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Summary 

 

Summary 

Polyurethane foaming process was a technology which is widely used for many 

industries like automobile, refrigeration, low weight manufacturing and 

constructions. The process is undergoing many changes in the recent years 

because of the ecological impacts. Most of the knowledge about the foaming 

process is based on the experience of the operator and assumptions. Only few 

scientific studies are made in the field polyurethane foaming.  

Due to various factors influencing the reaction of foaming it is very difficult to 

make an exact calculation. The attempt of this project is to verify some of the 

physical processes of the foam like the internal pressure generation and 

solidification time of the foam using a prototype design experiment method. 

The main objective of the project is to clarify the parametric features like the 

‘internal pressure generation’ to make it easier for the mold designers and the 

foam cavity designers to make the design. 
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Theoretical background 

 

1 Introduction 

Polymer foams are more commonly used in industries. It act as a muscle tissue 

that can support complex designs and fill voids, being made of a structure more 

or less regular open or closed cells they have a high energy absorption capacity 

and thermal insulation property. These features of polymer foam make it ideal 

for shock applications like automobile, buildings packaging etc. and for thermal 

insulation for cold storages, refrigerators etc. [1,2]. Combining the good 

mechanical properties along with low density, rigid polymers can also be used 

in structural materials. Polymer foams can be widely used for low cost light 

weight manufacturing. Where ever we are using the polymer foam, for their 

optimization we need to have deep understanding of the microstructure-

mechanical properties relationship. Indeed, the final mechanical properties of 

the material depends on the process efficiency, mixing of chemicals and the 

properties of the polymer in the cell wall [1]. 

1.1 Background 

Polyurethane foaming is an empirical technology that has been processed on the 

basis of experience. The information documented or available on about the real 

foaming process of the products, the time for demolding, the internal pressure 

generation and its distribution are very little and vague. Since the source of 

available information is very low the design of foaming mold and their 

optimization from different angles like deformation, cost of manufacturing rely 

mainly on experience and estimates.  

Very few studies have been done about the internal pressure generated 

during the polyurethane foaming process previously. The detailed method of 

pressure generation is described by Cambell [3]; in the beginning the blowing 

agent is in liquid foam and is dissolved in the polyol. When the chemical 

reaction starts the temperature increases because the reaction between 

isocyanate and polyol is exothermic, when the temperature become equaling to 

the boiling point of the blowing agent it changes its phase from liquid to gas. 

Due to this the expansion of foam happens and it fills the mould cavity. Once 

the volume inside the mould is completed the pressure inside will start 

increasing. 
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The pressure generation was classified into three phases by Gupta and Khakhar 

[4] : in the first stage the foaming process has not begun yet and there is no 

foaming , the mixture floats into the mold cavity and the pressure is equaling to 

the atmospheric pressure; the second stage begin with the expansion of the foam 

and the density of the mixture starts to increase, pressure is still the same as that 

of the atmospheric pressure; in the final stage the foam completely fills the 

cavity and density of the mixture becomes constant but the pressure inside the 

mold starts increasing. When the gel point is reached by the foam (the gel-point 

is the point at which an infinite polymer network first appears), the density of 

the foam will not change any more. The amount of pressure generated in the 

cavity depends on the amount of blowing agent present in the mixture (mixture 

of polyol, isocyanate and blowing agent) and the density of foam required inside 

the mould. 

1.2 Purpose and research questions 

 

The project work was done as a detailed study of polyurethane for the 

refrigeration line of Electrolux professionals in Thailand. The objective of the 

study is to standardize the knowledge of polyurethane foaming process in a 

scientific way. The expected result from the study is to reduce the assembly time 

and simplify the method for designing the foaming mold and cavity. 

 

With reference to the result of the experimental methods the following research 

question has been formulated: 

 

 What is the time required for the foam to become solid inside the mould 

(Demolding time)? 

 

 How to find the internal pressure generated during polyurethane foaming 

process? 
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1.3 Delimitations 

 

The main focus of the study is to find out the behavior of polyurethane foam 

inside the mould cavity. Due to high cost of and time constraints the project will be 

conducted with the following simplification and limitation. 

 The result of the project is experimental, which was done in an open 

atmosphere.  

 

 The ratio of the chemical used for the experiment was constant. 

 

 The chemical reaction is sensitive to the outside atmosphere which make the 

repeatability of the experiment extremely difficult. 

 

 This study will be limited to the availability of software and tools, literature and 

test participants. 

 

1.4 Outline 

   The studies are structured as follows 

Chapter 1: Brief introduction about the background, objective and 

research question of the study. 

Chapter 2: Literature reviews required for the studies. The chapter 

concentrates mainly on the pressure generation, foam growths and plate 

deformation theories. 

Chapter 3: How the project was implemented and the type of method used 

for the process. 

Chapter 4: The result, analysis and findings of the project, 

Chapter 5: Conclusion, discussion of methods and finding and the scope 

of future works. 
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2.  Theoretical background 

2.1. Polyurethane Formation. 

2.1.1. Introduction. 

The base of the polyurethane formation chemistry depends on the ability of the 

isocyanate group (-NCO) to react with the compounds consisting of active 

hydrogen and with itself. The discovery of polyaddition reaction was discovered 

by Otto Bayer, IG Farbenindustrie in 1937 and it was developed into rigid 

polyurethane foams by 1940s. The polyurethane foaming technology has 

developed drastically in both production and process technologies during the last 

60 years with the increased demand for refrigeration products, thermal 

insulations and other complex light weight manufacturing requirements. The 

first foaming technology used the chemical reaction of toluene diisocyanate 

(TDI) and polyesters terminated with carboxyl and hydroxyl groups. The current 

day polyurethane foam replaced the toluene diisocaynate with other 

polyfunctional isocyanates of the diphenylmethane diisocyanate (MDI) and 

branched polyols are terminated in hydroxyl groups. 

The chemical reaction in the presence of water leads to the evolution of CO2 gas 

which fills the closed foam cells, this type of foams has comparatively very high 

thermal insulation. The CO2 blowing gas was replaced with chlorofluorocarbons 

(CFCs), they have low blowing points and are more stable and good aging 

properties because of the high molecular weight of the CFCs. After the Montreal 

Protocol, the use of CFC’s was highly criticized because of its contribution to 

atmospheric Ozone Depletion Potential (ODP) and Global Warming Potential 

(GWP). It was followed by international regulations to phase out their use by 

year 2000. The 1990 Montreal Protocol Amendment lead to the proceeding of 

“transitional substances”.  
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The most widely used such materials were the 

Hydrochlorofluorocarbons(HCFCs). The use of hydrocarbons increased since 

the Montreal Protocol, but still the goal of a completely green and cheap, good 

insulating blowing agent is out of reach. The introduction of cyclopentane 

resulted in a green solution for blowing agent, but the cost for safety features and 

other installation fees are very high because of the high flammability of 

cyclopentane. 

 

The studies of this project are mainly focused on the use of R134a as the blowing 

agent and some on the use of water. The internal pressure generated depends 

mainly on the expansion of the blowing agent, so the pressure generated will 

vary with the type of blowing agent used and the amount of blowing agent used 

the chemical mixture. 

 

2.1 Chemistry of polyurethane foaming 

The main reactants of polyurethane foams are polyisocyanates and polyols. The 

rigid foam polyurethane is formed by the chemical reaction of these chemicals 

in the presence of catalysts, surfactants and blowing agents. The quality and cell 

size of the foam structure depends on the catalyst and the amount of blowing 

agent in the reaction mixture, most commonly used catalyst are tertiary amines 

and metal salts. In most cases the mixture catalysts and other additives are mixed 

in the polyol tank of the reaction because polyisocyanates are more reactive and 

foams crystals very fast. 

(Fig 2.1: Reaction of isocyanates and polyols to foam urethane linkage [21]) 
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The base of the polyurethane foam is the urethane linkage that is produced by 

reacting an isocyanate group, -N=C=O with a hydroxyl (alcohol) group, -OH. 

Polyurethanes are produced commercially by the polyaddition reaction of a 

polyisocyanate in liquid foam with a polyalcohol (polyol) in the presence of a 

catalyst and other additives. In this case, a polyisocyanate is a molecule with two 

or more isocyanate functional groups, R-(N=C=O) n2 and a polyol is a molecule 

with two or more hydroxyl functional groups, R'-(OH) n2. 

The resultant of the reaction is a polymer containing urethane linkage, -

RNHCOOR’-. The molecules containing active hydrogen will react with the 

isocyanates. The most important reaction is the reaction of isocyanates reaction 

with water to foam water to foam a urea linkage and CO2. They also react with 

polyether amines to form polyurea’s. 

 

 

(Fig 2.2: chemical blowing or reaction with water [21]) 
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The reaction between isocyanates and polyols are exothermic but still heating of 

the mould is necessary for the proper filling of the design cavity. The isocyanate 

is commonly named as A-side in America or just ‘iso’ and polyols is called the 

B-side or ‘poly’. When it comes to Europe the meaning of ‘A-side’ and ‘B-side’ 

are reversed. The mixture of polyol part is known as ‘resin’ or ‘resin blend’. The 

resin blend consists of blowing agents, pigments, cross linkers, surfactants, chain 

extenders, flame retardants and fillers.  

 

2.2 General components and its composition 

The main components of the rigid polyurethane foam are  

 Isocyanate (for MDI type the isocyanate is approximately 5% more 

to the hydroxyl group)  

 Polyol (hydroxyl number approx.: 450mg KOH/g polyol). 

 Catalyst (1-2 wt %) 

 Surfactants (up to 1 wt%) 

 Blowing agents (for CFCS, HCFCS and HFO up to 15 wt% and 

for water 5%) 

 Flame Retardant (Up to 30%). 

2.3 General properties and synthesis of components. 

 The main components for the preparation of rigid polyurethane foam is 

stated above. Various chemical methods are used to for the synthesis of 

these components. After the processing of components these chemicals 

are stored in tanks. The tank A contains only isocyanate group because 

isocyanate group are more reactive and foams crystals easily and block 

the pipes for flowing. The tank b contains the polyol and other 

components mixed together, in normal cases there will be a separate tank 

for the blowing agents but in some cases the blowing agents are also 

mixed with polyols.  
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2.3.1 Isocyanates  

Isocyanates are one of the main building block for the synthesis of the 

polyurethane foam. For the synthesis of rigid polyurethane foams the mainly 

used isocyanates are biphenyl methane diisocyanate or methyl diisocyanate 

(MDI). Toluene diisocynates were also used in some cases but because of the 

high vapour pressure, the usage of it is limited. The functional group of 

diiscyanate is -NCO. [5,6] 

The procedures for the preparation of the MDI [7] are as follows. 

 Nitration of benzene 

 Reduction of nitro-group to produce aniline  

 Acid catalysed condensation reaction of aniline (with the 

presence of formaldehyde) to produce polyamines, 

 Polyamines undergo phosgenation to produce MDI. 

(Fig 2.3: Chemical synthesis of polymeric MDI [21]) 
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If the acid used for the condensation reaction is strong the resultant product will 

be para-isomer and if the acid used is weaker the resultant product will be ortho-

isomer [7]. Higher ratio of reactant will result in the formation of high 

concentration of diisocyanate. 

 

Many studies are made on the poisonous effect of isocyanates. Direct contact to 

isocyanates are not recommended because some studies claim the cancerogenic 

effect of isocyanate groups. The main producers of suppliers for isocyanates are 

from China, it is expected to have a price rise for isocyanates from middle of 

2017 because of the accidents happened in the Chinese plants, Due to the high 

reactivity of MDI it must be kept in a place which is dry and away from sunlight. 

When exposed to open atmosphere isocyanates has tendency to form crystals. 

When crystals are formed inside the pipes it is very difficult to remove and it will 

reduce the flowability of the chemical to the mixing head. Sometimes the system 

will fail showing low pressure on the isocyanate side, this is because of the 

crystallisation of MDI. 

2.3.2 Polyols  

Polyol along with diisocaynate are the main component for the preparation of 

polyurethane foam. The polyol part is generally kept premixed with other 

components. 

The functional groups of polyols are -OH. The polyols are classified using the 

amount OH-no in mg of KOH/g which will decrease with decrease with increase 

in molecular weight). The polyols used for the preparation of rigid polyurethane 

foams are low molecular weight hydroxyl terminated polyethers or polyester’s. 

[5, 6] 

The synthesis of polyols are as follows. 
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 Polyether polyols. 

 

Addition of 1, 3-propylene oxide (PO) and ethylene oxide 

(EO) to the hydroxyl group of low molecular weight 

molecules. The reaction mechanism is usually anionic chain 

mechanism. 

(Fig 2.4: chemical synthesis of polyether polyols [21]) 

 

 

 Polyesters polyols. 

Polycondensation reaction of polycarbonic acid or their 

anhydrides with polyalcohols (like ethylene glycol) will give 

polyester polyols 

(Fig 2.5: Chemical synthesis of polyesters polyol [21]) 
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2.3.3 Blowing agents. 

The reaction of polyol and isocyanate which results in the formation of chained 

polyurethane foam, for the faster expansion of the gas blowing agents are used. 

Blowing agents act as the muscle system to the skeleton produced in the initial 

reaction. Structural stability and thermal insulation of the foam depends on the 

type of blowing agent. There are two types of blowing agents physical and 

chemical blowing agent [6]. 

Chemical blowing agents. 

The blowing agents that directly react with the excess reactants of the reaction 

between isocyanate and polyol to release gases like carbon dioxide or carbon 

monoxide [8]. The gas released will help in the expansion of the foam. Both the 

reaction is exothermic, which will result in high rise of temperature of the mould. 

The expansion of the foam is very slow when compared with physical blowing 

agents and the density requirements of this type of foam is very high to provide 

good insulation and structural stability. The initial quality of the foam is good 

but he aged properties of the foam are very bad (due to low density of the 

resultant gas, diffusion to the atmosphere happens more fast) Main blowing 

agents are water, formic acid etc. 

Physical blowing agents 

These type of blowing agents will not take part in the chemical reaction. Density 

of the foam required is low when compared with chemical blowing agents. The 

insulation and structural stability is good. Initial and aged properties of the foam 

are far better than the chemical blowing agents. Since the gas is not taking part 

in the reaction their will not be any excess heat generated. CFCS and HCFCS 

were used as the common blowing agents during the early periods but due to the 

high Global Warming Potential (GWP) and Ozone Depletion Potential (ODP) 

the uses of these blowing agents are limited [9].  
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New studies are done for the development of eco-friendly blowing agents. 

Cyclopentane is used as the replacement in many plants but due to the high 

flammability of the gas the safety investment and risks involved are high. HFO 

is the new generation blowing agent used for the making of rigid polyurethane 

foam, the price of these type of blowing agents are high [8].    

 

2.3.4 Catalysts 

Catalysts are the chemical substances used to increase the rate of the reaction. 

Catalysts will not directly take part in the reaction. They are used to create proper 

balancing of the chain reaction and the foaming reaction. Catalysts are either 

base-driven or nucleophile driven. The most commonly used catalysts are 

tertiary amines such as triethylamine, and alkali metal salts like potassium 

acetate [10,6]. Requirement of the catalyst depends on the type of blowing agent 

used.  

In case of the physical blowing agent, require a more powerful blowing agent 

because of the cooling effect caused due to evaporating effect of the solvent 

(tertiary amines like dimethyl-cyclohexylamine are used in such cases because 

they are more active). In case of chemical blowing agents some catalysts support 

the both isocyanate-hydroxyl reaction and water-isocyanate reaction (like 

tertiary amines), some catalysts will only support the reaction of isocyanate-

water for chain propagation. The quality of the foam and the properties can be 

controlled by the catalyst used. 
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2.4.5.   Surfactants 

Surfactants are also known as stabilisers, the cell structure of the rigid 

polyurethane foam have a large dependency on the type of surfactants used in 

the reaction. There are two type of surfactants hydrophobic group (‘~~’ usually 

represented by a tail symbol) and the hydrophilic group (‘O’, represented by the 

head symbol), together they are called tail-head model (‘~~O’). For controlled 

cell size and more stable cell wall surfactants containing water soluble silicones 

are used [5,6]. The most commonly used surfactants are dimethyl polysiloxane 

and dimethylpolysiloxane-polyalkylene oxide copolymer. 

 

 

 

 

 

 

 

 

                                 

(Fig 2.6: Chemical structure of dimethyl polysiloxane(26) and         

dimethylpolysiloxane-polyalkylene oxide copolymer [21]) 

2.5. Principles of foam formation and bubble generation. 

Rigid polyurethane foam formation begins with the reaction of isocyanates and 

polyols. The stability, conductivity and all other properties of the foam depends 

on the catalyst, surfactants and the blowing agents used. The foaming process 

can be classified into four categories: Gas dissolution stage, Bubble formation 

stage (cell nucleation stage), Bubble growth stage and Bubble stabilisation stage 

[11]. 
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2.5.1. Gas dissolution stage 

The foaming process begins with the gas dissolution stage. The factors 

influencing the gas dissolution stage are the concentration of the gas required to 

have a saturated polymer and time required for the saturation. The concentration 

of gas depends on the solubility. The solubility of the blowing gas is determined 

by the saturation pressure and saturation temperature (also depends on the type 

of polymer) 

 𝑆 = 𝐹 (𝑃𝑠, 𝑇𝑠) (1) 

 

                      = ∫ (
𝜕𝑆

𝜕𝑃
)

      

𝑃𝑠

0 T𝑑𝑃  + ∫
(

𝜕𝑆

𝜕𝑇
)𝑇𝑠

0 P𝑑𝑇                                                (2) 

Ps is the gas dissolution pressure and Ts is the gas dissolution temperature. The 

time requirement for the gas to get saturated inside the polymer can be 

determined by Fick’s law. 

𝐹 = −𝐷
𝜕𝐶

𝜕𝑋
 

(3) 

 

Were F = molecular rate of diffusion/unit area, D = diffusion co-efficient, C = 

concentration of dissolved gas, X = distance from the direction of diffusion. 

By taking time into account from Fick’s second law the following equation for 

finding the saturation time can be derived.    

          

𝑑𝑐

𝑑𝑇
=

𝑑 [𝐷
𝑑𝐶
𝑑𝑋

]

𝑑𝑋
 

(3) 

1

𝑡
=

𝐷

𝑋2
 

(3) 
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2.5.2. Bubble formation stage 

The gas dissolution state is followed the formation of bubble formation, this 

stage is also known as cell nucleation state. There are two types of cell 

nucleation, heterogeneous nucleation and homogeneous nucleation. 

 If the liquid is initially homogenous and the bubble formation happens then it is 

called homogenous nucleation. If there is a second phase present in the beginning 

and it helps the bubble to form more rapidly on the liquid-liquid or solid-liquid 

interface are called heterogeneous nucleation. Cell nucleation is very important 

for determining the morphology of foam. The number of nuclei present in the 

foam can influence the orientation and other properties of the foam. It’s almost 

impossible to obtain good quality foam from self-nucleation [12]. In most of the 

cases the system contains either nucleating agent. 

According to the classical nucleation theory, the Helmholtz free energy 

(assuming the process is isothermal, the gas inside the bubble is ideal, the change 

in volume and temperature are minute) change (∆F) is given by 

                         ∆𝐹 = 𝑛𝑏𝑅𝑇 𝑙𝑛 (
𝑃𝑏

𝑃𝑠

) + 𝐴𝛾 − (𝑃𝑏 − 𝑃𝑜)𝑉𝑏                               (2.6) 

Were nb is the mole number of gas, Pb is the gas pressure inside bubble, R is 

the universal gas constant, PS is the saturation pressure, T is the absolute 

temperature, Po is the environmental pressure, A is the interfacial area,  𝛾 is the 

interfacial energy, Vb is the volume of the bubble. 

The minimum condition for homogeneous cell nucleation is given by: 

             ∆𝐹 = 𝑛𝑏𝑅𝑇 𝑙𝑛 (
𝑃𝑏

𝑃𝑠

) + [4𝜋𝑟𝑏
3𝛾 − (𝑃𝑏 − 𝑃𝑂) 4

3⁄ 𝜋𝑟𝑏
3]                      (2.7) 

For heterogeneous cell nucleation:  

          ∆𝐹 = 𝑛𝑏𝑅𝑇 𝑙𝑛 (
𝑃𝑏

𝑃𝑠

) + [4𝜋𝑟𝑏
3𝛾 − (𝑃𝑏 − 𝑃𝑂) 4

3⁄ 𝜋𝑟𝑏
3]𝑓(𝜃)                 (2.8)   

Were 𝑟𝑏 is the radius of the bubble and   
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                                            𝑓(𝜃) =
2 + (3𝑐𝑜𝑠𝜃 − 𝑐𝑜𝑠3𝜃)

4
                               (2.9)    

 

2.5.3. The bubble growth stage 

At this stage, the bubble foamed will grow more diffusion of the gas from the 

solution. At a constant volume, the system is more stable with few big cells than 

having more small cells. The gas pressure inside the bubble is more than the 

pressure caused by the surrounding fluids. There is a pressure difference between 

the gas inside the smaller bubble and the larger bubble [13,6]. The pressure inside 

the larger bubble is smaller than the pressure inside the smaller bubble, which 

follows the following Laplace equation: 

                                              ∆𝑃 = 𝛿 (
1

𝑟1

+
1

𝑟2

)                                           (2.10)    

 

Were ∆P is the pressure difference between the two bubbles of radius 𝑟1 and 𝑟2. 

This clearly shows that the gas will tend to move from the bubble with smaller 

radius to the bubble with bigger radius. 

 

2.5.4. The bubble stability stage. 

Due to the expansion of the cell, the absorbed component concentration became 

reduced. The component concentration can be restored by Marangoni effect or 

Gibbs effect. Marangoni effect [14] states that the surface layer can flow from 

high surface tension to lower surface tension areas. This type of fluid flow 

happens because of change in concentration, the liquid will tend to diffuse from 

a region with high concentration to a region having low concentration. In this 

case the surface flow will drag the layer below the liquid along with it and restore 

the film thickness  
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Gibbs effect [14] says that energy will flow from higher energy state to a lower 

energy state. Gibbs effect will cause in the replenishment of the surfactant 

concentration on the surface. It will not restore liquid to the film, so it is not self-

healing. 

2.6. Pressure loss due to foam flow. [6] 

The pressure inside the foam will drop due to the many reasons, as the distance 

from the injection position of the foam increases the risk of foam not filling the 

cavity increases. The pressure drop is mainly caused by the contact force 

happening between the surface of the cavity and the foam. 

2.6.1. Surface tension 

Surface tension is a result of the cohesive forces among the liquid particles. The 

molecules of the liquid are held together by the cohesive forces. The cohesive 

force become anisotropic in the place of contact of the cavity and the foam the 

normal component of the two-dimensional force acting at this point will become 

negligible when compared with its parallel component. The resulting stress 

resulting from the anisotropic forces at the area of contact of foam and the surface 

of the cavity is known as interfacial tension. The two-dimensional force system 

is given by Gibbs dividing surface. 

 

                                                  [
𝑑𝐺

𝑑𝐴
]

𝑃,𝑇
= 𝛿                                                 (2.11) 

Were G being the free enthalpy, A is the surface area and 𝛿 is used to represent 

the surface tension [Mn/m] [17]. The interfacial tension corresponds to the 

amount of the reversible work needed for the particles for the volume phase to 

the interface during the enlargement, so it is thermodynamically corresponding 

to the increasing of the free enthalpy per unit surface area. 
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2.6.2. Viscosity 

Viscosity is the resistance of the fluid to flow due to the internal friction. It is 

high in the case of polyurethane foam because of the high density and phase 

transformation.  

The importance of the pressure loss and the influence of viscosity during the 

rigid polyurethane foam was expressed by Turner. Turner suggested that the 

viscosity of the foam must be as low as possible for the perfect foam flow. The 

process can be related to with the viscosity with the following equation. 

                                                        𝑣 =
∆𝑝 𝑐

24 ᶯ
                                                 (2.12)       

The pressure loss can be calculated by relating the fluid consistency coefficient 

and the flow behaviour index. Assuming the condition of the fluid flow inside a 

pipe of diameter D can be written as. 

 

                                     (−
∆𝑃

𝐿
)

𝐷

4
= 𝑚′ (

32𝑄

𝜋𝐷3
)

𝑛′

                                        (2.13)       

 

 

 

 

 Viscosity of xanthan-gum concentrates is considered as a weak function when 

compared with temperature. The viscosity tends to decrease with increase in the 

surface area or diameter. 

The pressure loss from the shear stress from the wall can be calculated with the 

help of Fanning friction factor.  

 

                                                  𝑓 =
𝜏𝑤

1
2

𝜌𝑣2
                                                      (2.14)         
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2.6.3. Curved interfaces (Kelvin effect) 

There will be a change in the pressure at the curvature of the cavity through 

which the foam flows. [6, 18] The pressure will be high at the concave side.  

For spherical surfaces, the change in pressure is given by 

          

                                                      ∆𝑃 =
2𝛿

𝑟
                                          (2.16)    

For the curvatures with radius r1 and r2, the drop-in pressure is given by 

                                                ∆𝑃 = 𝛿 (
1

𝑟1

+
1

𝑟2

)                              (2.17) 

2.6.4. Capillarity. 

Capillarity is a phenomenon that is caused due to the surface tension of the foam. 

The elevation of the fluid on the open tube when the radius of the tube is small 

is known as capillarity [6]. 

The total upward force: 

                                                𝐹 = 2𝜋𝑟𝛿𝐶𝑜𝑠𝜃                                          (2.18) 

Were r being the radius of the cylinder, and 2𝜋𝑟 will give the surface area where 

the liquid makes the contact.  

The downward component of force is the weight (w), weight is defined by the 

relation between density, gravity and volume. 

                                                 𝑤 = 𝜌𝑔𝜋𝑟2ℎ                                                 (2.19) 

At the equilibrium state, both the upward force and downward force will be 

same. 

                                         𝜌𝑔𝜋𝑟2ℎ = 2𝜋𝑟𝛿𝐶𝑜𝑠𝜃                                              (2.20)   
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2.7. Plate deformation (large deflection of plates) 

For a thin elastic plate with thickness h and transverse deflection 𝜔, which 

undergoes a significantly small deformation, the nonlinearities can be ignored 

and can use linear plate theory.  

In case of larger deflections (𝜔~∅(h)), were the plate will be stretched in the 

middle or the planer motion of the edges will become more in such cases. When 

these effects become more it’s more important to consider the nonlinear plate 

theories [16] (explained by Kàrmàn in 1910). 

The plate theory is influenced by both the deflection and stretching of the plate 

in the middle. The deflection is assumed to be based on the boundary condition 

of the plate and the expansion theorems. For a nonlinear case, the equation is 

based on two non-linear partial differential equations that are coupled along with 

stress functions. 

For a square plate with all the edges fixed are to be considered because these 

cases allow to easily to proceed analytically and without losing the generality. 

For other conditions, there will be requirements of usage of numerical conditions 

for deriving the mode shapes. For nonlinear cases, there is a necessity of 

additional boundary conditions for describing the edge effects of the plate. For 

the analysis the rotatory inertia and correction of shear are neglected, these are 

normally considered only for thicker object (for plates with h/min (a, b) <1/10 

are considered as thin) [16]. If the plate is undergoing high frequency excitations 

and the frequency is at a range like that of the thickness of the plate then we must 

consider the shear correction and rotatory inertia. 

The plates can be considered as a series of beams placed next to each other, for 

finding the solution of the plate theory there is a requirement of a double infinite 

sum. 
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2.7.1. Governing equations. 

2.7.1.1. Elasticity [15] 

Elasticity is better explained by Green’s strain: 

               𝐸𝑥𝑥 =
𝜕𝑢𝑥

𝜕𝑥
+

1

2
[(

𝜕𝑢𝑥

𝜕𝑥
)

2

+ (
𝜕𝑢𝑦

𝜕𝑥
)

2

+ (
𝜕𝑢𝑧

𝜕𝑥
)

2

]                              (2.21) 

              𝐸𝑦𝑦 =
𝜕𝑢𝑦

𝜕𝑦
+

1

2
[(

𝜕𝑢𝑥

𝜕𝑦
)

2

+ (
𝜕𝑢𝑦

𝜕𝑦
)

2

+ (
𝜕𝑢𝑧

𝜕𝑦
)

2

]                              (2.22) 

                      𝐸𝑥𝑦

=
1

2
[
𝜕𝑢𝑦

𝜕𝑥
+

𝜕𝑢𝑥

𝜕𝑦
+

𝜕𝑢𝑥

𝜕𝑥

𝜕𝑢𝑥

𝜕𝑦
+

𝜕𝑢𝑦

𝜕𝑥

𝜕𝑢𝑦

𝜕𝑦

+
𝜕𝑢𝑧

𝜕𝑥

𝜕𝑢𝑧

𝜕𝑦
]                (2.23) 

According to ‘small strain’ and ‘moderate rotation’ approximation, the definition 

for large scale deflections can be simplified. 

For small strains: 

                                 
𝜕𝑢𝑖

𝜕𝑥𝑗

+
𝜕𝑢𝑗

𝜕𝑥𝑖

≪
𝜕𝑢𝑘

𝜕𝑥𝑙

                   𝑖, 𝑗, 𝑘, 𝑙 = 𝑥, 𝑦               (2.24)       

For moderate rotation: 

                           
𝜕𝑢𝑧

𝜕𝑥𝑖

𝜕𝑢𝑧

𝜕𝑥𝑗

~∅ (
𝜕𝑢𝑖

𝜕𝑥𝑗

)                  𝑖, 𝑗 = 𝑥, 𝑦                   (2.25) 

Using these two definitions for large deformation: 

                                          𝐸𝑥𝑥 =
𝜕𝑢𝑥

𝜕𝑥
+

1

2
(

𝜕𝑢𝑥

𝜕𝑥
)

2

                                  (2.26)     

                                      𝐸𝑦𝑦 =
𝜕𝑢𝑦

𝜕𝑦
+

1

2
(

𝜕𝑢𝑥

𝜕𝑦
)

2

                                 (2.27)   

                                         𝐸𝑥𝑦 =
1

2
[
𝜕𝑢𝑦

𝜕𝑥
+

𝜕𝑢𝑥

𝜕𝑦
+

𝜕𝑢𝑧

𝜕𝑥

𝜕𝑢𝑧

𝜕𝑦
]                  (2.28)        
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The nonlinear terms couple the transverse displacement and the axial 

displacement. 

The relationship between the stress and strain are given by Hooke’s Law for 

linear elastic materials. 

                                 𝜎𝑥 =
𝐸

1 − 𝜗2
(𝐸𝑥𝑥 + 𝜗𝐸𝑦𝑦)                                      (2.29) 

                                  𝜎𝑦 =
𝐸

1 − 𝜗2
(𝐸𝑦𝑦 + 𝜗𝐸𝑥𝑥)                                     (2.30) 

                                 𝜎𝑥𝑦 = 𝐸𝑥𝑦 (
𝐸

1 + 𝜗
)                                                   (2.31)  

When the above equations are defined in terms of strains: 

                                  𝐸𝑥𝑥 =
1

𝐸
(𝜎𝑥 − 𝜗𝜎𝑦)                                                 (2.32)  

                                            𝐸𝑦𝑦 =
1

𝐸
(𝜎𝑦 − 𝜗𝜎𝑥)                                                 (2.33) 

                               𝐸𝑥𝑦 = 𝜎𝑥𝑦 (
1 + 𝜗

𝐸
)                                                    (2.34) 

The nonlinear plate theory depends on the axial stress and the transverse 

displacement.  

The Airy function (∅) is used to denote the stress. 

                         𝜎𝑥 =
𝜕2∅

𝜕𝑦2
              𝜎𝑦 =

𝜕2∅

𝜕𝑥2
              𝜎𝑥𝑦 =

−𝜕2∅

𝜕𝑥𝜕𝑦
         (2.35)       

The resultant membrane forces are as given below. 

𝑁𝑥 = ∫ 𝜎𝑥𝑑𝑧

ℎ
2

−ℎ
2

= 𝜎𝑥ℎ         𝑁𝑦 = ∫ 𝜎𝑦𝑑𝑧

ℎ
2

−ℎ
2

= 𝜎𝑦ℎ         𝑁𝑥𝑦 = ∫ 𝜎𝑥𝑦𝑑𝑧

ℎ
2

−ℎ
2

        

= 𝜎𝑥𝑦ℎ  (2.36) 

The resultant moments are expressed as: 
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       𝑀𝑥 = ∫ 𝑧𝜎𝑥𝑑𝑧

ℎ
2

−ℎ
2

         𝑀𝑦 = ∫ 𝑧𝜎𝑦𝑑𝑧

ℎ
2

−ℎ
2

         𝑀𝑥𝑦 = − ∫ 𝑧𝜎𝑥𝑦𝑑𝑧

ℎ
2

−ℎ
2

     (2.37)  

 

 

2.7.1.2. Equations of motion [15] 

 

 

     

 

 

 

 

                                      (Fig 2.7: Shear Force Diagram) 

 

The mid plane represents the middle in relation with the thickness of the plate, 

the top surface of the plate is at z = h/2 and the bottom surface is at z=-h/2, the 

coordinate systems are located at the corners of the plate, u,v,w, represents the 

plane deflections of the plate. According to Kirchhoff’s hypothesis (Kirchhoff’s 

hypothesis state that deflection varies linearly at the middle surface of the plate): 

𝑢𝑥 = 𝑢 − 𝑧
𝜕𝑤

𝜕𝑥
                𝑢𝑦 = 𝑢 − 𝑧

𝜕𝑤

𝜕𝑦
                  𝑢𝑧 = 𝑤 
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                                   (Fig 2.8: Moment Diagram) 

Substituting the equation of large deflection into Kirchhoff’s hypothesis: 

                                𝐸𝑥𝑥 =
𝜕𝑢

𝜕𝑥
+ 1

2⁄ (
𝜕𝑤

𝜕𝑥
)

2

− 𝑧
𝜕2𝑤

𝜕𝑥2
                              (2.38) 

                                 𝐸𝑦𝑦 =
𝜕𝑢

𝜕𝑦
+ 1

2⁄ (
𝜕𝑤

𝜕𝑦
)

2

− 𝑧
𝜕2𝑤

𝜕𝑦2
                             (2.39) 

                                 𝐸𝑥𝑦 = 1
2⁄ (

𝜕𝑢

𝜕𝑥
+

𝜕𝑢

𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦
) − 𝑧

𝜕2𝑤

𝜕𝑥𝜕𝑦
              (2.40) 

The moment equation becomes 

                                       𝑀𝑥 = −𝐷 (
𝜕2𝑤

𝜕𝑥2
+ 𝜗

𝜕2𝑤

𝜕𝑦2
)                             (2.41)  

                                         𝑀𝑦 = −𝐷 (
𝜕2𝑤

𝜕𝑦2
+ 𝜗

𝜕2𝑤

𝜕𝑥2
)                              (2.42)     

                                              𝑀𝑥𝑦 = 𝐷(1 − 𝜗)
𝜕2𝑤

𝜕𝑥𝜕𝑦
                                         (2.43) 

D denotes the flexural rigidity or the bending stiffness of the plate. 

                                        𝐷 =
𝐸ℎ3

12(1 − 𝜗2)
                                             (2.44)  

Transverses forces in the direction z: 
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𝜕𝑄𝑥

𝜕𝑥
+

𝜕𝑄𝑦

𝜕𝑦
+ 𝑞(𝑥, 𝑦, 𝑡) + 𝑞∗(𝑥, 𝑦, 𝑡) = 𝜌 (

𝜕2𝑤

𝜕𝑡2
)                (2.45)  

Were 𝑞(𝑥, 𝑦, 𝑡) denotes the transverse load and 𝑞∗(𝑥, 𝑦, 𝑡) represents the 

resultant transverse force caused due to the membrane forces caused due to the 

transverse deflection. 

Moment equations along x and y axis: 

                                       
𝜕𝑀𝑥

𝜕𝑥
+

𝜕𝑀𝑦𝑥

𝜕𝑦
= 𝑄𝑥                                           (2.46) 

                           
𝜕𝑀𝑦

𝜕𝑦
−

𝜕𝑀𝑥𝑦

𝜕𝑥
= 𝑄𝑦                                     (2.47) 

Substituting these moment equations in the transverse force equation: 

   
𝜕2𝑀𝑥

𝜕𝑥2
+

𝜕2𝑀𝑦

𝜕𝑦2
− 2

𝜕2𝑀𝑥𝑦

𝜕𝑦2
+ 2𝑞(𝑥, 𝑦, 𝑡) + 𝑞∗(𝑥, 𝑦, 𝑡) = 𝜌 (

𝜕2𝑤

𝜕𝑡2
)         (2.48)  

Equating with the moment equation: 

              𝐷 (
𝜕4𝑤

𝜕𝑥4
+

𝜕4𝑤

𝜕𝑦4
+ 2

𝜕4𝑤

𝜕𝑥2𝜕𝑦2
) +  𝜌 (

𝜕2𝑤

𝜕𝑡2
)

= 𝑞(𝑥, 𝑦, 𝑡) + 𝑞∗(𝑥, 𝑦, 𝑡)     (2.47) 

Using the biharmonic equation 

                                                ∇2=
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
                                                 (2.48) 

The moment equation can be simplified to: 

                      𝐷∇4𝑤 +  𝜌 (
𝜕2𝑤

𝜕𝑡2
) = 𝑞(𝑥, 𝑦, 𝑡) + 𝑞∗(𝑥, 𝑦, 𝑡)                     (2.49) 

Membrane forces 

The membrane force acts along the z direction. As the deflection increases the 

membrane forces also increases. 𝑞∗(𝑥, 𝑦, 𝑡) gives the transverse force of the 

membrane force 
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                                              (Fig 2.9: projection of membrane force) 

 

 

 

  

 

 

                                 

 

 

 

                                                      (Fig 2.10: Differential Plate Elements)  

The transverse force increases with increase in deflection. The total of the forces 

𝑁𝑥 , 𝑁𝑦 and 𝑁𝑋𝑌 when 𝑁𝑥 forces are projected to the z plane gives: 

                        −𝑁𝑧𝑑𝑦
𝜕𝑤

𝜕𝑥
+ (𝑁𝑧 +

𝜕𝑁𝑧

𝜕𝑥
𝑑𝑥) (

𝜕𝑤

𝜕𝑥
+

𝜕2𝑤

𝜕𝑥2
𝑑𝑥) 𝑑𝑦                (2.50)  
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Since the value of  𝜕𝑥2𝑑𝑦 are small these can be ignored and the equation can 

be simplified to: 

                                𝑁𝑥

𝜕2𝑤

𝜕𝑥2
𝑑𝑥𝑑𝑦 +

𝜕𝑁2

𝜕𝑥

𝜕𝑤

𝜕𝑥
𝑑𝑥𝑑𝑦                                   (2.51) 

Similarly, when the forces 𝑁𝑦 is projected onto the z plane: 

                −𝑁𝑦𝑑𝑥
𝜕𝑤

𝜕𝑦
+ (𝑁𝑦 +

𝜕𝑁𝑦

𝜕𝑦
𝑑𝑦) (

𝜕𝑤

𝜕𝑦
+

𝜕2𝑤

𝜕𝑦2
𝑑𝑦) 𝑑𝑥          (2.52) 

After simplification: 

                                𝑁𝑦

𝜕2𝑤

𝜕𝑦2
𝑑𝑥𝑑𝑦 +

𝜕𝑁𝑦

𝜕𝑦

𝜕𝑤

𝜕𝑦
𝑑𝑥𝑑𝑦                          (2.53)       

According to Airy’s stress function 𝑁𝑥𝑦 = 𝑁𝑦𝑧, when 𝑁𝑦𝑧 is projected on the z 

plane gives: 

                        𝑁𝑥𝑦

𝜕2𝑤

𝜕𝑥𝜕𝑦
𝑑𝑥𝑑𝑦 +

𝜕𝑁𝑥𝑦

𝜕𝑥

𝜕𝑤

𝜕𝑦
𝑑𝑥𝑑𝑦                (2.54) 

Summing together the projections of 𝑁𝑥𝑦 and 𝑁𝑦𝑥 on the z plane gives:  

𝑁𝑥𝑦

𝜕2𝑤

𝜕𝑥𝜕𝑦
𝑑𝑥𝑑𝑦 + 2

𝜕𝑁𝑥𝑦

𝜕𝑥

𝜕𝑤

𝜕𝑦
𝑑𝑥𝑑𝑦 +

𝜕𝑁𝑧𝑦

𝜕𝑦

𝜕𝑤

𝜕𝑥
𝑑𝑥𝑑𝑦                (2.56) 

By combining all the shear force that are projected in the z plane gives: 

𝑞∗(𝑥, 𝑦, 𝑡) = 𝑁𝑥𝑦

𝜕2𝑤

𝜕𝑥𝜕𝑦
𝑑𝑥𝑑𝑦 + 2

𝜕𝑁𝑥𝑦

𝜕𝑥

𝜕𝑤

𝜕𝑦
𝑑𝑥𝑑𝑦 +

𝜕𝑁𝑧𝑦

𝜕𝑦

𝜕𝑤

𝜕𝑥
𝑑𝑥𝑑𝑦

+ 𝑁𝑦

𝜕2𝑤

𝜕𝑦2
𝑑𝑥𝑑𝑦 +

𝜕𝑁𝑦

𝜕𝑦

𝜕𝑤

𝜕𝑦
𝑑𝑥𝑑𝑦 + 𝑁𝑦

𝜕2𝑤

𝜕𝑦2
𝑑𝑥𝑑𝑦

+
𝜕𝑁𝑦

𝜕𝑦

𝜕𝑤

𝜕𝑦
𝑑𝑥𝑑𝑦                                                (2.55) 

When the body forces are in equilibrium: 

                                
𝜕𝑁𝑥

𝜕𝑥
+

𝜕𝑁𝑥𝑦

𝜕𝑦
= 0                                (2.56) 

                                         
∂Nxy

∂x
+

∂Ny

∂y
=0                                 (2.57)        
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 The resultant transverse equation can be simplified as 

𝑞∗(𝑥, 𝑦, 𝑡)𝑑𝑥𝑑𝑦 = 2𝑁𝑥𝑦

𝜕2𝑤

𝜕𝑥𝜕𝑦
𝑑𝑥𝑑𝑦 + 𝑁𝑦

𝜕2𝑤

𝜕𝑦2
𝑑𝑥𝑑𝑦𝑁𝑥

𝜕2𝑤

𝜕𝑥2
𝑑𝑥𝑑𝑦 

Substituting these equations in the moment equation gives: 

𝜌
𝜕2𝑤

𝜕𝑡2
+ 𝐷∇4𝑤(𝑥, 𝑦, 𝑡) = 𝑞(𝑥, 𝑦, 𝑡) + ℎ (𝜎𝑥

𝜕2𝑤

𝜕𝑥2
+ 𝜎𝑦

𝜕2𝑤

𝜕𝑦2
+ 2𝜎𝑥𝑦

𝜕2𝑤

𝜕𝑥𝜕𝑦
)     (2.58) 

Computing with Airy’s stress function: 

𝜌
𝜕2𝑤

𝜕𝑡2
+ 𝐷∇4𝑤(𝑥, 𝑡) = 𝑞(𝑥, 𝑡) + ℎ (

𝜕2𝑤

𝜕𝑥2

𝜕2∅

𝜕𝑦2
+

𝜕2𝑤

𝜕𝑦2

𝜕2∅

𝜕𝑥2
−

2𝜕2∅

𝜕𝑥𝜕𝑦

𝜕2𝑤

𝜕𝑥𝜕𝑦
)       (2.59) 

This equation is known as the geometrically nonlinear plate theory. During large 

deformation, there is a possibility for the transverse force to generate a 

significant membrane force. Therefore, there is a need to relate the transverse 

force amplitude with the membrane force is required. Which is defined in St. 

Venant’s compatibility equations. 

                                
𝜕2𝐸𝑥𝑥

𝜕𝑦2
+

𝜕2𝐸𝑦𝑦

𝜕𝑥2
= 2

𝜕2𝐸𝑥𝑦

𝜕𝑥𝜕𝑦
                        (2.60) 

Computing the equation with krichoffs hypotysis: 

𝜕2𝐸𝑥𝑥

𝜕𝑦2
+

𝜕2𝐸𝑦𝑦

𝜕𝑥2
− 2

𝜕2𝐸𝑥𝑦

𝜕𝑥𝜕𝑦
= (

𝜕2𝑤

𝜕𝑥𝜕𝑦
)

2

−
𝜕2𝑤

𝜕𝑥2

𝜕2𝑤

𝜕𝑦2
     (2.61) 

The RHS of the eqution is known as the Gaussian curvature, it is defined as the 

resultant of two principal curvature of a surface. A developable surface is defined 

as the surface with zero Gaussian curvature, for such surfaces the impulse strains 

are always zero. A developable surface can be can be converted into a flat surface 

without stretching or deforming the surface. 

Substituting hooks law and Airy’s stress function in the above equation gives: 

𝜕4∅

𝜕𝑥4
+

𝜕4∅

𝜕𝑦4
+ 2

𝜕4∅

𝜕𝑥2𝜕𝑦2
= ∇2∅ = 𝐸 ((

𝜕2𝑤

𝜕𝑥𝜕𝑦
)

2

−
𝜕2𝑤

𝜕𝑥2

𝜕2𝑤

𝜕𝑦2
)      (2.62) 



Theoretical background 

 

For the plate with all the side fixed and with unit length, consider having a modal 

function Wmn. The model function satisfies the boundary conditions. These 

functions are base of the fundamental motions of the plates and are orthogonal 

to each other, the motion of the plate is the total of these nodes. 

                 𝑤(𝑥, 𝑦, 𝑡) = ∑ ∑ 𝑤𝑚𝑛(𝑡)𝑤𝑚𝑛(𝑥, 𝑦)

∞

𝑛=1

 

∞

𝑚=1

                  (2.63) 

   

𝑤𝑚𝑛(𝑥, 𝑦) = sin( 𝛼𝑚𝑥) sin(𝛾𝑛𝑦)                   (2.64)  

                

 

Were: 

                       𝛼𝑚 =
𝑚𝜋

𝑎
                                 𝛾𝑛 =

𝑛𝜋

𝑏
              (2.65) 

The stress functions can also take the form of a double infinite sum. The 

boundary conditions determine its exact shape 

 

 

 

 

 

 

 

 

 

 

 

                                                (Fig 2.11: Model Function of Pate) 



Theoretical background 

 

2.7.1.3. Expansion theorem  

The expansion theorem gives permission for the functions over an orthogonal 

basis as an infinite sum to solve the system of equation. The expansion can 

happen along two directions, along x-axis and y-axis. For orthogonal conditions: 

              ∫ ∫ ß𝑚,𝑛(𝑥, 𝑦)ß𝑟,𝑠(𝑥, 𝑦)𝑑𝑥𝑑𝑦 = 𝐶
𝑎

0

𝑏

0

𝛿̅(𝑚, 𝑟)𝛿̅(𝑛, 𝑠)         (2.66) 

ß Is used to signify a generic basis. 

When all the sides of the plates are supported: 

              𝑊𝑚𝑛(𝑥, 𝑦) = 𝐶𝑚𝑛 sin (
𝑚𝜋

𝑎
𝑥) sin (

𝑛𝜋

𝑏
𝑦)                      (2.67)  

By normalizing the modal functions to assign the value for 𝐶𝑚𝑛 using the inner 

products definition: 

〈𝑊𝑚𝑛(𝑥, 𝑦), 𝑊𝑚𝑛(𝑥, 𝑦)〉𝜌

= ∫ ∫ 𝜌𝑊𝑚𝑛(𝑥, 𝑦)𝑊𝑚𝑛(𝑥, 𝑦)𝑑𝑦𝑑𝑥
𝑏

0

𝑎

0

= ∫ ∫ 𝜌𝐶𝑚𝑛
2 (𝑥, 𝑦)sin2 (

𝑚𝜋

𝑎
𝑥) sin2 (

𝑛𝜋

𝑏
𝑥) 𝑑𝑦𝑑𝑥 = 1   (2.68)

𝑏

0

𝑎

0

 

Solving the co-efficient of𝐶𝑚𝑛, 

                                𝐶𝑚𝑛 =
2

√(𝜌𝑎𝑏)
                                           (2.68)  

Which gives the model equations as: 

         𝑊𝑚𝑛(𝑥, 𝑦) =
2

√(𝜌𝑎𝑏)
sin (

𝑚𝜋

𝑎
𝑥) sin (

𝑛𝜋

𝑏
𝑦)          (2.69) 

Expansion theorem gives: 

            𝑔(𝑥, 𝑦, 𝑡) = ∑ ∑ 𝑔𝑚𝑛(𝑡)𝑊𝑚𝑛(𝑥, 𝑦)

∞

𝑛=1

                  (2.70)

∞

𝑚=1

 

                𝑔𝑚𝑛(𝑡) =
〈𝑔(𝑥, 𝑦, 𝑡), 𝑊𝑚𝑛(𝑥, 𝑦)〉

〈𝑊𝑚𝑛(𝑥, 𝑦), 𝑊𝑚𝑛(𝑥, 𝑦)〉𝜌

                  (2.71) 



Theoretical background 

 

When the modal functions are normalised: 

                             〈𝑊𝑚𝑛(𝑥, 𝑦), 𝑊𝑚𝑛(𝑥, 𝑦)〉𝜌 = 1                (2.72) 

Which gives the expansion theorem as: 

                𝑔𝑚𝑛(𝑡) = ∫ ∫ 𝑔(𝑥, 𝑦, 𝑡)𝑊𝑚𝑛(𝑥, 𝑦)𝑑𝑦𝑑𝑥
𝑏

0

𝑎

0

             (2.73)          

When we consider that 𝐶𝑚𝑛 = 1 the expansion theorem can be expressed as: 

𝑔𝑚𝑛(𝑡) =
4

𝜌𝑎𝑏
∫ ∫ 𝑔(𝑥, 𝑦, 𝑡)𝑊𝑚𝑛(𝑥, 𝑦)𝑑𝑦𝑑𝑥

𝑏

0

𝑎

0

                (2.74) 

 

2.7.1.4. Linear plate theory. [15] 

For the linear plate theory, the following assumptions are made: 

 In-plane forces are negligible. 

 The derivatives of the Airy’s stress function (∅) is zero. 

   Zero membrane forces. 

 The gaussian curvature is zero (the surface is developable) 

Which will give the system of linear plate theory. 

𝜌
𝜕2𝜔

𝜕𝑡2
+ 𝐷∇4𝜔(𝑥, 𝑦, 𝑡) = 𝑞(𝑥, 𝑦, 𝑡)                (2.75) 

                 0 = (
𝜕2𝜔

𝜕𝑥𝜕𝑦
)

2

−
𝜕2𝜔

𝜕𝑥2

𝜕2𝜔

𝜕𝑦2
                (2.76) 

The linear plate theory is like the solution of the beams. A model function is 

assumed based on the boundary conditions which is to be substituted in the 

governing equation. 

Assuming all the edges of the plates are fixed, the boundary conditions can be 

solved analytically. 

Statics 



Theoretical background 

 

The equations for defining the static problems are: 

                         𝐷∇4𝜔(𝑥, 𝑦, 𝑡) = 𝑞(𝑥, 𝑦)                (2.77) 

𝜔 = 0|𝑥=0,𝑎                    𝑀𝑥 = 0|𝑥=0,𝑎                   

𝜔 = 0|𝑦=0,𝑏                    𝑀𝑦 = 0|𝑦=0,𝑏                   

 

 

When expanded: 

𝑤(𝑥, 𝑦) = ∑ ∑ 𝑤𝑚𝑛(𝑥, 𝑦)

∞

𝑛=1

∞

𝑚=1

                     (2.78) 

𝑤𝑚𝑛(𝑥, 𝑦) = sin( 𝛼𝑚𝑥) sin(𝛾𝑛𝑦)                (2.79) 

             𝑔(𝑥, 𝑦) = ∑ ∑ 𝑔𝑚𝑛𝑊𝑚𝑛(𝑥, 𝑦)

∞

𝑛=1

∞

𝑚=1

          (2.80)       

𝑔𝑚𝑛(𝑡) =
4

𝑎𝑏
∫ ∫ 𝑔(𝑥, 𝑦)𝑊𝑚𝑛(𝑥, 𝑦)𝑑𝑦𝑑𝑥

𝑏

0

𝑎

0

                (2.81) 

According to expansion theorem: 

                𝐷(𝛼𝑚
2 + 𝛾𝑛

2)𝜔𝑚𝑛 = 𝑞𝑚𝑛                  (2.82) 

                𝜔𝑚𝑛 =
𝑞𝑚𝑛

𝐷(𝛼𝑚
2 + 𝛾𝑛

2)
= �̂�𝑚𝑛                    (2.83)         

 

Dynamics  

Equations of motion: 

𝐷∇4𝜔(𝑥, 𝑦, 𝑡) = 𝑞(𝑥, 𝑦)                            (2.84) 

   𝜌
𝜕2𝜔

𝜕𝑡2
+ ∇4𝜔(𝑥, 𝑦, 𝑡) = 𝑞(𝑥, 𝑦, 𝑡)                         (2.85)     

Using expansion: 



Theoretical background 

 

𝜔(𝑥, 𝑦, 𝑡) = ∑ ∑ 𝜔𝑚𝑛(𝑡)𝑊𝑚𝑛(𝑥, 𝑦)             (2.86)

∞

𝑛=1

∞

𝑚=1

 

Modal equations of motion: 

𝜕2𝜔𝑚𝑛

𝜕𝑡2
+

𝐷(𝛼𝑚
2 + 𝛾𝑛

2)2

𝜌
𝜔𝑚𝑛 =

1

𝜌
𝑞𝑚𝑛                (2.87) 

 

 

𝑘𝑚𝑛 is the natural frequency  

      𝑘𝑚𝑛
2 =

𝐷(𝛼𝑚
2 + 𝛾𝑛

2)2

𝜌
                                (2.88) 

Which gives: 

𝜕2𝜔𝑚𝑛

𝜕𝑡2
+ 𝑘𝑚𝑛

2 𝜔𝑚𝑛 =
1

𝜌
𝑞𝑚𝑛                          (2.89) 

Solving the second order differential equation: 

𝜔𝑚𝑛(𝑡) = 𝜔𝑚𝑛(0) cos(𝑘𝑚𝑛𝑡)

+
𝜔𝑚𝑛(0)̇

𝜔𝑚𝑛

𝑠𝑖𝑛(𝑘𝑚𝑛𝑡) +
1

𝜌𝜔𝑚𝑛

∫ 𝑞𝑚𝑛(𝑡 − 𝜏) 𝑠𝑖𝑛(𝑘𝑚𝑛𝜏)𝑑𝜏
𝑡

0

  

     

   (2.90) 

According to the initial condition: 

   𝜔𝑚𝑛 =
4

𝜌𝑎𝑏
∫ ∫ 𝜔(𝑥, 𝑦, 0) sin(𝛼𝑚𝑥) sin(𝛾𝑛𝑦)𝑑𝑥𝑑𝑦

𝑎

0

𝑏

0

                (2.91)     

�̇�𝑚𝑛 =
4

𝜌𝑎𝑏
∫ ∫ �̇�(𝑥, 𝑦, 0) sin(𝛼𝑚𝑥) sin(𝛾𝑛𝑦)𝑑𝑥𝑑𝑦

𝑎

0

𝑏

0

                 (2.92) 

 

 

 



Method and implementation  

 

3 Method and implementation 

 

An experimental method using sheet metal prototype was used for the studies. 

The sheet metal design was made using SOLIDWORKS 2016X62 and for the 

simulation analysis ANSYS R15.0 was used. The method used for the work starts 

with the concept development process. 

3.1. Concept development 

The diagram given below shows the different force affecting the pressure 

generation due to various reasons. 

 

 

 

 

 

 

          

                                         (Fig 3.1: Forces Effecting Foam Flow) 

From the system of forces acting on the foam generation makes it difficult to 

analyse the pressure generation. The phase change happening during 

solidification of the foam it even more difficult to make the simulation of fluid 

foam flow. The only system which resembles that of polyurethane foam process 

is injection moulding of plastic, but due to the expansion and change in density 

the principle of injection moulding cannot be used to explain the pressure 

generation of foaming process. 

 

 

 



Method and implementation  

 

So far, a rough estimate is made to give an estimate of the pressure generation 

during the foaming process.  

𝑃𝑟𝑒𝑠𝑠𝑢𝑟𝑒 =
𝑇𝑎𝑟𝑔𝑒𝑡 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑎𝑚

𝐹𝑟𝑒𝑒 𝑟𝑖𝑠𝑒 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑎𝑚
  𝑏𝑎𝑟 

This equation is just meant for the basic understanding and mainly based on 

experiences and approximation. No scientific bases are given for the explanation 

of this equation. The main aim of this work is to determine the internal pressure 

generated during the polyurethane process.  

To determine the time for solidification of the foam and to find out the internal 

pressure generated during the foaming process an experimental method using a 

prototype design and combination of the design deformation with plate 

deformation theory was designed. The amount of pressure generated using a 

reverse engineering process. 

The designing of the cavity was the first stage of the project.  Design of cavity 

for filling the chemicals for rigid polyurethane foam   requires a different type of 

approach than convention designs. The design specialities are given below. 

3.2. Design of foaming cavity 

While designing a cavity for filling the foam the following design parameters are 

to be considered to ensure smooth flow. 

 Minimize the thickness changes. 

 Avoid sharp projections to ensure smooth foam flow. 

 Ensure the smoothness of linear and facer for foam flow. 

It is important to have these parameters fulfilled to minimise the loss of pressure 

due to friction and blockages. The air vents are minimised to maximise the 

internal pressure generated. During real life situations, there is the possibility for 

the air holes in the mould can be closed because of the foam leak, to ensure 

complete safety of the foaming mould it is important to know about the 

maximum pressure generated with the air trap in the cavity.  



Method and implementation  

 

Two designs were made to calculate the internal pressure generation and 

demoulding time (the time required for the foam to become solid). 

3.2.1. Demoulding time design  

The figure below shows the design developed for finding the demoulding time 

 

  

 

 

 

 

                                       

  

                             (Fig 3.2: Prototype Design for Finding Demoulding Time) 

 

The thickness of this body is maximum at one end in order to make the maximum 

foam to fill at this part. The foam when expanding will make a deformation on 

this side of the design. An experimental method was developed to measure the 

deformation that will happen on the foam. The experiment is repeated by keeping 

the cavity inside mould for a repeated interval of time and measuring the 

deformation. The correlation between the deformation and the time interval can 

be used to establish the relation with demolding time and the thickness of the 

cavity that needs to be filled. 

The model was made using stainless steel grade A430. The model was made with 

a thickness of 0.6 mm, the design was done with minimum thickness as much as 

possible to reduce the effect of the metal sheet in the experiment. 

 

 



Method and implementation  

 

3.2.2. Design for finding the internal pressure. 

 

 

 

 

 

 

 

 

 

                             (Fig 3.3: Porotype Design For Finding Internal Pressure) 

The design was done in such a way that one side of the edge is made complexly 

detached from the mould. The side will act similar to a flat plate pinned at all 

edges. The flatness of the plate is measured and certain points are marked at 

different points of the plates. The co-ordinates of these points are carefully 

measured. After foaming process, the surface which is not attached to the mould 

will be deformed. The positon of the co-ordinates of the plate are measured again 

to determine the deviation. By reverse analysis of the deformation on a 

simulation software, it is possible to calculate the pressure generated. The 

experiment is continued at different densities to find the relation between density 

and the pressure generation. 

 

The model was made using galvanized steel of thickness 1.2 mm. The design 

was made to with stand high pressure. The thickness must be as high as possible, 

if else the pressure generated will be too much and the mould will not be able to 

hold the pressure.  



Method and implementation  

 

For conducting the experiments there is a requirement of a temporary mould, the 

mould was made with iron rod and sealed completely with ability to with stand 

high pressure. 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                  (Fig 3.4: Temporary Mould Used for Foaming) 

 

 

 

 

 



Method and implementation  

 

3.3. Simulation analysis 

The simulation analysis is done using ANSYS R15.0. The deformation 

happening on the side not in contact with the mould can be noted by measuring 

the change in the coordinate before and after foaming. The following steps of 

simulation is made to determine the pressure generation. The flow diagram of 

the analysis is as follows 

 

 

 

 

 

 

 

 

 

                                                        

                                            (Fig 3.5: Process Flow Chart.) 

The pressure generated from the foaming process is necessary to have the 

optimum design of the mould. The reverse engineering method is the better way 

to know the internal pressure generated. The normal use of the simulation 

analysis is to calculate the deformation caused due to the pressure. In most of the 

cases the pressure is the known value. The analysis of the experiment done in 

this project has deformation as the known value and pressure as the unknown 

entity. The process is therefore the reverse of the normal methods done during 

normal simulation analysis, so it can be called as reverse engineering. 
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Findings and analysis  

 

4 Findings and analysis 

 

The experiments were conducted to determine the demoulding time for rigid 

polyurethane foaming process. 

4.1. Demoulding time. 

4.1.1. Crack In the foam. 

There is a crack that was made on the middle of the cavity, the design used in 

this experiment consisted of a side which was thicker and made almost the entire 

volume of the cavity. 

This crack was due to the thermodynamic difference between the outer layer of 

the foam and the middle layer of the foam. The temperature of the chemical 

process is high because the reaction of polyol and isocyanate to make the 

branches of polyurethane is exothermic, if water is used as the blowing agent 

then the temperature will be much higher because the secondary reaction with 

water is to produce carbon-dioxide is also exothermic. The crack is formed 

because the outer layer of the foam solidifies much faster and the temperature of 

the outer layer drops very fast compared with the inner layer.  

 

 

 

 

 

 

 

 

 

               (Fig 4.1: The Temperature Distribution of Foam during Expansion) 



Findings and analysis  

 

When the cavity is immediately removed from the mould, the foam is already 

solid at the places near the plate. This shows that the foam development is 

happening from the middle and not from the side. This was much important for 

understanding about the nature of foam growth. The sudden pressure change will 

cause the foam to push the walls and expand more. The expansion happening the 

semi solid middle part pushes the middle layer of the foam and will result in the 

formation of a crack. 

It was very interesting to see that the more time the cavity was sealed in the 

mould, the dimension of the crack was becoming less. This shows the length of 

the crack has a relation with the time spend inside the mould. 

 

 

 

 

 

 

 

                                (Fig 4.2: Crack Developed While Foaming) 

 

The figure above shows the crack development happening at the middle of the 

foam. The crack is measured using Co-Ordinate Measuring Machine (CMM 

machine). Let ‘𝑡’ be the thickness of the plate and ‘𝑇1,𝑇2,𝑇 3 ….’ be the 

demoulding time and ‘𝑥1, 𝑥2,𝑥3 ….’ be the length of the crack. 

(𝑡 − 𝑥1) ∝ 𝑇1 

(𝑡 − 𝑥2) ∝ 𝑇2 

(𝑡 − 𝑥1)

(𝑡 − 𝑥2)
=

𝑇1

𝑇2

 



Findings and analysis  

 

Using the above equation, the following graph showing the following relations 

are obtained. 

        (Graph 4.1: The Relation Between Thickness and Demoulding Time of Water and R134a) 

 

 

 

 

 

 

        (Graph 4.2: Comparison between Demoulding Time Of Water And R134a Blown Foams) 

The graphs show that the demoulding time depends on the blowing agent used 

for the foaming process. 

4.2. Pressure generated during polyurethane process 

The metal sheet cavity was designed using SOLIDWORKS 2016X62. The body 

was made using galvanised steel of 1.2 mm thickness. The design is made in 

such a way that one side of the plate is not in contact from the mould and can 

expand. This side of the plate act like that of a flat plate fixed at all edges. 
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Findings and analysis  

 

This side of the body is marked at different points, as shown in the figure. The 

co-ordinates are measured using the Co-Ordinate Measuring Machine (CMM). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

        (Fig 4.3: Prototype Made from Galvanised Steel to Measure Deformation) 

 

The cavity was designed without air-vents. This is done to get the maximum 

pressure at worst cases. When we normally design a foaming body, it is 

important to have the air-vents for the inside air to go out. 

 



Findings and analysis  

 

      

 

                             (Fig 4.4: Prototype after Deformation) 

The deformation at the co-ordinates marked before foaming is measured again 

using CMM machine. The figure above shows the deformation happened to the 

body after foaming. 

 

 

 

 

 

 

 

 

  

                         

 

                               (Fig 4.5: Measurement of the Surface Using CMM) 



Findings and analysis  

 

The deflection measured is used as the input data to simulate using ANSYS 

STATIC STRUCTURAL R15.0. 

4.2.1. Simulation analysis. 

The side deformed can be assumed to be that of the flat plate deformation with 

all edges fixed. 

 

                                  (Fig 4.6: Meshing of the Deformed Surface) 

The figure shows the meshing done on the flat surface which is not attached with 

the mould. The flat surface act like that of the flat plate deformation with all the 

four sides fixed. 

The deformation given by the experiment was linear deformation. The plate 

theory is influenced by both the bending and stretching of the plate in the middle. 

The deflection is assumed to be based on the boundary condition of the plate and 

the expansion theorems. The expansion of the plate in the middle is minimum 

when compared with the deflection and the thickness of the plate. There is an 

effect of a membrane force acting on the pate. 

 

 

 

 

 



Findings and analysis  

 

 

 

 

 

 

 

                        (Fig 4.7: Deformation Simulation of the Plate Deformation.) 

The figure above shows the deformation happening to the plate due to the 

polyurethane foaming process. The deflection data measured using the co-

ordinate measuring machine is used as the input data for simulating the 

deformations. 

 

 

 

 

 

 

 

                      

                                                (Fig 4.8: Pressure Simulation) 

The analysis was done for various density ranges and the graph of the density 

versus pressure was plotted. The current estimate of the pressure is made using 

the below equation, which is made based on experiences. 

𝑃𝑟𝑒𝑠𝑠𝑢𝑟𝑒 =
𝑇𝑎𝑟𝑔𝑒𝑡 𝑑𝑒𝑛𝑖𝑠𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑎𝑚

𝐹𝑟𝑒𝑒 𝑟𝑖𝑠𝑒 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑎𝑚
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(Graph 4.1: comparison of pressure generated during simulation and the assumed 

equation) 

 

The graph above shows that the pressure increases with the increase in density. 

The actual pressure generated inside the mould will be much more (around 50% 

more) than the equation given by experience. 
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5 Discussion and conclusions 

 

5.1 Discussion of method 

The project was intended to get the understanding the demoulding time and the 

internal pressure generated during the filling of polyurethane foam. The main 

use of this project is to have a clear knowledge about the parameters required 

while designing a foaming mould. 

Since there is numerous varying pressure dependence happening inside the 

foaming cavity during the polyurethane process, it is very difficult to stimulate 

the foam flow. Only process that shows similarity to polyurethane process is 

injection moulding process. But rigid polyurethane process cannot be simulated 

using the parameters of injection moulding because of the varying of density and 

various phase changes. 

The recorded scientific knowledge about rigid polyurethane process is 

comparatively low. An experimental reverse engineering process is made to find 

the required details. The studies were mainly done on a scaled down prototype 

design. The design for study was made almost like real world products to get the 

maximum accuracy in the real-world application. 

5.2 Discussion of findings 

The main aim of the project is to determine the demoulding time and internal 

pressure development during the polyurethane foaming process. The research 

questions were 

What is the time required for the foam to become solid inside the mould 

(Demoulding time)? 

The time that the body spent inside the mould is very crucial on industrial point 

of view. This has a huge dependence on the assembly time of the product. By 

knowing the optimum time for the solidification of foam valuable assembly time 

can be saved. 
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From the studies, it was found that the demoulding time has a dependency with 

the thickness of the cavity and the density of foam. The demoulding time depends 

on the type of blowing agent used. 

The chemical blowing agent requires more time to get solid because of high 

temperature generated due to the exothermic reaction of isocyanates with polyol 

and isocyanate with water. According to the graph from the experiments we get 

an equation of the demoulding time. 

𝑇ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 =  2.5164𝑒0.0174(𝑇𝑖𝑚𝑒) 

The correction factor of the equation is𝑅2 = 0.998. 

For the physical blowing agents, the amount of time required is less because of 

the cooling effect happening because of the evaporation the blowing agent. The 

graph of the foam using R134a as blowing agent give an equation for the 

demoulding time. 

𝑇ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 =  1.14874𝑒0.0161(𝑇𝑖𝑚𝑒) 

The correction factor of this equation is𝑅2 = 0.992. 

The second research question was to analyse the internal pressure generation. 

How to find the internal pressure generated during polyurethane foaming 

process? 

The same design with slight modification was made to develop a sample design 

for the experiment. One side of the cavity was not in contact with the foaming 

mould. This side was deformed after foaming. The initial and final geometries 

of this surface is measured to understand the deflection. The deflection follows 

the linear deformation of a flat plate pinned at all four surfaces. 

For normal products to have proper thermal insulation and structural stability, 

polyurethane foam of density around 40 kg/m3 is used. 
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According to the existing equation for finding the pressure, the internal pressure 

generated at 40 kg/m3 is 1.70 Bar. But according to the simulation analysis the 

internal pressure generated is 2.48 bar (almost 50% more). 

5.3 Conclusion 

The project is understanding and scientifically explain some of the mechanical 

properties of the polyurethane foam. The figure given below is a sample for an 

outline of a foaming mould for a rectangular block. 

 

 

 

 

 

                         (Fig 5.1: Sample Design of a Simple Foaming Mould) 

The wall of the mould must not break under the pressure generated by the 

foaming process. The wall strength can now be analysed using the pressure 

shown in the graph and the amount of time required for the cavity to be spent 

inside the mould can be calculated from the equations of demoulding time. There 

will be always a need to add a factor of safety for the real-world application. The 

value of the factor of safety depends on the cost and risk conditions. 

The study is limited to a few fixed types of foam. The studies can be further done 

by changing the blowing agent and type of foam. By increasing the amount of 

blowing agent and repeating the experiments, we can understand the relationship 

between the influence of concentration of blowing agents and internal pressure. 

The studies also help to solve complex product development situations to be 

solved simply by reverse engineering the real-world situations. 
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6.1 Appendix 1: Simulation analysis 

Along with the pressure analysis the Von misses stress and principle stress were 

also analysed during the simulation. 

                                            (Fig 7.1: von missis stress) 

 

                                                  (Fig 7.2: principle stress) 
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6.2 Appendices 2: Density verification with demoulding time 

 

To confirm the new relationship between the demoulding time and demoulding 

time, a basic test was done. 3 cavities of thickness 60 mm were foamed with a 

demoulding time of 5 min, 10 min and 15 min. The density of the foam was 

measured. If the densities were much different, it means that the body was 

deformed and the foam is still growing after the demoulding. 

The density was measured using Archimedes principle. The values are as 

follows: 

                                  (Fig 7.3: Density at Different Intervals of Time) 

The density ranges were almost same, the slight difference was because the 

foaming machine had a tolerance of +/- 300 grams, so the amount of foam filled 

in the cavities were not same. 

    (Fig 7.4: The Flatness Measuring of the Surface after Foaming Using CMM) 
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 The co-ordinate measuring machine was used to check the flatness of the surface 

of the cavity. To crosscheck that the body is no more deformed after removed 

from the mould. The thickness of the cavity was 60 mm. 
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6.3 Appendices 3: Microstructures of different foams.  

Three samples of the foam using blowing agents like water, R134a (8%) and 

R134a (15%) were collected and examined under a microscope. 

R134a 

The microscopic image of R134a blown foam is as follows. 

 

 

 

 

 

 

 

 

                  (Fig 7.5: Magnified Image of PU Foam With 8% R134a) 
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                  (Fig 7.5: Magnified Image of PU Foam With 15% R134a) 

The wall thickness is different for different amount of blowing agent used. The 

wall thickness will be low when we use more quantity of blowing agents. The 

initial quality of overblown foam will be good but the aged properties will be 

lower. 
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           (Fig 7.5: Magnified Image of PU Foam with Water as Blowing Agent) 

The wall thickness is low, the aged properties of the water blown foam are 

comparatively low. The low molecular weight of carbon dioxide makes it easier 

to get diffused with the atmosphere with time, this makes the thermal and 

structural properties of the foam weaker. 

 

 



Appendices 

Postadress:  Besöksadress:  Telefon:  

Box 1026  Gjuterigatan 5  036-10 10 00 (vx)  

551 11 Jönköping 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Postadress:  Besöksadress:  Telefon:  

Box 1026  Gjuterigatan 5  036-10 10 00 (vx)  

551 11 Jönköping 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


