hand, if we take a first-order 

viewpoint, we observe things in relation to established knowledge (Marton, 1981). The 

research reported in this paper is conducted from a second-order viewpoint in that it 

examines critical aspects as experienced by the teachers. Therefore, the paper does not 

make statements about objects of learning but rather about teachers’ ideas of those objects. 

The two different viewpoints also have significant consequences for the teachers’ 

perceptions of critical aspects during their participation in the LS. 

Method 

Collection of data  

The research in this paper is based on data collection from two LS’s in mathematics dealing 

with division of decimal numbers (LS I) and the straight-line equation (LS II), respectively. 

In more specific terms the objects of learning were formulated as understanding why the 

quotient can be bigger than the dividend and matching algebraic and graphic 

representations of linear equations. During each LS, data was gathered from four video-

recorded lessons (55 to 60 minutes each), two written student tests, 8 student interviews (5 

to 10 minutes each), and seven recorded team meetings (3 to 4 hours each) during which 

the team analyzed their teaching instructions and student learning.  

The team consisted of me and four teachers of mathematics. Our joint goal was to enhance 

student learning but also to generate knowledge about critical aspects in relation to the 

objects of learning. The teachers were all experienced teachers working at a secondary 

school that serves a community of approximately 33.000 inhabitants in Sweden. Their 74 

students were in grades 8 to 9 (aged 15–16). The teachers volunteered to participate in the 

project, and the students had written consent from their parents. Each student was also 

invited to give oral permission to have the lessons taped. One semester before the 

collaboration started, the teachers were informed about the LS approach and variation 

theory. The theory worked as a guiding principle (Lo and Marton, 2012) that helped the 

team to make wise decisions about teaching but also to understand and to analyze the 

relationship between teaching and learning. In addition, mathematical education research 

reports about division with decimal numbers (e.g., Okazaki and Koyama, 2005; 

Verschaffel, Greer and De Corte, 2007) and straight-line equations and algebra (e.g., 



 

Lobato, Burns Ellis and Munoz, 2003; Kieran, 1992) were used as a resource when 

exploring the object of learning. The teachers did not just participate in the research but 

were “inevitably involved” (Stenhouse, 1981) in the research process, as all members of 

the team took an active role in analyzing student tests, interviews, and video-recorded 

lessons and, hence, explored what students must learn in relation to the specific objects of 

learning. However, we had partly different roles. In the role of the researcher, I also 

served as a resource person (Pedretti and Hodson, 1995). This meant that I took charge 

of technical equipment, collected data throughout the whole process, implemented method 

and theory, guided the teachers in the different steps of the LS process and in the underlying 

principles of the theory, and, furthermore, prepared and followed up the meetings. The 

teachers taught the lessons and decided the mathematical content to explore based on what 

they found hard to teach about. The discussions during the meetings were most often 

characterized by equality and mutual respect, even though there were disagreements 

sometimes. In those cases, the autonomy of the teachers was the determining factor 

for every decision made about teaching and instruction. 

 

Analysis 

The role of the researcher in this study was also to provide insights into the kind of 

knowledge about teaching and learning mathematics teachers develop through their 

participation in LS. To meet this, the data collected from each LS was analyzed in two 

phases, following a within-case and a cross-case analysis (Stake, 2006). During the 

within-case analysis the recorded team meetings were transcribed and read. For each LS, 

a new familiarization of the video-recorded lessons and the written student tests and 

interviews was done, all of which focused on identifying the kind of knowledge the 

teachers developed. To capture a detailed picture of that knowledge, variation theory 

principles about learning (Marton and Booth, 1997; Marton, 2015) were used, as 

expressed in the following questions: What aspects of the object of learning are discerned 

when reasoning about the critical aspects in the different stages in each LS? What patterns 

of variation are used when planning the lessons, and what patterns of variation are used 

for manifesting critical aspects in the lessons?  

  

The cross-case analysis focused on whether there were any commonalities of a more 

general character between LS I and LS II concerning the way the teachers reasoned about 

https://www.emeraldinsight.com/doi/full/10.1108/IJLLS-11-2017-0048


 

and handled the critical aspects. The results from the within-case analysis were related to 

1) the three subdomains of PCK, trying to identify whether there was any interplay 

between them through the LS cycles, and 2) ontological assumptions within the 

phenomenographic approach (Marton, 1981), examining whether the teachers reasoned 

about the critical aspects from a first-order or a second-order viewpoint. 

 

Results 
The cross-case analysis revealed that teachers’ PCK was developed through the LS 
process; namely, the critical aspects were seen in a more qualitative way in the final parts 
of each LS compared to the initial parts. To illustrate that difference, I present examples 
below using the concepts “presumed critical aspects” for the teachers’ knowledge of the 
critical aspects in the initial parts of the LS and “explored critical aspects” for the change 
of knowledge gained from the exploration and analysis of the demands of teaching through 
the LS cycles. These concepts are viewed in relation to the three components of PCK: 
knowledge of content and curriculum (KCC), knowledge of content and students (KCS), 
and knowledge of content and teaching (KCT). 

Presumed critical aspects made from the first-order viewpoint 
 

From a variation theory perspective, the teachers discussed what the students needed to 

learn, trying to identify the critical aspects related to each object of learning (division of 

decimal numbers in LS I and the straight-line equation in LS II). During the initial parts of 

each LS, the teachers’ KCC was predominant when discussing what the students need to 

discern, hence what the teachers presumed to be critical. In these discussions, the objects 

of learning were decomposed into pieces of  mathematics, which were organized and 

compiled in bulleted lists formulated in subject-content terms, in accordance with the way 

the mathematics is organized and presented in textbooks or in the Curriculum for the 

Compulsory School (Skolverket, 2011) in Sweden. For instance, it was presumed that 

the students needed to discern numbers between 0 and 1 in LS I and the slope of a straight 

line in LS II (table 1).   
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Table 1: Presumed critical aspects in LS 1 and LS 2. 

 

Given that the presumed critical aspects were articulated from the point of view of the 

teachers’ logical reasoning about the mathematics in the curriculum or textbook and 

because the students’ understandings were not of much interest at that point, one may say 

that the first-order viewpoint (Marton and Booth, 1997) prevailed during the initial stages 

in each LS.  

But to gain knowledge of students’ understandings and, furthermore, to validate the 

presumed critical aspects, the teachers gave the students in each LS a test made up of a 

series of tasks. For instance, the analysis of the test in LS II showed that several students 

had difficulties understanding the meaning of the 𝑦𝑦-intercept and the slope of a straight-

line. When they were asked to match different graphs and algebraic expressions, a lot of 

the students discerned the lengths of the graphs instead of the point where the graphs 

crossed the 𝑦𝑦-axis, and, furthermore, they perceived the 𝑦𝑦-axis (instead of the 𝑥𝑥-axis) as a 

benchmark for the slope of the straight-line graph. From the point of view of the teachers, 

the incorrectness was not that important, as it was dismissed with the following 

commentary: “It cannot be my students giving such incorrect answers.” Furthermore, it 



 

was taken for granted that their teaching would help the students overcome the difficulties, 

and thus, the insights had no impact on the teachers’ ideas about critical aspects. 

In some cases, knowledge of content and students was the foundation for reasoning about 

what the students need to learn. In LS I the teachers said that place values of decimal 

numbers must be critical because they had noticed that some students had difficulties 

reading and doing operations with decimal numbers. Additionally, they had noticed that 

the common misconceptions “division always makes smaller” and “division means 

dividing into smaller parts” (Vergnaud, 1980) existed among their students. In LS II, the 

teachers were aware that students in grade 8 commonly found it hard to fully understand 

the meaning of variables.  It would appear that this kind of knowledge would affect what 

the teachers perceived to be critical, but because the teachers saw the misconceptions and 

difficulties as incorrect answers or the result of incomplete reasoning, they became more 

convinced that the students needed to discern the pieces of mathematics that had previously 

been pointed out as critical aspects (table 1). A consequence of the teachers’ perceptions 

was that student understanding was only taken into consideration to a small degree when 

planning and teaching the first lesson in each LS. 

From the perspective of teacher professional knowledge, it was, characterized at this point 

in time by three separate subdomains of PCK: KCC, KCS and KCT (figure 1). 

 

 

 



 

 

Figure 1. In the first LS steps, the three subdomains of PCK were separated when discussing 
critical aspects. 

The topmost circle labeled critical aspects as pieces of KCC in figure 1 relates to the fact, 

that the familiarity with the structure and strands in the mathematics curriculum was the 

foundation for reasoning about the pieces of mathematics presumed to be critical. A 

consequence of the prevailing first-order viewpoint was that the awareness of common 

misconceptions and/or the various ways in which the students understood the mathematics 

did not affect what the teachers presumed to be critical. Therefore, the left circle illustrating 

KCS is separated from the top circle. The third subdomain of PCK identified in the initial 

parts of the LS process was KCT – represented by the right circle in figure 1. The arrow 

between KCC and KCT indicates that teachers’ KCC, that is, the presumed critical aspects, 

provided a powerful support for the design of instruction. For example, as partitive and 

quotative models of division was presumed to be critical, the teachers constructed a 

specific task to make the subject comprehensible to their students (left image in figure 5). 

 

Refined critical aspects made from the second order viewpoint 

KCC was not enough, however, to find the aspects that enhanced student learning. When 

the team explored the object of learning and student understanding in practice, the 

presumed critical aspects became increasingly refined. From a PCK development 

perspective, the change was characterized by a process in which KCC, KCS and KCT were 



 

intertwined in a way that highlights what students need to distinguish instead of what they 

need to discern.  

 

The key factor for the change was a shift from the first order to the second order viewpoint 

when exploring the object of learning and its critical aspects. The two viewpoints were 

used in a complementary way in the sense that the shift was gradual, and the first viewpoint 

was not entirely replaced by the other. To further develop this line of reasoning, it is 

necessary to note that the team payed more and more attention to students’ understandings 

and experiences as the LS proceeded. When the teachers analyzed the lessons and the tests, 

internal relations between content and students became gradually more the focus of 

awareness. This meant that the team considered and, moreover, really tried to understand 

student understanding to gain insights into what the students needed to learn. At first sight, 

this may seem identical to KCS, such as the awareness of common misconceptions and 

student difficulties previously described. But the distinction is as follows: Taking students’ 

understanding of mathematics into consideration means that the teachers’ KCC was not 

predominant for reasoning about the critical aspects and what must be handled in the 

lessons to enhance student learning. Instead, students’ understandings were more and more 

put in the foreground and affected the decisions made about teaching. 

 

To illustrate the change of views, I use an example from LS II. As previously mentioned, 

a presumed critical aspect in that study was discern 𝑚𝑚 as the slope of the straight line, 

despite the fact that a lot of their students seemed to perceive the 𝑦𝑦-axis (instead of the 𝑥𝑥-

axis) as a benchmark for the slope of the straight-line graph according to the given answers 

in the tests. When the teachers analyzed their second lesson and the associated post-test, 

they noticed that some of their students still regarded the 𝑦𝑦-axis as the benchmark. The 

new insight gave the teachers a more profound understanding of variation theory. The 

variation theory principle that learning is becoming able, through patterns of variation and 

invariance, to discern features that have not previously been discerned became a more and 

more powerful idea when planning the lessons. To a greater extent than before, the teachers 

also asked questions such as In what way can students’ experiences be used in teaching to 

make learning possible? and What patterns of variation can help the students discern what 

they need to discern? and Which conceptions do the students have to distinguish? The 

teachers believed that the pattern of variation used when handling the slope of the straight 



 

line in the first lessons did not make it possible for the students to distinguish different 

benchmarks. The pattern of variation referred to consisted of three different straight-line 

graphs in a Cartesian coordinate system, where the correct benchmark (𝑥𝑥-axis) was 

invariant and the m-value varied (the left image in figure 2).  

 

 

 
 
Figure 2. To the left: A pattern of variation consisting of three straight-line graphs with different 
slopes and an invariant benchmark (arrows from the 𝑥𝑥-axis). To the right: A variation between the 
𝑥𝑥-axis (arrow pointing at the graphs) and the 𝑦𝑦-axis (arrow pointing at the leaning tower) as 
benchmarks for inclination. In both cases the graphs a, b and c correspond to 𝑦𝑦 = 4𝑥𝑥 + 3, 𝑦𝑦 =
2𝑥𝑥 + 6 and, 𝑦𝑦 = 2𝑥𝑥 + 3 respectively. 
 
 
In that lesson, the teacher asked the class, “Which line has the greatest slope?” (excerpt 1 

line 1). 

 

Excerpt 1 

1. Teacher:  Which line has the greatest slope [figure 2]? 
2. Nora: Line b and c. 
3. Teacher: Line b and c. Why do they have the greatest slope? 
4. Nora: Because it is so, can’t you see it by yourself? 
5. Teacher: I wish I could agree with you, but I can’t. All  

three graphs are sloping, but which one has the greatest slope? 
6. Eric: Line a. 
7. Teacher:  Why is it so? 
8. Eric: It is sloping upwards more than the other lines. 
9. Nora: But that one [a] doesn’t slope! 

 



 

Nora (excerpt 1, lines 2, 4, and 9) consistently maintained that lines b and c (slope 𝑚𝑚 = 2) 

were steeper than line a (slope 𝑚𝑚 = 4). To counter this misunderstanding, the teacher 

started to draw bicycles at two new lines plotted with different slopes, depicted as hills. He 

asked, “Which of the hills is hardest to climb?” The hill representing the steepest line was 

hardest to climb, according to Nora, but she still argued that line b and c had greater slope 

than line a. Nora visualized how she experienced the concept of slope by putting a book in 

a horizontal position and said, “Look here—my book is now sloping.” After that she turned 

the book to a vertical position and added, “The line does not slope now.” Without success, 

the teacher tried to change the student’s view once more by pointing at each equation and 

its matching graph, explaining that 𝑚𝑚=4 is greater than 𝑚𝑚=2 (figure 2). However, the 

dialogue is more interesting than just illustrating a sequence of instruction and an incorrect 

perception.  

 

When the teachers analyzed this sequence of the lesson in a team meeting, they realized 

that students’ understandings should be addressed in the lesson. Therefore, they found it 

important to vary the benchmarks to make it possible for their students to discern the 𝑥𝑥-

axis and not the 𝑦𝑦-axis as a benchmark for slope. In the next lesson another pattern of 

variation was used. The teacher contrasted the colloquial meaning of slope as something 

that deviates from the vertical, like the leaning tower of Pisa or a person leaning against 

the wall, with the mathematical meaning of slope: a graph that deviates from the horizontal 

(the right image in figure 2). Given this insight, the teachers refined and specified their 

ideas about the critical aspect—from discern 𝑚𝑚 as the slope of the straight line to 

distinguish the 𝑥𝑥-axis and 𝑦𝑦-axis as benchmarks for the slope of the straight-line graph.  

 

If we take a closer look at this change, it is obvious that the new and refined knowledge, 

to a greater extent than before, derived from students’ understandings as well as teaching 

aspects (in terms of what must be distinguished). In figure 3, the refined knowledge is 

illustrated as three intertwined subdomains of PCK. The top circle symbolizes a piece of 

KCC—𝑚𝑚 is the slope of the straight-line graph—that is necessary to discern (which was 

presumed to be critical in the initial stages). The second-order viewpoint contributed to a 

special attention to understand the content from their students’ perspectives —the 𝑦𝑦-axis 

is the benchmark for the slope—which affected the assumptions of the meaning of the 

critical aspect. In this way, it is possible to talk about a relationship between KCC and 



 

KCS. This relationship is illustrated in figure 3 by two overlapping circles symbolizing the 

two different types of knowledge. The third circle represents KCT, that is, the new ideas 

about how to teach to make learning possible (the contrast between the colloquial and the 

mathematical meaning of slope). As both the teachers’ KCC and KCS had impact in their 

teaching, the three different types of knowledge were interplaying. This is shown by three 

overlapping circles in figure 3. In the intersection of the circles, the explored critical aspect 

is illustrated as a mix of subdomains of PCK, as the new form of knowledge is constituted 

not only by KCC (top circle) but also by the meaning that students assign to the 

mathematics (left circle) and by examples of how that can be handled to achieve 

improvements in teaching and learning (right circle). 

 

 

 

 
 

Figure 3. The explored critical aspect—distinguish the 𝑥𝑥-axis and the 𝑦𝑦-axis as benchmarks for 

slope—as intertwined subdomains of PCK. 

 

 

In the same way as in the example above, the second-order viewpoint was a prerequisite 

for developing a new form of knowledge concerning the other aspects presumed to be 

critical in LS I and LS II. However, in some cases there was a slight difference. One such 

example derives from LS I in which three presumed critical aspects were gradually, 



 

through the process, refined to an explored critical aspect. Initially in the study, similarities 

and differences between multiplication and division, numbers between 0 and 1, and 

relations between the parts of division were articulated by the teachers, to be critical for 

their students to better understand division of decimal numbers. These presumed critical 

aspects are viewed as pieces of KCC in the top circle in figure 4, as that subdomain of PCK 

was prominent in the initial stages of the LS. 

 

First when the team was attending to the way or the ways in which the student understood 

the mathematics, they realized that some of their students seemed to perceive 

multiplication as equivalent to division, as they gave the same answers when solving 100 𝑥𝑥 

0.5 and 100 ÷ 0.5 in the pre-test. As the analysis of the students’ answers was done more 

and more from the second-order viewpoint, the teachers realized that, contrary to their 

earlier assumptions, their students had no difficulties (or only minimal difficulties) in 

understanding numbers between 0 and 1, the different parts of division, and general 

similarities and differences between division and multiplication. Instead, the students’ way 

of understanding multiplication and division became the foundation for revising the three 

aspects presumed to be critical to the answer becomes greater when the devisor is a number 

between 0 and 1, and it is quite the opposite when multiplying. As the teachers’ KCS had 

big impact on the changed view of the critical aspect, a relation between KCC and KCS is 

illustrated by two overlapping circles in figure 4. The changed view can be seen as an 

explored critical aspect in accordance with the previous example about slope, except that 

at this point in time the critical aspect was not verified through teaching. 

 

 

 



 

 
Figure 4. The explored critical aspect–distinguish the relationship between the parts of division and 

multiplication when operating with numbers equal to 1, greater than 1 and, between 0 and 1–as 

intertwined subdomains of PCK. 

 

The refined critical aspect was the foundation when planning the first lesson, but it not was 

handled during that lesson. Instead, that lesson offered an opportunity for the students to 

recognize that multiplication can be used to make sense of and solve a division item. In a 

specific task consisting of five division and five multiplication items (left image in figure 

5) the teacher compared items in pairs, for instance 0.5 𝑥𝑥 200 = 100 and 100 ÷ 0.5 =

200.  As each pair in the task consisted of three invariant numbers placed in different parts 

of the operations, and, as the teacher asked the students to focus on similarities and 

differences between them, it was possible to learn that a division item can be solved by 

multiplicative comparison. Of course, that mathematical principle is important but has 

nothing to do with the presumed critical aspect as such. Therefore, it is in this context 

possible to understand teachers’ KCT as a separate type of knowledge, even if there are 

some relations to KCC and KCS.  

 

But as the teachers identified this mistake during the follow-up analysis of the lesson, they 

started to consider more deeply than before how to open up a dimension of variation that 

makes it possible for the students to discern that the answer becomes greater when the 



 

devisor is a number between 0 and 1, and it is quite the opposite when multiplying. During 

lesson 3 in LS 1, the same task as in lesson 1 and 2 was used except a slight difference in 

the numbers of the two first pairs of items (right image in figure 5). That change was done 

to reduce the variation of numbers, with the aim to highlight the distinction between items 

in which the quotient becomes less than or greater than the dividend when operating with 

a divisor between 0 and 1 or greater than 1. The teacher asked the students to search for 

similarities and differences between the division items using specific questions such as: 

“Is the quotient greater or less than the dividend?”, “Is it always like that?” and “What 

about the divisor when the quotient becomes greater than the dividend?” By comparing the 

different quotients (2, 20, 100, 200, 1000) with the divisors (50, 5, 1, 0.5, 0.1) while the 

teacher drew a line under the item 100 ÷ 1 = 100, a significant “separation line” for a 

greater/less-than quotient became visible. In order to make it possible for the students to 

see the relationship between the parts of multiplication and the separation line when 

multiplying with numbers greater than 1 or between 0 and 1, the teacher asked: “What 

about the product when one factor is 1?”, “What about the product when the factor is 

greater than 1 and when it is less than 1?” After that, the teacher contrasted each division 

item with the corresponding multiplication item and asked: “In what way are multiplication 

and division different?” to help the students note that the answer becomes greater when 

the devisor is a number between 0 and 1, and that it is quite the opposite when multiplying. 

 

 

 



 

 
Figure 5. To the left: A pattern of variation that made it possible for the students to learn that a 

division item can be solved by multiplicative comparison. To the right: A contrast between items 

with answers less than and greater than one of the numbers in the operations (above and below the 

separation line). 

 

In the light of different patterns of variation, it is relevant to understand the previous 

example as a fusion, as there were several aspects handled simultaneously. But it is also 

possible to understand the example as a process in which the three presumed critical 

aspects (numbers between 0 − 1, relations between the parts of division, and similarities 

and differences between multiplication and division) became more and more intertwined 

and gradually refined, first to the answer becomes greater when the devisor is a number 

between 0 and 1, and it is quite the opposite when multiplying. As this refined idea affected 

the teachers’ decisions about making distinctions between items in which the dividend or 

the factor was greater than, less than, or equal to 1, the teachers’ KCT became more 

interrelated to KCC and KCS. The overlapping circles in figure 4 illustrate this interplay. 

When the teachers analyzed the pattern of variation of division and multiplication items in 

the third lesson, they once again refined their idea about the critical aspect, to distinguish 

the relationship between the parts of division and multiplication when operating with 

numbers equal to 1, greater than 1 and between 0 and 1 (above and below the separation-

line). This new form of knowledge is represented in the intersection of three overlapping 



 

circles in figure 4 and highlights what the students must differentiate in order to grasp the 

intended object of learning.  

Discussion  
In accordance to previous research on teacher collaboration (e.g., Kullberg et al., 2016; 

Lewis et al., 2006) the results in this paper point to the importance of teachers analyzing 

lessons for reconsideration of their practice knowledge and, moreover, the importance of 

teachers becoming more detailed in discussing critical aspects during an LS (Holmqvist, 

2011; Thorsten, 2015). In the initial parts of the LS when KCC was prevailing, the teachers 

perceived critical aspects as pieces of mathematics the students needed to discern— 

conceptualized in this paper as presumed critical aspects. From the repeated analyses of 

the video material of the lessons and a more thorough use of variation theory over the 

course of the LS cycles, the teachers went beyond an understanding of critical aspects as 

pieces of mathematics organized into bulleted lists and drew out relationships between 

students’ different ways of understanding the mathematics, and how to handle the students’ 

understandings in class. Given this change, the teachers learned to see distinctions their 

students must make in order to learn what was intended–conceptualized here as explored 

critical aspects. How can this new form of knowledge be understood in relation to student 

achievement and PCK development? 

A key to understanding teachers knowledge gained from LS has been to explore if and how 

subdomains of PCK elaborated by Ball et al. (2008) relate to each other by drawing on 

Shulman’s definition that PCK is “that special amalgam of content and pedagogy that is 

uniquely the province of teachers, their own special form of professional understanding” 

(p. 8). Amalgam is an alloy, which is something new since its essence is completely 

different in comparison to its components, for instance mercury and silver. If we interpret 

an explored critical aspect as amalgam, it can be stated that the explored critical aspect 

shapes something new and of a different quality–a subtle and specific type of PCK, 

completely different than its subdomains: KCC, KCS and KCT. Separate subdomains of 

PCK, which was the case in the first parts of each LS in this study, are of course examples 

of “knowing differently” (Davis and Renert, 2014), with similarities to studies of Lai and 

Lo-Fu (2014) and Nilsson (2014). In their studies, teacher knowledge is displayed as 

amalgam knowledge within each subdomain. However, this study proposes that teachers’ 



 

knowledge gained from LS can be seen as amalgam knowledge attributed to different 

subdomains of PCK.   

I could find no evidence in the data that any one of the subdomains was more important 

than any other for the teachers’ professional development. Instead, the results suggest that 

it is not sufficient that teachers be informed with regard to common misconceptions (e.g., 

Lobato et al., 2003; Vergnaud, 1980; Verschaffel et al., 2007) or that they discuss critical 

aspects in accordance to the strands and proficiencies from the mathematics curriculum 

and textbooks or place their trust in examples and illustrations from earlier teaching 

experiences, which was the case when planning the first lessons. After all, knowledge of 

the best examples and the most powerful metaphors and illustrations is considered a 

subdomain of PCK (Ball et al., 2008; Shulman, 1986). I would say that such knowledge 

has a teaching–learning potential. However, it was shown both in LS I and LS II that if the 

teachers did not problematize what the students must learn, they cannot know what the 

most powerful examples or metaphors will be. Consequently, the metaphors and examples 

used in the first lessons were not satisfactorily effective. Instead, it seems more important 

for teachers to engage in theoretically sophisticated analyzes of their own teaching, taking 

a second-order viewpoint to shape effective professional development in terms of 

“explored critical aspects.”  

A final important issue concerns whether critical aspects can be purely mathematical in 

accordance to the pieces of mathematics compiled in bulleted lists by the teachers in this 

study, or not. I do not argue that the pieces of mathematics presumed to be critical are not 

necessary to learn; rather, my point is two folded: 1) if the activities in LS revolve 

exclusively around features of disciplinary knowledge, teachers may lose opportunities to 

identify “other things” that the students must overcome, and 2) explored critical aspects 

are dynamic and emergent in practice—in the interaction between teaching and student 

learning—and not a “list” of pieces of mathematics known in advance. LS appears to offer 

a way for teachers to develop new insights about critical aspects. As I see it, the balance 

between KCC, KCS and KCT is essential for how critical aspects can be shaped and 

understood. Nevertheless, more data would be required to scrutinize how different 

subdomains of PCK relate to the understanding of presumed and explored critical aspects.  

Finally, a limitation concerning the meaning of teachers’ KCC should be noted. In the 

present study, KCC is seen as teachers’ familiarity with the structure and content of the 



 

mathematics curriculum, which is in line with previous definitions (Ball et al., 2008; 

Hurrell, 2013). However, Ball et al. (2008) consider their own construct of different 

knowledge categories still in need of refinement as it may be difficult to distinguish one of 

them from another. Against this background, partitive and quotative models of division 

which was labeled an example of KCC, can also be regarded an example of SCK as that 

aspect refer to mathematical knowledge that is generally used in education. Categorization 

and questions about what type of knowledge runs across several categories are not of 

foremost importance in this study. Again, the foremost aim has been to explore and show 

in what way different types of knowledge become more interrelated as a result of teachers’ 

participating in LS. 
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